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Fuzzy Bivariate Chebyshev Method for SolvingFuzzy Volterra-Fredholm Integral EquationsM. Barkhordari Ahmadi �a, M. Khezerloo b(a) Department of Mathematis, Bandar Abbas Branh, Islami Azad University,Bandar Abbas, Iran.(b) Young Researher Club, Ardabil Branh, Islami Azad University, Ardabil, Iran.Reeived 28 August 2010; revised 24 January 2011; aepted 29 January 2011.|||||||||||||||||||||||||||||||-AbstratIn this paper, the fuzzy bivariate Chebyshev method is proposed for solving the fuzzyVolterra-Fredholm integral equations(FVFIE). FVFTE is onverted to a dual fuzzy linearsystem that an be solved by the proposed method in [10℄ . And �nally, the method isexplained with illustrative examples.Keywords : Fuzzy numbers; Fuzzy Volterra-Fredholm integral equation; Fuzzy bivariate Chebyshevmethod; Dual fuzzy linear system; Nonnegative matrix.||||||||||||||||||||||||||||||||{1 IntrodutionThe fuzzy di�erential and integral equations are important parts of the fuzzy analysistheory and they have the important value of theory and appliation in ontrol theory.The fuzzy mapping funtion was introdued by Cheng and Zadeh [4℄. Later, Duboisand Prade [6℄ presented an elementary fuzzy alulus based on the extension priniple[22℄. Puri and Ralesu [21℄ suggested two de�nitions for fuzzy funtion. The onept ofintegration of fuzzy funtions was �rst introdued by Dubois and prade [6℄.Park et al. [18℄ onsidered the existene of solution of fuzzy integral equation in Banahspae. Park and Jeong [19, 20℄ studied the existene of solution of fuzzy integral equationsof the form x(t) = f(t) + Z t0 f(t; s; x(s))ds; t � 0where f and x are fuzzy-valued funtions (f; x : (a; b)! E where E is the set of all fuzzynumbers) and k is a risp funtion on real numbers. Alternative approahes were later�Corresponding author. Email address: mahnaz barkhordari�yahoo.om67
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68 M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77suggested by Goetshel and Voxman [11℄, Kaleva [13℄, Matloka [16℄, Nanda [17℄ and others,while Goetshel and Voxman [11℄ and later Matloka [16℄ preferred a Riemann integral typeapproah, Kaleva [13℄ hose to de�ne the integral of fuzzy funtion, using the Lebesguetype onept for integration. A Numerial method is introdued by Allahviranloo andOtadi [1℄ for solving fuzzy integrals.The topis of fuzzy integral equations whih attrated growing interest for some time,in partiular in relation to fuzzy ontrol, have been rapidly developed in reent years.This paper is organized as follows:In Setion 2, the basi onept of fuzzy number operation is brought. In Setion 3, fuzzysolution of fuzzy dual system is represented. In Setion 4, the main setion of the paper,fuzzy Volterra-Fredholm integral equations are solved by using fuzzy bivariate Chebyshvmethod. The proposed idea is illustrated by two examples in Setion 5. Finally onlusionis drawn in Setion 6.2 PreliminariesWe now reall some de�nitions needed through the paper. The basi de�nition of fuzzynumbers is given in [6, 12℄.By R, we denote the set of all real numbers. A fuzzy number is a mapping u : R! [0; 1℄with the following properties:(a) u is upper semi-ontinuous,(b) u is fuzzy onvex, i.e., u(�x+(1��)y) � minfu(x); u(y)g for all x; y 2 R;� 2 [0; 1℄,() u is normal, i.e.,9x0 2 R for whih u(x0) = 1,(d) supp u = fx 2 R j u(x) > 0g is the support of the u, and its losure l(supp u) isompat.Let E be the set of all fuzzy number on R. The r-level set of a fuzzy number u 2 E; o �r � 1, denoted by [u℄r , is de�ned as[u℄r = ( fx 2 R j u(x) � rg if 0 � r � 1l(supp u) if r = 0It is lear that the r-level set of a fuzzy number is a losed and bounded interval [u(r); u(r)℄,where u(r) denotes the left-hand endpoint of [u℄r and u(r) denotes the right-hand endpointof [u℄r. Sine eah y 2 R an be regarded as a fuzzy number ey de�ned byey(t) = � 1 if t = yo if t 6= yR an be embedded in E.Remark 2.1. [23℄, Let X be Cartesian produt of universes X = X1 � ::: � Xn, andA1; : : : ; An be n fuzzy numbers in X1; : : : ;Xn, respetively. f is a mapping from X to auniverse Y , y = f(x1; :::; xn). Then the extension priniple allows us to de�ne a fuzzy setB in Y by B = f(y; u(y)) j y = f(x1; :::; xn); (x1; :::; xn) 2 Xg
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M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77 69whereuB(y) = ( sup(x1;:::;xn)2f�1(y)minfuA1(x1); :::; uAn(xn))g; if f�1(y) 6= 0;0 if otherwise:where f�1 is the inverse of f .For n = 1, the extension priniple, of ourse, redues toB = f(y; uB(y)) j y = f(x); x 2 Xgwhere uB(y) = ( supx2f�1(y) uA(x); if f�1(y) 6= 0;0 if otherwise:Aording to Zadeh;s extension priniple, operation of addition on E is de�ned by(u� v)(x) = supy2Rminfu(y); v(x � y)g; x 2 Rand salar multipliation of a fuzzy number is given by(k � u)(x) = ( u(x=k); k > 0;e0; k = 0;where ~0 2 E:It is well known that the following properties are true for all levels[u� v℄r = [u℄r + [v℄r; [k � u℄r = k[u℄rFrom this harateristi of fuzzy numbers, we see that a fuzzy number is determined bythe endpoints of the intervals [u℄r. This leads to the following harateristi representationof a fuzzy number in terms of the two "endpoint" funtions u(r) and u(r). An equivalentparametri de�nition is also given in ([9, 14℄) as:De�nition 2.1. A fuzzy number u in parametri form is a pair (u; u) of funtions u(r),u(r); 0 � r � 1, whih satisfy the following requirements:1. u(r) is a bounded non-dereasing left ontinuous funtion in (0; 1℄, and right ontin-uous at 0,2. u(r) is a bounded non-inreasing left ontinuous funtion in (0; 1℄, and right ontin-uous at 0,3. u(r) � u(r); 0 � r � 1.A risp number � is simply represented by u(r) = u(r) = �; 0 � r � 1: We reall thatfor a < b <  whih a; b;  2 R, the triangular fuzzy number u = (a; b; ) determined bya; b;  is given suh that u(r) = a+ (b � a)r and u(r) =  � ( � b)r are the endpoints ofthe r-level sets, for all r 2 [0; 1℄.For arbitrary u = (u(r); u(r)), v = (v(r); v(r)) and k > 0 we de�ne addition u� v , sub-tration u	 v and saler multipliation by k as (See [9, 14℄)
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70 M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77(a) Addition: u� v = (u(r) + v(r); u(r) + v(r))(b) Subtration: u	 v = (u(r)� v(r); u(r)� v(r))() Multipliation:u�v = (minfu(r)v(r); u(r)v(r); u(r)v(r); u(r)v(r)g;maxfu(r)v(r); u(r)v(r); u(r)v(r); u(r)v(r)g)(d) Saler multipliation: k � u = � (ku; ku); k � 0;(ku; ku); k < 0:
3 Fuzzy Solution of Dual Fuzzy Linear SystemDe�nition 3.1. [10℄, The fuzzy linear systemBX = AX + Y (3.1)is alled a dual fuzzy linear system, where A = (aij); B = (bij); 1 � i; j � n are rispoeÆient matrix and Y a fuzzy number vetor.Theorem 3.1. [10℄, Let A = (aij); B = (bij); 1 � i; j � n be nonnegative matries thedual fuzzy linear system (3.1) has a unique fuzzy solution if and only if the inverse matrixof B �A exists and has only nonnegative entries.system (3.1) annot be equivalently replaed by the fuzzy linear equation system (B�A)X = Y . The dual fuzzy linear system (3.1) is transformed toy1 +t11x1 + � � � + t1nxn + t1;n+1(�x1) + � � � + t1;2n(�xn)= s11x1 + � � � + s1nxn + s1;n+1(�x1) + � � �+ s1;2n(�xn)...yn +tn1x1 + � � �+ tnnxn + tn;n+1(�x1) + � � �+ tn;2n(�xn)= sn1x1 + � � �+ snnxn + sn;n+1(�x1) + � � �+ sn;2n(�xn)�y1 +tn+1;1x1 + � � �+ tn+1;nxn + tn+1;n+1(�x1) + � � �+ tn+1;2n(�xn)= sn+1;1x1 + � � �+ sn+1;nxn + sn+1;n+1(�x1) + � � � + sn+1;2n(�xn)...�yn +t2n;1x1 + � � �+ t2n;nxn + t2n;n+1(�x1) + � � �+ t2n;2n(�xn)= s2n;1x1 + � � �+ s2n;nxn + s2n;n+1(�x1) + � � �+ s2n;2n(�xn)

(3.2)
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M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77 71where sij and tij are determined as follows:bij � 0; sij = bij ; si+n;j+n = bijbij < 0; si;j+n = �bij ; si+n;j = �bijaij � 0; tij = aij ; ti+n;j+n = aijaij < 0; ti;j+n = �aij; ti+n;j = �aij (3.3)while all the remaining sij and tij are taken zero.The following theorem guarantees the existene of a fuzzy solution for a general ase.Theorem 3.2. [10℄, The dual fuzzy linear equation system (3.1) has a unique fuzzy solu-tion if and only if the inverse matrix of S � T exists and nonnegative.4 Solution of Fuzzy Volterra-Fredholm Integral EquationIn this setion, by using fuzzy bivariate Chebyshv method, we obtain solution of fuzzyVolterra-Fredholm integral equation.De�nition 4.1. Consider the following linear fuzzy Volterra-Fredholm integral equationeu(x; y) = ef(x; y) + Z y�1 Z 1�1 k(x; y; s; t)eu(s; t)dsdt (4.4)where k(x; y; s; t) is a known funtion and eu(x; y), ef(x; y) are unknown and known fuzzyvalued funtions, respetively.We try to solve Eq. (4.4) by using double Chebyshev series:eu(x; y) = NXi=0 0 NXj=00 eaijTij(x; y); � 1 � x; y � 1 (4.5)where N is a positive integer andeu(x; y) = 14ea00T00(x; y) + 12ea01T01(x; y) + 12ea02T02(x; y) + : : :+ 12ea0NT0N (x; y)+12ea10T10(x; y) + ea11T11(x; y) + ea12T12(x; y) + : : :+ ea1NT1N (x; y)+12ea20T20(x; y) + ea21T21(x; y) + ea22T22(x; y) + : : :+ ea2NT2N (x; y)...+12eaN0TN0(x; y) + eaN1TN1(x; y) + eaN2TN2(x; y) + : : :+ eaNNTNN (x; y)P0 denotes a sum whose �rst term is halved, and Tmn(x; y) = Tm(x)Tn(y), where Tm(x)denote the Chebyshv polynomial of the �rst kind degree m, and eaij are the Chebyshvfuzzy oeÆients to be determined. The matrix form of (4.5) an be written as follows:[eu(x; y)℄ = T (x; y): eA; (4.6)
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72 M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77where T (x; y) = � T00 T01 : : : T0N T10 T11 : : : TN0 TN1 : : : TNN �andeA = � 14ea00 12ea01 : : : 12ea0N 12ea10 ea11 : : : ea1N : : : 12eaN0 eaN1 : : : eaNN �Twhere T and eA are 1 � (N + 1)2 and (N + 1)2 � 1 matries, respetively. eu(x; y) an beomputed by using a double Chebyshv series in the following steps:We substitute the seleted points of Chebyshv polynomial into Eq.(4.4):eu(xi; yj) = ef(xi; yj) + eI(xi; yj); (i; j = 0; :::; N) (4.7)where xi = os( i�N ) and yj = os( j�N ), i; j = 0; :::; N thateI(xi; yj) = Z yj�1 Z 1�1 k(xi; yj; s; t)eu(s; t)dsdt; (i; j = 0; :::; N): (4.8)Similarly, k(xi; yj; s; t) for eah (i; j = 0; :::; N) an by expanded to the turnated doubleChebyshv series in the formk(xi; yj ; s; t) = NXi=0 0 NXj=00 k(i;j)l;p Tlp(s; t)and the Chebyshv oeÆients are determined as follows:k(i;j)l;p = 4(N + 1)2 NXr=0 NXq=0 k(xi; yj; sr; tq)Tlp(sr; tq); (p; l = 0; :::; N)and sr = os((2r + 1)�=2(N + 1)); r = 0; :::; Ntq = os((2q + 1)�=2(N + 1)); q = 0; :::; NSo, the matrix representation of k(xi; yj ; s; t) an be given by[k(xi; yj ; s; t)℄ = K(i;j):T T (s; t); (4.9)where T (s; t) = � T00 T01 : : : T0N T10 T11 : : : TN0 TN1 : : : TNN �andK(i;j) = h 14ek00 12ek01 : : : 12ek0N 12ek10 ek11 : : : ek1N : : : 12ekN0 ekN1 : : : ekNN iSubstituting the expressions (4.6) and (4.9) into (4.8), we have[I(xi; yj)℄ = K(i;j):Q(yj): eA; (4.10)
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M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77 73where L := T T (s; t):T (s; t) = [Lm;n℄(N+1)2�(N+1)2andQ(yj) = [Z yj�1 Z 1�1 Ldsdt℄ = [qm;n℄(N+1)2�(N+1)2 ; m; n = 1; :::; (N + 1)2; j = 0; :::; NHene, we obtain the matrix [eu(xi; yj)℄ by:[eu(xi; yj)℄ = T (xi; yj): eA; (i; j = 0; :::; N) (4.11)Then, substituting the expressions (4.10) and (4.11) into (4.7), we have:T (xi; yj): eA = [ ef(xi; yj)℄ +K(i;j):Q(yj): eA; (i; j = 0; :::; N) (4.12)Now, we suppose that for eah i = 0; 1; : : : ; N and j = 0; 1; : : : ; N[Wi(N+1)+j+1℄ := K(i;j):Q(yj); [fi(N+1)+j+1℄ := [ ef(xi; yj)℄ (4.13)So, from (4.13), Eq. (4.12) is transformed to dual fuzzy linear system and we try to obtainthe solution of the dual fuzzy linear system:AX = BX + Ywhere A = T (xi; yj), B = [W1 W2 : : : W(N+1)2 ℄ are (N+1)2�(N+1)2 risp matriesand X = eA, Y = [f1 f2 : : : f(N+1)2 ℄ are (N + 1)2 � 1 fuzzy matries. By solving theabove-mentioned dual fuzzy linear system, the unknown oeÆients aij an be omputedand thereby we �nd the solution of fuzzy Volterra-Fredholm integral equation in trunatedbivariate Chebyshev series.5 Numerial exampleExample 5.1. Consider the linear fuzzy Volterra-Fredholm integral equation aseu(x; y) = (�+ 1; 3 � �)(x + y) + Z y0 Z 1�1(x+ s)eu(s; t)dsdtThe approximated solution eu(x; y) by fuzzy bivariate Chebyshv method as follows:�rstly, we ompute olloation points for N = 2 as:x0 = y0 = 1; x1 = y1 = 0; x2 = y2 = �1and s0 = t0 = p32 ; s1 = t1 = 0; s2 = t2 = �p32We are going to obtain the unknown matrixeA = � 14ea00 12ea01 12ea02 12ea10 ea11 ea12 12ea20 ea21 ea22 �T
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74 M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77We haveT (x; y) = � T00 T01 T02 T10 T11 T12 T20 T21 T22 �= � 1 2y 4y2 � 1 4x 4xy 8xy2 � 2x 4x2 � 1 8yx2 � 2y(4x2 � 1)(4y2 � 1) �and K(0;0) = K(0;1) = K(0;2) = � 14 0 1 1 0 4 1 0 4 �K(1;0) = K(1;1) = K(1;2) = � 0 0 0 1 0 4 0 0 0 �K(2;0) = K(2;1) = K(2;2) = � �14 0 �1 1 0 4 �1 0 �4 �and also,
Q(y0) =

2666666666666666666666664

4 0 �43 0 0 0 �43 0 490 43 0 0 0 0 0 �49 0�43 0 2845 0 0 0 49 0 �28450 0 0 43 0 �49 0 0 00 0 0 0 49 0 0 0 00 0 0 �49 0 2845 0 0 0�43 0 49 0 0 0 2845 0 �28450 �49 0 0 0 0 0 2845 049 0 �2845 0 0 0 �2845 0 196225

3777777777777777777777775

Q(y1) =
2666666666666666666666664

2 �1 �23 0 0 0 �23 13 29�1 23 0 0 0 0 13 �29 0�23 0 1415 0 0 0 29 0 �14450 0 0 23 �13 �29 0 0 00 0 0 �13 29 0 0 0 00 0 0 �29 0 1415 0 0 0�23 13 29 0 0 0 1415 � 715 �144513 �29 0 0 0 0 � 715 1445 029 0 �1445 0 0 0 �1445 0 98225

3777777777777777777777775
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M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77 75and
Q(y2) =

26666666666664
0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0

37777777777775So,
A =

2666666666666666666666664

1 2 3 4 4 6 3 6 91 0 �1 4 0 �2 3 0 �31 �2 3 4 �4 6 3 �6 91 2 3 0 0 0 �1 �2 �31 0 �1 0 0 0 �1 0 11 �2 3 0 0 0 �1 2 �31 2 3 �4 �4 �6 3 6 91 0 �1 �4 0 2 3 0 �31 �2 3 �4 4 �6 3 �6 9

3777777777777777777777775and
B =

2666666666666666666666664

0:111 0 �1:756 �0:444 0 2:044 �1:756 0 2:5730:056 0:083 �0:256 �0:222 �0:333 3:511 �0:256 �0:383 1:1760 0 0 0 0 0 0 0 00 0 0 �0:444 0 2:044 0 0 00 0 0 �0:222 �0:333 3:511 0 0 00 0 0 0 0 0 0 0 0�0:111 0 1:756 �0:444 0 2:044 1:756 0 �2:573�0:056 �0:083 0:256 �0:222 �0:333 3:511 0:256 0:383 �1:1760 0 0 0 0 0 0 0 0

3777777777777777777777775and Y T = � 2 1 0 1 0 �1 0 �1 �2 �� (1 + �; 3 � �)
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76 M. Barkhordari Ahmadi, M. Khezerloo = IJIM Vol. 3, No. 2 (2011) 67-77Then,
eAT =

2666666666666666666666664

(7:617� � 7:617;�7:617� + 7:617)(31:215� � 31:215;�31:215� + 31:215)(43� � 43;�43� + 43)(22:16� � 22:16;�22:16� + 22:16)(14:55� � 14:55;�14:55� + 14:55)(4:813� � 4:813;�4:813� + 4:813)(42:53� � 42:53;�42:53� + 42:53)(8:225� � 8:225;�8:225� + 8:225)(38:58� � 38:85;�38:58� + 38:85)

37777777777777777777777756 ConlusionIn this work, we tried to obtain the solution of fuzzy Volterra-Fredholm integral equationsby using fuzzy bivariate Chebyshv method. FVFIE was onverted to a dual fuzzy linearsystem that an be approximated by the method that was proposed in [10℄. The eÆienyof method was illustrated by one numerial example.Referenes[1℄ T. Allahviranloo, M. Otadi, Gaussian quadrature for approximate of fuzzy integrals,Appl. Math. and Comp., 170 (2005) 874-885.[2℄ D. D. Bhatta and M. I. Bhatti, Numerial solution of kdv equation using modi�edBernstein polynomials, Appl. Math. Comput., 174 (2006) 1255-1268.[3℄ M. I. Bhatti and P. Braken, Solutions of di�erential equations in a Bernstein poly-nomial basis, J. Comput. Appl. Math., 2007, doi:10.1016/j.am2006.05.002.[4℄ S. S. L. Cheng, L. Zadeh, On fuzzy mapping and ontrol, IEEE Trans, System ManCybernet, 2 (1972) 30-34.[5℄ Wu Congxin, Ma Ming, On embedding problem of fuzzy number spaes, Fuzzy Setsand Systems, 44 (1991) 33-38.[6℄ D. Dubois, H. Prade, Fuzzy number: an overview, in: The Analysis CRC Press, BoaRaton, FL, (1987) 3-39.[7℄ D. Dubois, H. Prade, Fuzzy Sets and Systms: Theory and Appliation, AademiPress, New York, 1980.[8℄ M. Friedman, M. Ming and A. Kandel, Fuzzy linear systems, Fuzzy Sets and Systems96 (1998) 201-209.
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