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Abstract

The importance as well as the difficulty of the problem of ranking fuzzy numbers is pointed
out. Here we consider approaches to the ranking of fuzzy numbers based upon the idea of
associating with a fuzzy number a scalar value, itssignal /noise ratios, where the signal and
the noise are defined as the middle-point and the spread of each y-cut of a fuzzy number,
respectively. We use the value of a as the weight of the signal/noise ratio of each y-cut
of a fuzzy number to calculate the ranking-index of each fuzzy number. The proposed
method can rank any kinds of fuzzy numbers with different kinds of membership functions.
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1 Introduction

In many applications of fuzzy set theory, particularly in decision making, we often obtain
a measure of a course of action expressed as a fuzzy number, a fuzzy subset of the real line.
For example the profit obtained by using the new XYZ process may be about §300,000.
Essentially here we have some uncertainty as to the exact value of the profit. As noted in
the literaturel this is a kind of possibilistic uncertainty. Often in these decision making
environments we are faced with the problem of selecting one from among a collection of
alternative actions. This selection process may then require that we rank, order, fuzzy
numbers. While it is clear when considering two pure numbers which is bigger or smaller,
the situation with respect to fuzzy numbers is not always obvious. It was early in the
development of the fuzzy set theory that the problem of comparing fuzzy subsets of the
real line was seen to be an important and difficult problem. The recent literature has
also addressed this problem.4 What seems to be clear is that there exists no uniquely best
method for comparing fuzzy numbers, the different methods satisfy different desirable
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criteria. While certain properties are necessary for any methodology that orders fuzzy
numbers, user preferences account for a significant part of the performance of a preferred
approach. Our focus here is to try to understand and suggest some methodologies for
comparing fuzzy numbers. In this paper, we present a new approach for ranking fuzzy
numbers using the y-cut, the belief features and the signal /noise ratios of fuzzy numbers,
where v € [0,1]. The proposed method can overcome the drawbacks of Chen and Chen’s
method [3], Cheng’s method [4], Murakami et al. [10], Yong and Qi’s method [20] and
Yager’s method [19].

2 A review of the existing methods for ranking fuzzy num-
bers

In this paper, we assume that the reader is familiar with basics of fuzzy set theory and
fuzzy logic in the broad sense.

A fuzzy number is a convex fuzzy subset of the real line R and is completely defined by its
membership function. Let A be a fuzzy number, whose membership function f4(x) can
generally be defined as [1, 2, 12, 13, 14, 15, §],

fj(x) when a1 <1< as,
w when. ay <x < ag,
falz) = 2= 3 (2.1)

ff(x) when a3z < x < ag,
0 otherwise.

Where 0 < w < 1is a constant, ff : [a1,a2] — [0,w] and fI : [a3,a4] — [0,w] are two
strictly monotonically and continuous mappings from R to closed interval [0,w]. When
w = 1, then A is a normal fuzzy number; otherwise it is said to be a non-normal fuzzy
number. If the membership function f4(z) is piecewise linear, then A is referred to as a
trapezoidal fuzzy number and is usually denoted by, A = (a1, ag, a3, as;w). In particular, if
as = as, the trapezoidal fuzzy number is reduced to a triangular fuzzy number. Since f £ ()
and f f(m) are both strictly monotonically and continuous functions, their inverse functions
exist and should also be continuous and strictly monotonically. Let g% : [0,w] — [a1, as]
and g% : [0,w] — [a3,a4] be the inverse functions of f& and f%, respectively. Then
g% (y) and ¢g%(y) should be integrable on the closed interval [0,w]. In other words, both
fow g5 (y)dy and fg‘) g% (y)dy should exist. In the case of trapezoidal fuzzy number, the
inverse function g%(y) and g% (y) can be analytically expressed as:

as —a
gfx(y) :a1+(2w1)3/7 0<y<w, (2.2)
gﬁ<y):a4_W7 0<y<w. (2.3)

In order to determine the centroid point (Zo,¥y,) of a fuzzy number A, Wang et al. [18]
provided the following centroid formulae:

faaf zfi(z)dr + faC;S (rw)dx + f;; zfi(z)dx
[22 fi()de + [ (w)da + [0 fR(x)de

_ Jo ylak) — g5 w))dy
Jo (95 (y) — gk (v))dy

To(A) = (2.4)

Yo(A) (2.5)
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The ranking value R(A) of the fuzzy number A is defined as follows [4]:

R(A) = \/T3(A) + T3(A). (2.6)

The larger the value of R(A), the better the ranking of A.

In [7], the authors presented a centroid-index ranking method for ordering fuzzy numbers.
The centroid point of fuzzy number A, is (T 4,7 4) where T4 and 7 4 are the same as formula
2 and 3 in [7]. The ranking value S(A) of the fuzzy number A is defined as follows:

S(A) =TA XYy (2.7)

The larger the value S(A), the better the ranking of A. In [3], Chen et al. proposed a
simple method to obtain COG point of fuzzy numbers. If A is a generalized fuzzy number,
where A = (a1, a2, a3, as;w), then the COG point (2%, %) of A is as follows:

yi(az + az) + (a1 + aq)(1 — %)
2 )

Y = (2.8)

w(:Z:Zf +2)
yh = L ay # ag, (2.9)
2 alp = a4.

After obtaining the COG point of fuzzy number A where A = (aj,a2,a3,a4;wy), the
ranking value Rank(A) can be calculated as

Rank(A) = ¥ + (wa— y7)*4 x (v + 0.5)17%4, (2.10)
where,
4 )
4= M, (2.11)
3
and,

a1 t+az+az+ay
1 )

The larger the value Rank(A), the better the ranking A. However, this method has a
drawback in that it cannot correctly rank generalized fuzzy numbers in some situations.
The example is used to show the drawback Chen’s method.

a=

(2.12)

Example 2.1. Two generalized fuzzy number A and B are shown as follows (Fig. 2.1):
A= (-0.01,-0.01,—-0.01,—0.01; 1),

B = (0.01,0.01,0.01,0.01; 0.8).

It can be easily to obtain the COG points of fuzzy numbers A and B respectively, as
follows, (z*,y%) = (—0.01,0.5) and («%,y5) = (0.01,0.4). By applying Chen method,
we have R(A) = 0.99 and R(B) = 0.989. The ranking result shows that ranking order is
A = B. Howewver, it can be easily seen that the correct order is A < B.
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Fig. 2.1.

3 A novel method for ranking fuzzy numbers

In this section, we present a new method for ranking fuzzy numbers. The proposed
method integrates many concepts, such as the approximate area measure [5], the belief
feature [6] and the signal/noise ratio [9]. Assume that a decision maker wants to determine
the ranking order of m fuzzy numbers Ay, As, - -+, and Ay,. The kth y-cut AY* of fuzzy
number A; is defined as follows:

k
A;Yk = {x’fAz(x) > Ve, T € X}7 Ve = 57 ke {0717"' ,TL}, n € N. (313)

where n denotes the number of y-cuts.
The minimal value [; ;, and the maximal value 7;; of the kth y-cut of the fuzzy number
A; are defined as follows:

lig= nf {x]fa, (@) =} (3.14)
ik = sup{x|fa,(z) > Y1} (3.15)
reX

respectively. The maximal barrier U and the minimal barrier L of the m fuzzy numbers
Aq,As,---, and A, are defined as follows:

Uzrrg@x{ﬂa: €A, 0<~y<hy, 1=1,2,--- ,m}, (3.16)

7

L:n\l}n{ﬂxeAZ, 0<~y<hga, 1=1,2,--- ,m}. (3.17)
(2

where A] denotes the v-cut of the fuzzy number A; and hy, denotes the height of A;
defined as follows:

ha, = sup fa,(z). (3.18)
zeX

The signal/noise ratio n; 5, of the kth v-cut of the fuzzy number A; used in the proposed

method is defined as follows:
~ mik— L

ik = 5i,k T )
where m; j, and d; ; denote the middle-point and the spread of AZ’“,
as follows:

(3.19)

respectively, defined

; l;
My = % (3.20)
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Oik = Tike — lig- (3.21)

L denotes the minimal barrier of the m fuzzy numbers Aq, Asg,--- , A, defined by Eq.
(3.17), c is a parameter, and ¢ > 0. The parameter ¢ > 0 is used to avoid the case that if
the fuzzy number A; is the crisp value 707, the signal/noise ratio will be indeterminate.
From Eq. (3.19), we can find that the larger the value of ¢, the smaller the influence of 0;
on the signal/noise ratio 7; ;. Therefore, we think that the influence of 6; ;, on 7; s, should
be smaller than the influence of m; on 7; ;. The value of ¢ should be greater than the
value of R — L in order to avoid the special case that if we want to obtain the ranking
order of two equal crisp values Ay and Ay, the values of R — L and 9; , of the kth y-cut
of the fuzzy number A; and Az will be all zero and the signal/noise ratio will be indeter-
minate or undefined, where v, € [0,1]. In the following, we present a new approach for
comparing fuzzy numbers based on the distance method. The method not only considers
the signal/noise ratio of a fuzzy number, but also considers the minimum crisp value of
fuzzy numbers. The proposed method for ranking fuzzy numbers Ay, As,--- , Ay is now
presented as follows:

Use the point (RI(A;),0) to calculate the ranking value sn/r(A;) = D(RI(A;), Tmin) of
the fuzzy numbers A;, where A; , where 1 < j < m, as follows:

D(RI(A;), Tmin) = |[RI(Aj).= Tonin | (3.22)

From formula (3.22), we can see that sn/r(A;) = D(RI(A;), Zmi) can be considered as
the Euclidean distance between the point (RI(A;),0) and the point (zn,0). We can see
that the larger the value of sn/r(A;), the better the ranking of A;, where 1 < j < m.
When ranking n fuzzy numbers Ay, Ao, - 4 Ap,, the minimum crisp value x;, is defined
as:
Zmin = min{x|r € Domain(A1, Az, -+, Am)}. (3.23)
The index RI(A;) of fuzzy numbers A; is calculated as RI(A;) = %, where
=1
v = ha, X %, ke{1,2,---in}, n € N, and n denotes the number of y-cuts.

3.1 An Application

Chen and Chen [3] proposed a method to handle fuzzy multi-criteria decision making
problems based on fuzzy number induced ordered weighted averaging (FN-IOWA) operator
and applied the algorithm to a human selection problem. In this section, we use the same
example illustrated in Chen and Chen to show the efficiency of the proposed ranking
method. For more detailed information about the FN-IOWA operator, (see [11, 16, 17,
19]). Here we just pay attention to the fuzzy ranking step in the final decision making
process.

A new manager will be recruited among three candidates, X, Y and Z. The final scores,
which can be obtained by an FN-IOWA operator, are fuzzy numbers and are listed as
follows:

Sx = (0.2501,0.7727,2.2501; 1),
Sy = (0.0667,0.5000, 1.8750; 1),
Sz = (0.1667,0.6592,2.2500; 1).

By applying the proposed ranking method, the index radius of gyration of each alternative
can be obtained as follows:
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sn/r(X) = 1.10,
sn/r(Y) = 0.09,
sn/r(Z) = 1.01.

We can see that their ranking order X > Z > Y. Therefore, Candidate X is more suitable
than Candidate Z, and Candidate Z is more suitable than Candidate Y. The result are
the same as the one presented in Chen and Chen.

4 Conclusion

In this paper, we have presented a new approach for ranking of fuzzy numbers. First,
we present a new method for ranking fuzzy numbers based on the v-cuts, the belief fea-
tures and the signal/noise ratios of fuzzy numbers. The proposed method calculates the
signal /noise ratio of each y-cut of a fuzzy number to evaluate the quantity and the quality
of a fuzzy number, where the signal and the noise are defined as the middle-point and the
spread of each ~-cut of a fuzzy number, respectively. We use the value of a as the weight
of the signal/noise ratio of each y-cut of a fuzzy number to. calculate the ranking index
of each fuzzy number. The proposed fuzzy ranking method can rank any kinds of fuzzy
numbers with different kinds of membership functions:
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