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Abstract

In this paper, first, we propose Kaucher arithmetic for interval number and then solve the
system AopynXnx1 = banx1 where a;; = [a; 4, ;) and z; = [2;,7;] and b; = [b;, b;] based
on Kaucher arithmetic such that a; ; . WJ—Z 0. Then, we extend this method by use of
a— level set for fully fuzzy system of AonsnXnxi = bopxi.
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1 Introduction

Recently, interval linear equations have been used to study a variety of problems. Some
of researches have worked to solve the fuzzy linear equations. Muzzioli et al. [12, 13]
solved the Fuzzy linear systems of the form A1 X + by = A2 X + by with conditions in
which the system has a vector solution and showed that linear systems Az = b with
A = Ay — As and b = by — by, have the same vector solutions and proposed a methodology
to find a unique vector solution for the system with non-linear optimization problem.
Abbasbandy et al. [2] introduced a numerical method for finding minimal solution of
amxn AX + F = BX + C based on pseudo-inverse calculation, when the matrix of
coefficients is full rank row or full rank column, and A, B are real m X n matrix, unknown
vector X is vector consisting of n fuzzy numbers and the constants F' and C are vectors
consisting of m fuzzy numbers. Sevastjanov et al. [15] discussed the treatment of the
interval zero as an interval centered around zero and proposed a new method for solving
interval and fuzzy equations. Buckley et al.[5, 6, 7] presented necessary and sufficient
conditions for equations and constructed solutions for the fuzzy matrix equation Az = b
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when the elements in A and b are triangular fuzzy numbers and showed that with extensive
principle many fuzzy equations do not have solutions. Allahviranloo [3, 4] proposed the
numerical method for finding the solution of fuzzy system of linear equation Az = b when A
is real matrix and b is fuzzy vector. Dehghan et al.[8, 9] introduced computational method
for solving fully fuzzy linear systems. Abbasbandy et al. [1] introduced numerical methods
for fuzzy system of linear equations. Wang et al.[16] discussed fuzzy linear equations,
X = AX + U with iteration algorithms if || Ao < 1.

The paper is organized as follows: Some basic concepts are presented in Section 2. In
Section 3, we propose an approach for solving the full interval linear equations based on
Kaucher arithmetic for interval number. Subsequently, we extend this approach for full
interval linear equations in section 4. Finally, conclusion is drawn in Section 5.

2 Preliminaries

Definition 2.1. By IR we denote the set of all nonempty, closed, bounded intervals in R
identified with ordered pairs of numbers [z,T| where x < T. Kaucher interval arithmetic is
an algebraic structure < KR, +,—,.,/ > where the four laws are defined by the formulae
below (see[5, 6]).

Let x = [z,T] and y = [y,y] with u™ = maz {u,0}, v~ = maz {—u,0} then

«T+y:[§+ya5+§] ) «T—y:[«f—gaf—y]
2.y = 2.y, T.Y]
zy =maz{z Ty 1,7 7 "} —maz{Z ty ",z 7 T}

c/y=x[1/y,1/y] , yxy>0
let, z = [z,7] and y = [y,7] be two intervals then
(a) [z,7] = [y,7] if and only if z =y and T = 7.
(b) x > 0 if and only if z > 0 and so z < 0 if and only if 7 < 0.

Regarding Kaucher interval arithmetic
(2.1)

Definition 2.2. A fuzzy set a = (a1, a2,a3,a4) is a generalized left right fuzzy numbers
(GLRFN) of Dubois and Prade [7], if its membership function satisfies the following:

L(%) a1 <z <as

az <1t < ag
alx) = _ 2.2
lua() (H) a3§x§a4 ( )

0 otherwise

ml—\
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Where L and R are strictly decreasing functions defined on [0,1] and satisfying the condi-
tions:

Lt)=R(t)=1 if t<0

Lt)=R(t) =0 if t>1 (2.3)

For as = a3, we have the classical definition of left right fuzzy numbers (LRFN) of
Dubois and Prade [7]. Trapezoidal fuzzy numbers (TRFN) are special cases of GLRFN
with L(t) = R(t) = 1 —¢. Triangular fuzzy numbers (TFN) are also special cases of
GLRFN with L(t) = R(t) =1 —t and ay = ag.

A GLRFN a is denoted as a = (a1, a9, as3,a4)r and an r—Ilevel interval of fuzzy number
a as:
[a" = la(r),a(r)] = [az — (a2 — a1) Ly " (r), a3 + (a1 — a3) Ry ' (r)] (2.4)

let, @ and b be two fuzzy numbers then

(a) @ = b if and only if [a]” = [b]" or a(r) = b(r),a(r) = b(r) Vr.

(b) @ > 0 if and only if a(0) > 0 and @ < 0 if and only if a(0) < 0 Vr.
We apply some operations * € {4, —, ., /} to get [a(r),a(r)] * [b(r), b(r)] by Kaucher arith-
metic for 7 € [0,1] (in the case of division b(r) * b(r) > 0 for all r).

3  Solution of full interval Linear equation

In this section, we want to solve the the following full interval systems form Agy, xn Xpx1 =
bonx1 with

la1,1, @1) (21, 71) + - - + (1,0, @) (20, Tn] = (b1, bi]
(3.5)

[a2n,1, G2n 1) (1, Z1] + -+ + [a2n,n, G20 0] [Zn, Tn) = (Do, bon)

Where a; j.a;; > 0 for all 4, j.

With Eq. (2.1) and restriction a;;.@;; > 0 and equality of two interval numbers,
system (3.5), 2n x n converts to system 4n x 4n and is rewritten as follows:

Djew iy Tt i T T Ve~ Tt T T = i=1,...,2n
Moo~ T T A G T T A e —ai T G T T =b  i=1 2n
JEO %] ] 2J ] JED 2] ] ] ] ? )ty

(3.6)

With © = {i,j| @; <0} and ® = {i,j| a;; >0} and @ = 0.
Matrix form of the above equation is as follows:

SX =0

()

or

8|18
~—
|
/™~
SHISY
~—
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where

and s;5,1 =1,
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X = [z,7],

I_):[bl _7b1 +7"'7

s 2n, j=1,...,2n are determined as

—Sit2n,j+2n+1 = —Qjj
Sij = —Si+2n,j4+2n—1 = Qij
0
—Sij+2m+1 = —aij

—Sij+2n—1 = Qjj

0

Siton,j =

if aij 20,5
if ay >0,
otherwise
of @ij 20,75
of @ij 20,75
otherwise

By solving the system (3.6), according to definition (2.1):

Therefore,

ﬁJ“.ﬂ’:O, ﬁJ“—l—ﬂ*zO
;7. =0, T; T +T; >0
(if 3, T=0 o z;=-xj
if zj~ =0 — ac_j:ﬁ"'
< if ;=0 = T;=-1j
( if ;=0 — T=uxj7

odd

even

odd

even

(3.8)

(3.10)

Theorem 3.1. The solution of system Eq.(5) with respect to multiplication in interval
kaucher arithmetic exists if and only if det(S) # 0.

Theorem 3.2. If in E.q. (3.5) a;; > 0 (a;; < 0) for all i,j then in system SX = b,
sy =83 =0(s; = 54 =0).

Proof: If a; ; > 0 then regarding to (3.6) © = {4,j| @;; <0} = @ and if a;; < 0 then

® = {1i,]] ai,jg()} = ¢, hence proof is evident.

Example 3.1. We apply this approach for following system of full interval equation with
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ezact solution [z1,71] = [2,3] , [z2,%2] = [1, 5]
( [_37 _2] [ﬂ? :17_1] + [1 ) 5][2737_2] = [_87 21]
[_37_1]'[ﬂ7$_1] + [0 ) 3] [2737_2] = [_97 13]
(3.11)
1, 2] [ﬂ’ i) + -2, —1].[@,37_2] =[-8, 5]
(25 Az, 7] 4 [23, 1] 22, 72 = [-11,11]

According to Kaucher arithmetic operation, Eq. (2.1) converts to the following form:

(3T T 4+ 2T7 7 —5my T4zt =8
3Tt + T T —31y  =-9
27t + 3T —2x " +1lz T =-8
BT T 4+ T —dzm  +2x T =-11
5T 7 — T3 43z -2z T =21

3Tt +32 T —1x T =13

277t —T7  +229  — 227 =5

(4T T — 237 T 4+ 3z — 2t =11

and matriz form SX = b is

0 0 -5 1 2 -3 0 0 T -8
0 0 -3 0 1 -3 0 0 ot -9
-2 1 0 0 0 0 1 =2 Ty -8
—4 2 0 0 0 0 1 -3 wt | | -1
3 =2 0 0 0 0 -1 5 o || 2
3 -1 0 0 0 0 0 3 zr t 13
0 0 2 -1 -1 2 0 0 T3 5

0 0 3 -1 -2 4 0 0 73t 11

then the solutions of the above system are as:
21~ =0, 2z T =20000, zo ~ =0, z2 T =1.0000, 1T T = 3.0000, 71 — =0, , T3 " =
5.0000 ,z3 = = 0 and with condition (3.10) solution initial system as x; = [2,3] =2 =[1,5].

4 Solution of full fuzzy Linear equation

{n this section, we want to solve the the following full fuzzy systems form /Iananxl =
banx1 such that a;; > 0 or a; ; <0 for all 4, j.

af,l..fl + -+ ain.fn = b~1
: (4.12)

a2;L,1-x~1 +-+ a2;L,n-x~n = bop
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This equation is equivalent to the following fully parametric interval equation

a1 (r), @i ()] [z1(r), ZE ()] + -+ + [aun (1), GTa ()] [z (r), Za (r)] = [b(r), br ()]

(r)] = [b2a(r), ban(r)]
(4.13)

[0n,1 (1), Tt ()] (7), F0 )] + -+ + [amn (7), T ()] [ (), T

where a; j(r).a;;(r) > 0 for all 1,7 and r € [0,1].
With Kucher arithmetic and restriction a; ;(0).@; ;(0) > 0 and equality of two fuzzy num-

bers, parametric interval system (4.13), 2n X n converts to parametric system 4n x 4n and
is rewritten as follows:

Yjew —Uig(r) 3 (r) +ai;(r) 2 T(r) + X —ais(r) T (r) +ai,(r) TG

Zjee _@(T)ﬁ_(r)_’"m(r) Zj *(r )+Z]E@ az,]( r)zy ~(r) +a;;(r) T;

*r) = bilr)

F(r) = bi(r)
(4.14)

where i =1,...,2n, © = {i,j| @;,;(r) <0}, ® ={i,j| a;;(r) >0} and ©® = 0.

Matrix form of the above equation is as follows: o

SX =0

or

where

b(r) =[br (r), b (1), b (1), b (7)),

b=1[br ~(r),br T(r),....bn ~(r),bn *(r)]

2n are determined as

and s;;,1i=1,...,2n, j=1,..,

—Sit2n,j+2n+1 =
Si,j =
0

—Sijmt1 =

Si+2n,j = —Sij+2n—1 =
0

By solving the system (4.14) according

zj ().

(r).z;

Zj

—Sitan,j+2n—1 = Qi5(T)

aij(r)

“(r)=0, z; *
“(r)=0, T; *

—a(r) if ay(r) >0,
if aij(r) =0,
otherwise

if
if
otherwise

to definition 1:

—aij(r)

(r) +z;
~(r)

(r)+z; (r) >

aij(r) 20,5

aij(r) 20,5

~(r) =0

odd

even (4.15)

odd
(4.16)

even

(4.17)
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Therefore,
(if zT(r) =0 —  zj(r)=-zj(r)
if i (r)=0 — zj(r)==zj"(r)
— (4.18)
if T T(r)=0 — zj(r)=-zj ()
[ if T (=0 = zj(r)=zj *(r)

Theorem 4.1. The solution of system Eq. (4.12) with respect to multiplication in fuzzy
kaucher arithmetic exists if and only if det(S) #0 Vr.

Example 4.1. We consider the following system of fuzzy linear equation with exact solu-
tion £y = [r+1,—r+ 3], T3 = [3r + 1, —2r 4+ 6].

[r—3,—r].[z1,T7) + [1,7 — 2r].[z2, %3] = [—r? + 9r — 8,3r% — 27r + 42]

[r — 4, —r).[z1,T1] + [0,4 — r].[z2, T3] = [-1? + Tr — 12,72 — 157 + 24]
[r,2).[z1,Z1] + [r — 3, —7].[22, 73] = [-r? + 13r — 18, —3r% — 3r + 6]

[r+1,5 —rl.Jz1, Z1] + [r — 4, —7).[z2, T3] = [-r? + 167 — 23, —2r? — 9r + 15]

According to the Kaucher arithmetic operation above system converts to the following
forms:

( (r=3)zr T—r@ +lzy T—(T—2rT =-r*+9r—38
r—4)T7 T T T —(d—r)zy T =—r?+Tr — 12
(Mzy =221 ~+(r=3)T2 T —rz3 ~ =-r?+13r—18
(r+ 0z "= G-—r)z ~+(r—4)T2 T —rz3 ~=—r>+16r — 23
(—r)z Tt (r—3)ﬂ* +(7T—=2r)T2 T — 73 — =3r2 —27r +42
(—r)zy T —(r—4)z ~+@—-r)z3 T =r—15r +24
2x_+—rx1*—rﬂ+ —(r—3)z9 ~=-3r2—-3r+6
(. G=—r)z T —(r+ 1)1 T —rzy T —(r—4)zy ~ =-2r>—9r+15

where, by solving the above system for r = 0,0.1,...,1 solution is obtined in Table 1 and
with (4.18) solution of initial equation is shown in Table 2 and Fig. 1.

Table 1

r Lo =) [0 7 () [g () [0 () [7 () [ @3 #(0) [ @3 () [ 73~ (r)
0 0 1.0000 0 1.0000 0 3.0000 0 6.0000
0.1 0 1.1000 0 1.3000 0 2.9000 0 5.8000
0.2 0 1.2000 0 1.6000 0 2.9000 0 5.6000
0.3 0 1.3000 0 1.9000 0 2.9000 0 5.4000
0.4 0 1.4000 0 2.2000 0 2.9000 0 5.2000
0.5 0 1.5000 0 2.5000 0 2.9000 0 5.0000
0.6 0 1.6000 0 2.8000 0 2.9000 0 4.8000
0.7 0 1.7000 0 3.1000 0 2.9000 0 4.6000
0.8 0 1.8000 0 3.4000 0 2.9000 0 4.4000
0.9 0 1.9000 0 3.7000 0 2.9000 0 4.2000
1.0 0 2.0000 0 4.0000 0 2.9000 0 4.0000
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Table 2

r [ o) [ 70 | w0 | &0

0 | 1.0000 | 3.0000 | 1.0000 | 6.0000
0.1 | 1.1000 | 2.9000 | 1.3000 | 5.8000
0.2 | 1.2000 | 2.8000 | 1.6000 | 5.6000
0.3 | 1.2000 | 2.7000 | 1.9000 | 5.4000
0.4 | 1.4000 | 2.6000 | 2.2000 | 5.2000
0.5 | 1.5000 | 2.5000 | 2.5000 | 5.0000
0.6 | 1.6000 | 2.4000 | 2.8000 | 4.8000
0.7 | 1.7000 | 2.8000 | 3.1000 | 4.6000
0.8 | 1.8000 | 2.2000 | 8.4000 | 4.4000
0.9 | 1.9000 | 2.1000 | 3.7000 | 4.2000
1.0 | 2.0000 | 2.0000 | 4.0000 | 4.0000

I
i

s
o
T T T T T 1 T 17T

Fig. 1. The exact solution T1, T2 and solutions with this approach.

5 Conclusions

In this paper, first, we proposed Kaucher arithmetic for interval number and then we
solved the system A, xnXpnx1 = banx1 where a;; . @;; > 0 and we extended this method
by use of r— level set for full fuzzy system. We hope that this approach will be use
for other problems as, linear (nonlinear) system, linear (nonlinear) programming and the
other problems.
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