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Exa
t Solution of Full Interval (Fuzzy) LinearEquation A2n�nXn�1 = b2n�1 based on Kau
herArithmeti
M. Adabitabar Firozja �, N. ArdinDepartment of mathemati
s, Qaemshar Bran
h, Islami
 Azad University, Qaemshahr, Iran.Re
eived 10 August 2010; a

epted 17 O
tober 2010.|||||||||||||||||||||||||||||||-Abstra
tIn this paper, �rst, we propose Kau
her arithmeti
 for interval number and then solve thesystem A2n�nXn�1 = b2n�1 where aij = [ai;j; ai;j ℄ and xj = [xj; xj ℄ and bi = [bi; bi℄ basedon Kau
her arithmeti
 su
h that ai;j : ai;j � 0. Then, we extend this method by use of�� level set for fully fuzzy system of ~A2n�n ~Xn�1 = ~b2n�1.Keywords : interval number; Kau
her arithmeti
; fuzzy number; linear system.||||||||||||||||||||||||||||||||{1 Introdu
tionRe
ently, interval linear equations have been used to study a variety of problems. Someof resear
hes have worked to solve the fuzzy linear equations. Muzzioli et al. [12, 13℄solved the Fuzzy linear systems of the form A1X + b1 = A2X + b2 with 
onditions inwhi
h the system has a ve
tor solution and showed that linear systems Ax = b withA = A1�A2 and b = b2� b1, have the same ve
tor solutions and proposed a methodologyto �nd a unique ve
tor solution for the system with non-linear optimization problem.Abbasbandy et al. [2℄ introdu
ed a numeri
al method for �nding minimal solution ofa m � n AX + F = BX + C based on pseudo-inverse 
al
ulation, when the matrix of
oeÆ
ients is full rank row or full rank 
olumn, and A, B are real m�n matrix, unknownve
tor X is ve
tor 
onsisting of n fuzzy numbers and the 
onstants F and C are ve
tors
onsisting of m fuzzy numbers. Sevastjanov et al. [15℄ dis
ussed the treatment of theinterval zero as an interval 
entered around zero and proposed a new method for solvinginterval and fuzzy equations. Bu
kley et al.[5, 6, 7℄ presented ne
essary and suÆ
ient
onditions for equations and 
onstru
ted solutions for the fuzzy matrix equation Ax = b�Corresponding author. Email address: mohamadsadega�yahoo.
om, Tel:0911-118-8823319
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320 M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327when the elements in A and b are triangular fuzzy numbers and showed that with extensiveprin
iple many fuzzy equations do not have solutions. Allahviranloo [3, 4℄ proposed thenumeri
al method for �nding the solution of fuzzy system of linear equation Ax = b whenAis real matrix and b is fuzzy ve
tor. Dehghan et al.[8, 9℄ introdu
ed 
omputational methodfor solving fully fuzzy linear systems. Abbasbandy et al. [1℄ introdu
ed numeri
al methodsfor fuzzy system of linear equations. Wang et al.[16℄ dis
ussed fuzzy linear equations,X = AX + U with iteration algorithms if kAk1 < 1.The paper is organized as follows: Some basi
 
on
epts are presented in Se
tion 2. InSe
tion 3, we propose an approa
h for solving the full interval linear equations based onKau
her arithmeti
 for interval number. Subsequently, we extend this approa
h for fullinterval linear equations in se
tion 4. Finally, 
on
lusion is drawn in Se
tion 5.2 PreliminariesDe�nition 2.1. By IR we denote the set of all nonempty, 
losed, bounded intervals in Ridenti�ed with ordered pairs of numbers [x; x℄ where x � x. Kau
her interval arithmeti
 isan algebrai
 stru
ture < KR;+;�; :; = > where the four laws are de�ned by the formulaebelow (see[5, 6℄).Let x = [x; x℄ and y = [y; y℄ with u+ = max fu; 0g, u� = max f�u; 0g thenx+ y = [x+ y; x+ y℄ ; x� y = [x� y; x� y℄x:y = [x:y; x:y℄x:y = maxfx +y +; x �y �g �maxfx +y �; x �y +gx:y = maxfx �y �; x +y +g �maxfx �y +; x +y �gx=y = x:[1=y; 1=y ℄ ; y � y > 0let, x = [x; x℄ and y = [y; y℄ be two intervals then(a) [x; x℄ = [y; y℄ if and only if x = y and x = y.(b) x � 0 if and only if x � 0 and so x � 0 if and only if x � 0.Regarding Kau
her interval arithmeti
[x; x℄:[y; y℄ = ( [xy + � xy �; x y + � x y �℄; x � 0[x y + � x y �; x y + � x y �℄; x � 0 (2.1)De�nition 2.2. A fuzzy set ~a = (a1; a2; a3; a4) is a generalized left right fuzzy numbers(GLRFN) of Dubois and Prade [7℄, if its membership fun
tion satis�es the following:�~a(x) = 8>><>>: L( a2�xa2�a1 ) a1 � x � a21 a2 � x � a3R( x�a3a4�a3 ) a3 � x � a40 otherwise (2.2)
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M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327 321Where L and R are stri
tly de
reasing fun
tions de�ned on [0; 1℄ and satisfying the 
ondi-tions: L(t) = R(t) = 1 if t � 0L(t) = R(t) = 0 if t � 1 (2.3)For a2 = a3, we have the 
lassi
al de�nition of left right fuzzy numbers (LRFN) ofDubois and Prade [7℄. Trapezoidal fuzzy numbers (TRFN) are spe
ial 
ases of GLRFNwith L(t) = R(t) = 1 � t. Triangular fuzzy numbers (TFN) are also spe
ial 
ases ofGLRFN with L(t) = R(t) = 1� t and a2 = a3.A GLRFN ~a is denoted as ~a = (a1; a2; a3; a4)LR and an r�level interval of fuzzy number~a as: [~a℄r = [a(r); a(r)℄ = [a2 � (a2 � a1)L�1a (r); a3 + (a4 � a3)R�1a (r)℄ (2.4)let, ~a and ~b be two fuzzy numbers then(a) ~a = ~b if and only if [~a℄r = [~b℄r or a(r) = b(r); a(r) = b(r) 8r.(b) ~a � 0 if and only if a(0) � 0 and ~a � 0 if and only if a(0) � 0 8r.We apply some operations � 2 f+;�; :; =g to get [a(r); a(r)℄ � [b(r); b(r)℄ by Kau
her arith-meti
 for r 2 [0; 1℄ (in the 
ase of division b(r) � b(r) > 0 for all r).3 Solution of full interval Linear equationIn this se
tion, we want to solve the the following full interval systems formA2n�nXn�1 =b2n�1 with 8><>: [a1;1; a1;1℄:[x1; x1℄ + � � �+ [a1;n; a1;n℄:[xn; xn℄ = [b1; b1℄...[a2n;1; a2n;1℄:[x1; x1℄ + � � �+ [a2n;n; a2n;n℄:[xn; xn℄ = [b2n; b2n℄ (3.5)Where ai;j:ai;j � 0 for all i; j.With Eq. (2.1) and restri
tion ai;j:ai;j � 0 and equality of two interval numbers,system (3.5), 2n� n 
onverts to system 4n� 4n and is rewritten as follows:8<: Pj2��ai;j xj � + ai;j xj + +Pj2	�ai;j xj � + ai;j xj + = bi i = 1; : : : ; 2nPj2	�ai;j xj � + ai;j xj + +Pj2��ai;j xj � + ai;j xj + = bi i = 1; : : : ; 2n(3.6)With 	 = fi; jj ai;j � 0g and � = fi; jj ai;j � 0g and 	T� = �.Matrix form of the above equation is as follows:SX = bor � s1 s2s3 s4 �� xx � = � bb � ;
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322 M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327where X = [x; x℄;x = [x1 �; x1 +; : : : ; xn �; xn +℄;x = [x1 �; x1 +; : : : ; xn �; xn +℄;b = [b; b℄;b = [b1�; b1+; : : : ; bn�; bn+℄;b = [b1 �; b1 +; : : : ; bn �; bn +℄and sij; i = 1; :::; 2n; j = 1; :::; 2n are determined assi;j = 8>>><>>>: �si+2n;j+2n+1 = �aij if aij � 0; j is odd�si+2n;j+2n�1 = aij if aij � 0; j is even0 otherwise (3.7)
si+2n;j = 8>>><>>>: �si;j+2n+1 = �aij if aij � 0; j is odd�si;j+2n�1 = aij if aij � 0; j is even0 otherwise (3.8)By solving the system (3:6), a

ording to de�nition (2.1):xj +: xj � = 0; xj + + xj � � 0xj +: xj � = 0; xj + + xj � � 0 (3.9)Therefore, 8>>>>>><>>>>>>:

if xj + = 0 ! xj = �xj �if xj � = 0 ! xj = xj +if xj + = 0 ! xj = �xj �if xj � = 0 ! xj = xj + (3.10)
Theorem 3.1. The solution of system Eq.(5) with respe
t to multipli
ation in intervalkau
her arithmeti
 exists if and only if det(S) 6= 0:Theorem 3.2. If in E.q. (3.5) ai;j � 0 (ai;j � 0) for all i; j then in system SX = b,s2 = s3 = 0(s1 = s4 = 0).Proof: If ai;j � 0 then regarding to (3.6) 	 = fi; jj ai;j � 0g = ? and if ai;j � 0 then� = fi; jj ai;j � 0g = ?, hen
e proof is evident.Example 3.1. We apply this approa
h for following system of full interval equation with
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M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327 323exa
t solution [x1; x1℄ = [2; 3℄ , [x2; x2℄ = [1; 5℄8>>>>>><>>>>>>: [�3;�2℄ :[x1; x1℄ + [1 ; 5℄:[x2; x2℄ = [�8; 21℄[�3;�1℄:[x1; x1℄ + [0 ; 3℄ :[x2; x2℄ = [�9; 13℄[1 ; 2℄ :[x1; x1℄ + [�2;�1℄:[x2; x2℄ = [�8; 5℄[2 ; 4℄:[x1; x1℄ + [�3;�1℄:[x2; x2℄ = [�11; 11℄ (3.11)A

ording to Kau
her arithmeti
 operation, Eq. (2.1) 
onverts to the following form:8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:
�3 x1 + + 2x1 � � 5 x2 � + x2 + = �8�3 x1 + + x1 � � 3 x2 � = �9�2 x2 + + x2 � � 2 x1 � + 1 x1 + = �8�3 x2 + + x2 � � 4 x1 � + 2 x1 + = �115 x2 + � x2 � + 3 x1 � � 2 x1 + = 213 x2 + + 3 x1 � � 1 x1 + = 132 x1 + � x1 � + 2 x2 � � x2 + = 54 x1 + � 2x1 � + 3 x2 � � x2 + = 11and matrix form SX = b is0BBBBBBBBBB�

0 0 �5 1 2 �3 0 00 0 �3 0 1 �3 0 0�2 1 0 0 0 0 1 �2�4 2 0 0 0 0 1 �33 �2 0 0 0 0 �1 53 �1 0 0 0 0 0 30 0 2 �1 �1 2 0 00 0 3 �1 �2 4 0 0
1CCCCCCCCCCA :0BBBBBBBBBB�

x1 �x1 +x2 �x2 +x1 �x1 +x2 �x2 +
1CCCCCCCCCCA = 0BBBBBBBBBB�

�8�9�8�112113511
1CCCCCCCCCCAthen the solutions of the above system are as:x1 � = 0, x1 + = 2:0000, x2 � = 0, x2 + = 1:0000, x1 + = 3:0000, x1 � = 0, ,x2 + =5:0000 ,x2 � = 0 and with 
ondition (3:10) solution initial system as x1 = [2; 3℄ x2 = [1; 5℄.4 Solution of full fuzzy Linear equationIn this se
tion, we want to solve the the following full fuzzy systems form ~A2n�n ~Xn�1 =~b2n�1 su
h that ~ai;j � 0 or ~ai;j � 0 for all i; j.8><>: ~a1;1: ~x1 + � � �+ ~a1;n: ~xn = ~b1...~a2n;1: ~x1 + � � �+ ~a2n;n: ~xn = ~b2n (4.12)
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324 M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327This equation is equivalent to the following fully parametri
 interval equation8><>: [a1;1(r); a1;1(r)℄:[x1(r); x1(r)℄ + � � �+ [a1;n(r); a1;n(r)℄:[xn(r); xn(r)℄ = [b1(r); b1(r)℄...[a2n;1(r); a2n;1(r)℄:[x1(r); x1(r)℄ + � � �+ [a2n;n(r); a2n;n(r)℄:[xn(r); xn(r)℄ = [b2n(r); b2n(r)℄(4.13)where ai;j(r):ai;j(r) � 0 for all i; j and r 2 [0; 1℄.With Ku
her arithmeti
 and restri
tion ai;j(0):ai;j(0) � 0 and equality of two fuzzy num-bers, parametri
 interval system (4.13), 2n�n 
onverts to parametri
 system 4n�4n andis rewritten as follows:8<: Pj2��ai;j(r) xj �(r) + ai;j(r) xj +(r) +Pj2	�ai;j(r) xj �(r) + ai;j(r) xj +(r) = bi(r)Pj2	�ai;j(r) xj �(r) + ai;j(r) xj +(r) +Pj2��ai;j(r)xj �(r) + ai;j(r) xj +(r) = bi(r)(4.14)where i = 1; : : : ; 2n, 	 = fi; jj ai;j(r) � 0g, � = fi; jj ai;j(r) � 0g and 	T� = �.Matrix form of the above equation is as follows:SX = bor � s1 s2s3 s4 �� x(r)x(r) � = � b(r)b(r) � ;where ~X = [x(r); x(r)℄;x(r) = [x1�(r); x1+(r); : : : ; xn�(r); xn+(r)℄;x(r) = [x1 �(r); x1 +(r); : : : ; xn �(r); xn +(r)℄;~b = [b(r); b(r)℄;b(r) = [b1�(r); b1+(r); : : : ; bn�(r); bn+(r)℄;b = [b1 �(r); b1 +(r); : : : ; bn �(r); bn +(r)℄and sij; i = 1; :::; 2n; j = 1; :::; 2n are determined assi;j = 8>>><>>>: �si+2n;j+2n+1 = �aij(r) if aij(r) � 0; j is odd�si+2n;j+2n�1 = aij(r) if aij(r) � 0; j is even0 otherwise (4.15)
si+2n;j = 8>>><>>>: �si;j+2n+1 = �aij(r) if aij(r) � 0; j is odd�si;j+2n�1 = aij(r) if aij(r) � 0; j is even0 otherwise (4.16)By solving the system (4:14) a

ording to de�nition 1:xj +(r):xj �(r) = 0; xj +(r) + xj �(r) � 0xj +(r):xj �(r) = 0; xj +(r) + xj �(r) � 0 (4.17)
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M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327 325Therefore, 8>>>>>><>>>>>>:
if xj+(r) = 0 ! xj(r) = �xj�(r)if xj�(r) = 0 ! xj(r) = xj+(r)if xj +(r) = 0 ! xj(r) = �xj �(r)if xj �(r) = 0 ! xj(r) = xj +(r) (4.18)

Theorem 4.1. The solution of system Eq. (4.12) with respe
t to multipli
ation in fuzzykau
her arithmeti
 exists if and only if det(S) 6= 0 8r:Example 4.1. We 
onsider the following system of fuzzy linear equation with exa
t solu-tion ~x1 = [r + 1;�r + 3℄, ~x2 = [3r + 1;�2r + 6℄.8>><>>: [r � 3;�r℄:[x1; x1℄ + [r; 7� 2r℄:[x2; x2℄ = [�r2 + 9r � 8; 3r2 � 27r + 42℄[r � 4;�r℄:[x1; x1℄ + [0; 4 � r℄:[x2; x2℄ = [�r2 + 7r � 12; r2 � 15r + 24℄[r; 2℄:[x1; x1℄ + [r � 3;�r℄:[x2; x2℄ = [�r2 + 13r � 18;�3r2 � 3r + 6℄[r + 1; 5 � r℄:[x1; x1℄ + [r � 4;�r℄:[x2; x2℄ = [�r2 + 16r � 23;�2r2 � 9r + 15℄A

ording to the Kau
her arithmeti
 operation above system 
onverts to the followingforms: 8>>>>>>>>>><>>>>>>>>>>:
(r � 3)x1 + � r x1 � + 1x2 + � (7� 2r)x2 � = �r2 + 9r � 8(r � 4)x1 + + rx1 � � (4� r)x2 � = �r2 + 7r � 12(r)x1 + � 2x1 � + (r � 3)x2 + � r x2 � = �r2 + 13r � 18(r + 1)x1 + � (5� r)x1 � + (r � 4)x2 + � rx2 � = �r2 + 16r � 23(�r) x1 + � (r � 3) x1 � + (7� 2r) x2 + � x2 � = 3r2 � 27r + 42(�r)x1 + � (r � 4)x1 � + (4� r)x2 + = r2 � 15r + 242x1 + � rx1 � � rx2 + � (r � 3)x2 � = �3r2 � 3r + 6(5� r)x1 + � (r + 1)x1 � � rx2 + � (r � 4)x2 � = �2r2 � 9r + 15where, by solving the above system for r = 0; 0:1; :::; 1 solution is obtined in Table 1 andwith (4:18) solution of initial equation is shown in Table 2 and Fig. 1.Table 1r x1 �(r) x1 +(r) x2 �(r) x2 +(r) x1 �(r) x1 +(r) x2 �(r) x2 +(r)0 0 1.0000 0 1.0000 0 3.0000 0 6.00000:1 0 1.1000 0 1.3000 0 2.9000 0 5.80000:2 0 1.2000 0 1.6000 0 2.9000 0 5.60000:3 0 1.3000 0 1.9000 0 2.9000 0 5.40000:4 0 1.4000 0 2.2000 0 2.9000 0 5.20000:5 0 1.5000 0 2.5000 0 2.9000 0 5.00000:6 0 1.6000 0 2.8000 0 2.9000 0 4.80000:7 0 1.7000 0 3.1000 0 2.9000 0 4.60000:8 0 1.8000 0 3.4000 0 2.9000 0 4.40000:9 0 1.9000 0 3.7000 0 2.9000 0 4.20001:0 0 2.0000 0 4.0000 0 2.9000 0 4.0000
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326 M. Adabitabar Firozja, N. Ardin = IJIM Vol. 2, No. 4 (2010) 319-327Table 2r x1(r) x1(r) x2(r) x2(r)0 1.0000 3.0000 1.0000 6.00000:1 1.1000 2.9000 1.3000 5.80000:2 1.2000 2.8000 1.6000 5.60000:3 1.3000 2.7000 1.9000 5.40000:4 1.4000 2.6000 2.2000 5.20000:5 1.5000 2.5000 2.5000 5.00000:6 1.6000 2.4000 2.8000 4.80000:7 1.7000 2.3000 3.1000 4.60000:8 1.8000 2.2000 3.4000 4.40000:9 1.9000 2.1000 3.7000 4.20001:0 2.0000 2.0000 4.0000 4.0000
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Fig. 1. The exa
t solution ~x1, ~x2 and solutions with this approa
h.5 Con
lusionsIn this paper, �rst, we proposed Kau
her arithmeti
 for interval number and then wesolved the system A2n�nXn�1 = b2n�1 where ai;j : ai;j � 0 and we extended this methodby use of r� level set for full fuzzy system. We hope that this approa
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