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Abstract

Ranking of fuzzy numbers play an important role in decision making, optimization, forecasting etc.
Fuzzy numbers must be ranked before an action is taken by a decision maker. The main aim of this
paper is to propose a new approach for the ranking of generalized fuzzy numbers. The proposed
ranking approach is based on distance between positive ideal solution and negative ideal solution.
The main advantage of the proposed approach is that it provides the correct ordering of generalized
and normal fuzzy numbers and it is very simple and easy to apply in the real life problems. The
approach is illustrated by numerical examples, showing that it overcomes several shortcomings such
as the indiscriminative and counterintuitive behavior of existing fuzzy ranking approaches.
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—————————————————————————————————–

1 Introduction

F
uzzy set theory [33] is a powerful tool to deal
with real life situations. Real numbers can be

linearly ordered by ≥ or ≤, however, this type of
inequality does not exist in fuzzy numbers. Since
fuzzy numbers are represented by possibility dis-
tribution, they can overlap with each other and it
is difficult to determine clearly whether one fuzzy
number is larger or smaller than the other. An
efficient approach for ordering the fuzzy numbers
is by the use of a ranking function ℜ : F (R) → R,
where F (R) is a set of fuzzy numbers defined on
real line, which maps each fuzzy number into the
real line, where a natural order exists. Thus,
specific ranking of fuzzy numbers is an impor-
tant procedure for decision-making in a fuzzy en-
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vironment and generally has become one of the
main problems in fuzzy set theory. Ranking fuzzy
numbers is often a necessary step in many math-
ematical models, and a large number of rank-
ing methods have been proposed to perform this
task. However, few comparative studies exist and
nowadays it is still unknown how similar rank-
ing methods are in practice, i.e., how likely they
are to induce the same ranking. Also, very of-
ten, fuzzy mathematical models encounter steps
when it is required to rank fuzzy numbers. A
basic example is a decision support system whose
inputs are judgments on a finite set of alternatives
{1, · · · , n}, and whose outputs are fuzzy num-
bers {A1, · · · , An}, where Ai is the fuzzy num-
ber representing the possible scores of alternative
i. In this example, choosing the best alterna-
tive needs the definition of an ordering relation on
{A1, · · · , An}. Methods for ordering fuzzy num-
bers, do actually rank them, and consequently the
literature regards them simply as ranking meth-
ods. It is here highly relevant to note, that dif-
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ferent ranking methods can induce different rank-
ings. Furthermore, it is reasonable that the more
different two methods are, the more likely they in-
duce different rankings, and vice versa. Said this,
discovering howsimilar different rankingmethods
are is beyond mere curiosity, especially because
many methods have been proposed in literature
to perform this task. Nevertheless, in spite of the
large number of proposals, very few comparative
studies exist and with this study we investigate
differences/similarities between ranking methods.
The main aim of this paper is to propose a new
approach for the ranking of generalized fuzzy
numbers. The proposed ranking approach is
based on positive ideal solution and negative ideal
solution. The main advantage of the proposed
approach is that it provides the correct ordering
of generalized and normal fuzzy numbers and it
is very simple and easy to apply in the real life
problems.
This paper is organized as follows. In Sect.
2, some basic definitions, arithmetic operations
and ranking function are reviewed. In this Sec-
tion, a brief review of the existing approaches
for the ranking of generalized fuzzy numbers
are presented. Section 3 is devoted to explain
themethodology and present the numerical re-
sults. We shall then discuss the results separately,
in Section 4. Finally, Section 5 contains the con-
clusions.

2 Preliminaries

In this section some basic definitions and arith-
metic operations are reviewed.

2.1 Fuzzy sets

Fuzzy numbers is an extremely suitable method-
ology that embraces adequately subjective knowl-
edge and objective knowledge. Zadeh [33] stated
some basic results linked to the development of
fuzzy sets. Many sets encountered in reality do
not have precisely defined bounds that separate
the elements within the set from those outside the
set. In our case, it might be said that a certain
check-in counter has a long waiting time. If we
denote by W the set of long waiting time at a
check-in counter, the question logically arises as
to the bounds of such a defined set. Does a wait-
ing time of 5 min belong to this set? What about

10 min or 15 min? The answers to these questions
are always logical and there exists some positive
probability of finding a consumer that answers
these questions positively.
On the other hand, it is intuitively clear that a
waiting time of 10 min belongs more likely or
stronger to the set W long waiting time at a
check-in counter, than a time of 5 min. In other
words, there is more truth in the statement that
a waiting time of 10 min is a long waiting time
at a check-in counter than in the statement that
a waiting time of 5 min is a long waiting time at
a check-in counter. Within this context, we can
fully appreciate that everything is a matter of de-
gree, so all waiting times at a check-in counter
can be treated as long. If now we introduce a set
called short waiting time at a check-in counter,
and proceed analogously, we see that we can treat
all the waiting times as short. Finally, we can ask
ourselves whether a waiting time of 5 min is long,
short or perhaps medium. The answer is very
simple. A waiting time of 5 min is long, short and
medium, all at the same time. In other words, a
waiting time of 5 min belongs to the sets long
waiting time at a check-in counter, short waiting
time at a check-in counter and medium waiting
time at a check-in counter with different intensity
of membership.
Zadeh [32] and Mandami and Assilian [25] de-
veloped fuzzy logic, introducing a concept of ap-
proximate reasoning, and showed that vague logi-
cal statements enable the formation of algorithms
that can use vague data to derive vague infer-
ences. Many fields have benefited from this ap-
proach, but above all the study of complex hu-
manistic systems, such as the study of service
quality.
Let the universe of discourse X be the subset
of real numbers R, X = {x1, x2, x3, · · · ;xn}. A
fuzzy set Ã = {(x, µA(x))|x ∈ X} in X is a set
of ordered pairs, where µA(x) is called a mem-
bership function and µA(x) : X → [0, 1]. The
membership function for fuzzy sets can take any
value from the closed interval [0, 1]. The greater
µA(x) is, the greater the truth of the statement
that element x belongs to set A is.
In this paper, we are going to parameterize a tri-
angular fuzzy number Ã by a triplet (a1, a2, a3).
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The membership function µA(x) is defined below.

µA(x) =


x−a1
a2−a1

, a1 ≤ x ≤ a2,
x−a3
a2−a3

, a2 ≤ x ≤ a3,

0, otherwise.

(2.1)

Each linguistic term was characterized by a trian-
gular fuzzy number for representing its approxi-
mate value range between 0 and 100,1 and de-
noted as (a1, a2, a3), where 0 ≤ a1 ≤ a2 ≤ a3 ≤
100. a2 is the most likely value of the linguis-
tic term, and a1 and a3 are the lower and upper
bounds used, respectively, to reflect the fuzziness
of the term.
We could not reflect the fact that respondents
may have different perceptions of these linguistic
terms, but hopefully this caveat is not very im-
portant because we have used some representa-
tive default values to reflect the preferences that
have been previously employed.2

Vagueness of linguistic terms about satisfaction
degree has already been set up. So in order
to provide more objective information for DMU
managers, we have fuzzified satisfaction degree as
triangular fuzzy numbers and aggregated group
opinions of consumers according to the average
fuzzy number of n triangular numbers Ãi =(
a
(i)
1 , a

(i)
2 , a

(i)
3

)
where i = 1, 2, · · · , n, as follows:

Ã = (a1, a2, a3) =

(
1

n

)
•
(
Ã1 ⊕ Ã2 ⊕ · · · ⊕ Ãn

)

=

(∑n
i=1 a

(i)
1 ,
∑n

i=1 a
(i)
2 ,
∑n

i=1 a
(i)
3

n

)
, (2.2)

where • is the multiplication of a scalar and a
fuzzy number, and ⊕ is the add operation of fuzzy
numbers, so Ã is the overall average performance
valuation of some DMU/ date (observation) un-
der some attribute over n interviewed consumers.
Eq. (2.2) shows that the average performance can
be represented by a new triangular fuzzy number.
To justify whether a DMU attribute is weak or
strong, we need to defuzzy the information ob-
tained above. The result of fuzzy synthetic in-
formation of each observation is a fuzzy number.

1We have used this range, but other ranges such as (0-
7) or (0-10) would also be valid.

2The survey process is conducted without having in
mind the treatment of fuzzy set theory methodology. How-
ever, it would be very easy that each respondent has the
option of defining a new triplet more concordant with his
perception.

Therefore, it is necessary to employ some non-
fuzzy ranking method for fuzzy numbers during
service quality comparison for each observation.
In other words, Defuzzification is a technique to
convert the fuzzy number into crisp real num-
bers. The procedure of defuzzification is to locate
the Best Nonfuzzy Performance (BNP) value.
This purpose can be attained by several avail-
able methods. Mean-of-Maximum, Center-of-
Area, and α-cut Method [23] are some of the most
common approaches. In this paper, we compare
the performance of two triangular fuzzy numbers

using υÃ defined as follows, υÃ =
(a1 + 2a2 + a3)

4
for the triplet (a1, a2, a3) of a triangular fuzzy
number Ã. This method [19] has been chosen
due to its simplicity and the lack of requirement
of analyst’s personal judgment. The method is
based on Kaufmann and Guptas [15] method to
compare fuzzy numbers and its logic is under-
pinned in the definition of the removal of a fuzzy
number.
In this paper, we are going to employ a method
based in the TOPSIS approach. Hwang and
Yoon [14] proposed the following logic of TOP-
SIS, defining the ideal solution and the negative
ideal solution. The positive ideal solution is the
solution that maximizes the benefit criteria and
minimizes the cost criteria; whereas the negative
ideal solution has got the opposite logic, i.e. max-
imizes the cost criteria and minimizes the bene-
fit criteria. The optimal observation is the one,
which is closest to the ideal solution and farthest
to the negative ideal solution. The ranking of al-
ternatives in TOPSIS is based on the relative sim-
ilarity to the ideal solution, which avoids from the
situation of having same similarity to both ideal
and negative ideal solutions.
To sum up, an ideal solution is composed of all
best values attainable of criteria, whereas a neg-
ative ideal solution is made up of all worst values
attainable of criteria. During the processes of se-
lection of observation, the best alternative would
be the one that is nearest to the positive ideal so-
lution and farthest from the negative ideal solu-
tion. Take the objective space of the two criteria
as example which is indicated in Fig. 1, A+ and
A− are, respectively, the ideal solution and nega-
tive ideal solution, and observation A1 is shorter
in distance in regard to the ideal solution (A+)
and negative ideal solution (A−) than A2. As a
matter of fact, the ups and downs of these two
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observations regarding to ideal solutions cannot
be compared because there exists some tradeoff
between the ups and downs. However, TOPSIS
can help resolving this problem because it has de-
fined such relative closeness so as to consider and
correlate, as a whole, the distance to the ideal so-
lution and the negative ideal solution.

Figure 1: Distance between ideal solution
and negative ideal solution.

Ideal solutions are computed based on the follow-
ing equations:

A+ = {(max Vij | j ∈ J) ,
(
min Vij | j ∈ J

′
)
,

i = 1, 2, · · · ,m}, (2.3)

A− = {(min Vij | j ∈ J) ,
(
max Vij | j ∈ J

′
)
,

i = 1, 2, · · · ,m}, (2.4)

where J and J
′
form a partition of the different

criteria according to their benefit or cost charac-
teristic.
After the determination of ideal solutions, we cal-
culate the Euclidean distance between ideal solu-
tion and negative ideal solution for each observa-
tion as

S+
i = dist(Vi, A

+) =

√√√√ n∑
j=1

(
Vij −A+

i

)2
, (2.5)

i = 1, 2, · · · ,m,

S−
i = dist(Vi, A

−) =

√√√√ n∑
j=1

(
Vij −A−

i

)2
, (2.6)

i = 1, 2, · · · ,m,

Then we calculate the relative closeness to
the positive ideal solution of each observation,
such as

Ci =
S−
i

S+
i + S−

i

, i = 1, 2, · · · ,m, (2.7)

where 0 ≤ Ci ≤ 1. An observation is closer
to an ideal solution as Ci approaches to 1. A
set of alternatives can be sorted according to
the descending order of Ci. This approach has
been widely used in different decision contexts
[5, 6, 7, 8, 9, 10, 11, 12]. This is mainly due
to its applicability in solving different scenarios
of human decision problems, and its mathemati-
cal simplicity measuring the relative performance
of the alternatives. The rationale behind (2.7) is
that a better performance of a pair DMU should
be captured by a higher degree of similarity to the
positive ideal solution and a lower degree of sim-
ilarity to the negative ideal solution. The larger
the performance index, the better the overall ser-
vice quality performance of the alternative DMU,
relative to other surveys done in the same DMU.
As such, the performance index calculated is a rel-
ative concept and it indicates the relative ranking
obtained dynamically for each one of the DMUs
evaluated in terms of the service attributes in-
cluded in the survey.

2.2 Ranking methods

In spite of their wide variety and their common
scope of establishing an ordering relation on F ,
ranking methods can be divided into two types:

• Ranking methods of the first type map
fuzzy numbers directly into the real line. That
is, they are transformation functions M : F → ℜ
which associate each fuzzy number with a real
number and then use the ordering ≥ on the
real line. For most of the methods (with the
exceptions of Y3 and K), a higher associated
value indicates a higher rank:

M(Ai) ≥ M(Aj) =⇒ Ai ≽M Aj

where ≽M is the dominance relation induced
by M . Whenwe use Y3 and K to obtain the
ranking, the rule is inverted and smaller values
of M indicate higher rank. Another theoretical
difference within this family of methods is that
those proposed by Chen [20] and Kerre [17]
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employ some reference points in calculating the
ranking index which is based on the set of fuzzy
numbers under comparison. In other words, the
real number associated to a given fuzzy number
Ai depends on the whole set {A1, · · · , An} and
not only on the characteristics of Ai.

• Rankingmethods of the second type gen-
erate fuzzy binary relations. In this case
themethods are functions M : F × F → [0, 1]
where the value of the relation M(Ai, Aj) ∈ [0, 1]
is the degree to which Ai is greater than Aj

. Consequently, the fuzzy numbers are ranked
according to the following rule.

M(Ai, Aj) ≥ M(Aj , Ai) =⇒ Ai ≽M Aj .

On the basis of the fuzzy binary relation on the
set of fuzzy numbers, some procedures allowthe
derivation of an ordering relation.
Hereafter, until the end of this section, we shall
introduce the ranking methods included in the
study, with a special consideration for the most
recent ones. As it was pointed out in the pre-
vious section, there are numerous methods to
rank fuzzynumbers. In this paper,we focus on
themethods that gained high importance in the
literature. Themethods whichwere excluded from
the analysis include: probabilistic approaches
[18], centroid and original point based meth-
ods [22], distance-based ranking [21], preference
weighting function expectation [26].

2.2.1 Adamo

When employing the method suggested by
Adamo [33], one simply evaluates the fuzzy num-
ber based on the rightmost point of the -cut for
a given α:

ADα(A) = a+α . (2.8)

It is important to mention that Adamo’s ap-
proach is the only one which satisfies all the rea-
sonable properties proposed in [33] for ordering
fuzzy quantities.

2.2.2 Center of maxima

The center of maxima [9] of a fuzzy number is
calculated as the average value of the endpoints
of the modal values interval (x is in the modal
values interval if A(x) = 1):

CoM(A) =
a−1 + a+1

2
. (2.9)

In case of fuzzy numbers, this definition coincides
with the mean of maxima method [9]: the average
of all the values contained in the modal interval.

2.2.3 Center of gravity

The center of gravity of a fuzzy number was in-
troduced in [12] as

CoG(A) =

∫ +∞
−∞ xA(x)dx∫ +∞
−∞ A(x)dx

. (2.10)

Yager [28] proposed four different approaches for
the ranking of fuzzy subsets with the support in
the unit interval: if we consider only this subclass
of fuzzy numbers, one of the proposed indices,

Y1(A) =

∫ 1
0 g(x)A(x)dx∫ 1

0 A(x)dx
, (2.11)

where g(x) measures the importance of x, can be
seen as a generalization of the ranking based on
the center of gravity.

2.2.4 Median

The concept of themedian value of a fuzzynum-
ber generalizes the definition of median to fuzzy
numbers by minimizing the following expression

|
∫ Med(A)

−∞
A(x)dx−

∫ −∞

Med(A)
A(x)dx | (2.12)

The median can be interpreted as the center of
area (CoA) of a fuzzy number A as it divides
the area under the membership function into two
equal parts.

2.2.5 Credibilistic mean

Liu and Liu [27] proposed the concept of credi-
bility measure based on four axiomatic properties
and proved that the original definition is equiva-
lent to the following formulation:

Cr(B) =
Pos(B) +Nec(B)

2
, (2.13)

where B ⊂ R, i.e., the credibilitymeasure is the
arithmeticmean of the possibility and necessity
measures. Using this novel concept, they defined
the credibilistic expectation of a fuzzy variable
A [27]:

CrMean(A) =∫ 0

−∞
Cr(A ≥ x)dx−

∫ +∞

0
Cr(A ≤ x)dx. (2.14)
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2.2.6 Changs method

Chang [2] proposed a ranking method based on
the index

C(A) =

∫
x∈suppA

xA(x)dx. (2.15)

It can be observed that CoG(A) =
C(A)∫ +∞

−∞ A(x)dx
.

2.2.7 Possibilistic mean

The possibilistic mean value [10] of a fuzzy num-
ber A ∈ F is the weighted average of the middle
points of the α-cuts of a fuzzy number A:

Ep(A) =

∫ 1

0
α(a−α + a+α )dα (2.16)

The definition of possibilistic mean is based on
the ordering proposed by Saneifard et al [10].
Saneifard et al, [11] extended the original defi-
nition by replacing the weight with a general
weighting function f(α).

2.2.8 Yager’s approaches

In [28], additionally to Eq. (2.11), Yager pro-
posed three other different ranking methods for
fuzzy quantities in the unit interval. The first
index is

Y2(A) =

∫ hgt(A)

0
M(Aα)dα, (2.17)

where hgt(A) = supxsuppAA(x) is the height of A
and M is the mean value operator, can be used
to rank fuzzy numbers with arbitrary support.

In this case, hgt(A) = 1 and M(Aα) =
a−α + a+α

2
.

Note 1. The index Y2 coincides with other
methods when we consider the class F : the
signed distance [], the nearest point of a fuzzy
number [28], the total integral valuewith index
of optimism α = 0.5 [28], the average index of a
fuzzy number with optimism-pessimism degree
λ = 0.5 [28], and the approach proposed by
Fortemps and Roubens [4]. Additionally, it is
proportional to the signed distance proposed in
[6] with the constant 0.5.
The two other methods proposed by Yager are
the following:

Y3(A) =

∫ 1

0
| x−A(x) | dx, (2.18)

Y4(A) = supx[0,1]min(x,A(x)). (2.19)

2.2.9 Chen’s method

Chen [20] defined a ranking method using the
concepts of fuzzy maximizing and minimizing
sets:

Amax(x) =

(
x− xmin

xmax − xmin

)k

,

Amin(x) =

(
xmax − x

xmax − xmin

)k

where xmax = sup
∪n

i=1 suppAi and xmin =
inf

∪n
i=1 suppAi and k > 0 is a real number. Us-

ing these two sets, Chen defined the left and right
utility of a fuzzy number Ai as

L(Ai) = supxRmin(Amin(x), Ai(x)),

R(Ai) = supxRmin(Amax(x), Ai(x)),

and finally the ranking index is obtained as

CHk(Ai) =
1

2
(R(Ai) + 1− L(Ai)). (2.20)

2.2.10 Kerre’s method

Kerre [17] defined a ranking index based on the
Hamming-distance of fuzzy numbers: the index is
calculated by determining the distance between
Ai and m̃ax(A1, · · · , An):

K(Ai) =

∫
x∈S

| Ai(x)−m̃ax(A1, · · · , An)(x) | dx,

(2.21)
where S =

∪n
i=1 suppAi.

2.2.11 Baas and Kwakernaak’s method

The method of Baas and Kwakernaak belongs
to the second family of methods. The value of
the relation PBK(Ai, Aj) quantifies the degree to
which Ai is greater than Aj as follows:

PBK(Ai, Aj) = supxi≥xjmin(Ai(xi), Aj(xj)).

The ranking index for a fuzzy number is then ob-
tained as

BK(Ai) = minj ̸=iPBK(Ai, Aj).

It is worth noting that PBK coincides with the
fuzzy relation PD introduced by Dubois and
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Prade in [3]. It is important to mention that
the rankings produced by the two methods can
be different: Baas and Kwakernaak’s approach is
based on the minimum value of PBK and Dubois
and Prade’s PD relation can be used according
to the ordering procedure described in [3].

2.2.12 Nakamura’s method

Nakamura [24] defined the following parametric
method based on the fuzzy relation

PNλ(Ai, Aj) =

λdH(Ai, m̃in(Ai, Aj))

λdH(Ai, Aj) + (1− λ)(dH(Ai, Aj))

+
(1− λ)(dH(Ai, m̃in(Ai, Aj)))

λdH(Ai, Aj) + (1− λ)(dH(Ai, Aj))
, λ ∈ [0, 1],

where dH(Ai, Aj) =
∫
R | Ai(x)−Aj(x) | dx is the

Hamming distance between two fuzzy numbers,
Ai(x) = supy≤xAi(y) and Ai(x) = supy≥xAi(y).
When λdH(Ai, Aj)+(1−λ)(dH(Ai, Aj)) = 0, the
value of the relation is defined as PNλ

(Ai, Aj) =
0.5.

Remark 2.1 Wang and Kerre proved in [30, 31]
that PN0.5 induces the same ranking of fuzzy num-
bers as Yuan’s method [29], Saade and Schwarz-
lander’s approach [13] and the two methods pro-
posed by Kolodziejczyk in [16].

3 Ranking fuzzy numbers based
on the positive and negative
ideal solutions

In this section, a novel method based on on
the positive and negative ideal solutions of fuzzy
numbers is presented for ranking fuzzy numbers.
By this method, we will resolve the shortcomings
discussed in other mthods.

Definition 3.1 Let Ai and Aj be two fuzzy num-
bers characterized by (2.1) and Ci and Cj are the
relative closeness to the positive ideal solution of
each observation.
Since this article wants to approximate a fuzzy
number by a scalar value, thus the researchers
have to use an operator C : F → R which trans-
forms fuzzy numbers into a family of real line.
Operator C is a crisp approximation operator.

Since every above defuzzification can be used as
a crisp approximation of a fuzzy number, there-
fore the resultant value is used to rank the fuzzy
numbers. Thus, C is used to rank fuzzy numbers.
The larger C, the larger fuzzy number

Let Ai and Aj be two arbitrary fuzzy numbers.
Define the ranking of Ai and Aj by C on F as
follows:

(i) Ai ≻ Aj if and only if C(Ai) > C(Aj),

(ii) Ai ≺ Aj if and only if C(Ai) < C(Aj),

(iii) Ai ∼ Aj if and only if C(Ai) = C(Aj).

Here, the following reasonable axioms that Wang
and Kerre [30, 31] have proposed for fuzzy
quantities ranking are considered.

A1: For an arbitrary finite subset Γ of E
and A ∈ Γ, A ≽ A.

A2: For an arbitrary finite subset Γ of E
and (A,B) ∈ Γ2, A ≽ B and B ≽ A, we should
have A ∼ B.

A3: For an arbitrary finite subset Γ of E
and (A,B,C) ∈ Γ3, A ≽ B and B ≽ C, we
should have A ≽ C.

A4: For an arbitrary finite subset Γ of E
and (A,B) ∈ Γ2, inf supp(A) > sup supp(B) we
should have A ≽ B.

A′
4: For an arbitrary finite subset Γ of E

and (A,B) ∈ Γ2, inf supp(A) > sup supp(B) we
should have A ≽ B.

A5: Let Γ and Γ′ be two arbitrary finite
subset of E in which A and B are in Γ

∩
Γ′. We

obtain the ranking order A ≻ B by defuzzifi-
cation RMa(A) on Γ′ if only and if A ≻ B by
RMa(A) on Γ.

A6: Let A, B, A + B and B + C be ele-
ments of E. If A ≽ B then A+ C ≽ B + C.

A′
6: Let A, B, A+B and B+C be elements

of E. If A ≽ B then A+ C ≻ B + C.

In addition for the axioms A1, A2, · · · , A6

we can consider two following properties:
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A7: For an arbitrary finite subset Γ of E
and A ∈ Γ, the defuzzification must belong to its
support function.

A8: For an arbitrary finite subset Γ of E
and A ∈ Γ, distance between A and its defuzzifi-
ation will be minimized.

Since C is a real number, then the proof of
above axioms is evident.

Remark 3.1 If Ai ≼ Aj, then −Ai ≽ −Aj.

Hence, this article can infer ranking order of the
images of the fuzzy numbers.

4 Numerical example

In this section, some examples are used to il-
lustrate the proposed approach to ranking fuzzy
numbers.

Example 4.1 Consider the following fuzzy num-
bers A1 = (0.2, 0.5, 0.8) and A2 = (0.4, 0.5, 0.6)
taken from [10]. Now using our method, we have
A1 = 0.149, A2 = 0.184. Therefore, the rank-
ing order is A1 ≺ A2. The ranking indices are
d1 = 0.0909, d2 = 0.1566 and the order by the
deviation degree method is: A1 ≺ A2. Therefore,
the results of the two methods are the same. The
left and the right areas of A1 and A2, as well as
their centroid points are the same. This exam-
ple has also been solved in [11], where the devi-
ation degree method was used. The following ex-
ample shows that the proposed method can handle
the cases where some of Ais may have non-linear
membership functions.

Example 4.2 Consider the triangular fuzzy
number A = (1, 2, 5), and the fuzzy number
B = (1, 2, 2, 4, 1) shown in Figure 2 taken from
[10]. The non-linear membership function of A2

is defined by

µB(x) =


√

1− (x− 2)2 when x ∈ [1, 2],√
1− 1

4(x− 2)2 when x ∈ [2, 4],

0 otherwise.

5 Conclusion

This paper presents a new approach for ranking
L−R fuzzy numbers. The examples given in this

Figure 2: Fuzzy Numbers A and B.

paper illustrate that the proposed approach gives
the correct ordering of fuzzy numbers. Compar-
ing with the existing approaches, it is efficient and
simple. For the validation of the proposed rank-
ing function, it is shown that this ranking func-
tion satisfies all the reasonable properties of fuzzy
quantities (I) and (II) proposed by X. Wang, E.
E. Kerre [30, 31].

References

[1] J. M. Adamo, Fuzzy decision trees, Fuzzy
Sets and Systems 4 (1980) 207-219.

[2] W. Chang, Ranking of fuzzy utilities with tri-
angularmembership functions, Proceedings
of International Conference on Policy Anal-
ysis and System (1981) 263-272.

[3] D. Dubois, H. Prade, Ranking fuzzy numbers
in the setting of possibility theory, Informa-
tion Sciences 30 (1983) 183-224.

[4] D. Fortemps, M. Roubens, Ranking and de-
fuzzification methods based on area compen-
sation, Fuzzy Sets and Systems 82 (1996)
319-330.

[5] R. Saneifard, T. Allahviranloo, F. Hossein-
zadeh, N. Mikaeilvand, Euclidean ranking
DMUs with fuzzy data in DEA, Applied
Mathematical Sciences 60 (2007) 2989-2998.

[6] R. Saneifard, A method for defuzzification by
weighted distance, Int. J. Industrial Mathe-
matics 3 (2009) 209-217.

www.SID.ir


Arc
hive

 of
 S

ID

www.SID.ir

R. Saneifard, et al /IJIM Vol. 5, No. 2 (2013) 119-128 127

[7] R. Saneifard, Ranking L-R fuzzy numbers
with weighted averaging based on levels, Int.
J. Industrial Mathematics 2 (2009) 163-173.

[8] R. Saneiafrd, Some properties of neural
networks in designing fuzzy systems, Neu-
ral Comput. Appl. http://dx.doi.org/10.
1007/s00521-011-0777-1.

[9] R. Saneiafrd, Designing an algorithm for
evaluating decision-making units based on
neural weighted function, Neural Com-
put. Appl. http://dx.doi.org/10.1007/

s00521-012-0878-5.

[10] Rahim Saneifard and Rasoul Saneifard, A
modified method for defuzzification by prob-
ability density function, Journal of Applied
Sciences Research 2 (2011) 102-110.

[11] Rahim Saneifard and Rasoul Saneifard, Cor-
relation Coefficient Between Fuzzy Numbers
Based On Central Interval, Journal of Fuzzy
Set Valued Analysis http://dx.doi.org/

10.5899/2012/jfsva-00108/.

[12] Rahim Saneifard and Rasoul Saneifard, The
Median Value of Fuzzy Numbers and its Ap-
plications in Decision Making, Journal of
Fuzzy Set Valued Analysis http://dx.doi.
org/10.5899/2012/jfsva-00051/.

[13] J. J. Saade, H. Schwarzlander, Ordering
fuzzy sets over the real line: an approach
based on decisionmaking under uncertainty,
Fuzzy Sets and Systems 50 (1992) 237-246.

[14] C. Hwang, K. Yoon, Multiple attribute deci-
sion making: Methods and application, New
York: Springer 1981.

[15] A. Kaufmann, M. Gupta, Fuzzy mathemat-
ical models in engineering and management
science, New York: Elsevier Science 1988.

[16] W. Kolodziejczyk, Orlovskys concept of de-
cision making with fuzzy preference relation
further results, Fuzzy Sets and Systems 19
(1990) 197-212.

[17] E. Kerre, The use of fuzzy set the-
ory in eletrocardiological diagnostics, in:
M.M. Gupta, E. Sanchez (Eds.), Approxi-
mate Reasoning in Decision-Analysis, North-
Holland, Amsterdam (1982) 277-282.

[18] E. S. Lee, R. J. Li, Comparison of fuzzy num-
bers based on the probability measure of fuzzy
events, Computers Mathematics with Appli-
cations 15 (1988) 887-896.

[19] S. M. Chen, Evaluating weapon systems us-
ing fuzzy arithmetic operations, Fuzzy Sets
and Systems 77 (1996) 265-276.

[20] S. H. Chen, Ranking fuzzy numbers with
maximizing set and minimizing set, Fuzzy
Sets and Systems 17 (1985) 113-129.

[21] C. H. Cheng, A new approach for ranking
fuzzy numbers by distance method, Fuzzy
Sets and Systems 95 (1998) 307-317.

[22] T. C. Chu, C. T. Tsao, Ranking fuzzy num-
bers with an area between the centroid point
and original point, Computers Mathematics
with Applications 43 (2002) 111-117.

[23] R. Zhao, R. Govind, Algebraic characteris-
tics of extended fuzzy number, Information
Science 54 (1991) 103-130.

[24] K. Nakamura, Preference relation on a set of
fuzzy utilities as a basis for decision making,
Fuzzy Sets and Systems 20 (1986) 147-162.

[25] E. Mandami, S. Assilian, (1975) An experi-
ment in linguistic synthesis with a fuzzy logic
controller, International Journal of Man-
Machine Studies 7 (1975) 1-13.

[26] X. W. Liu, S. L. Han, Ranking fuzzy numbers
with preference weighting function expecta-
tions, Computers Mathematics with Appli-
cations 49 (2005) 1731-1753.

[27] B. Liu, Y.K. Liu, Expected value of fuzzy
variable and fuzzy expected value models,
IEEE Transactions on Fuzzy Systems 10
(2002) 445-450.

[28] R. R. Yager, Ranking fuzzy subsets over the
unit interval, IEEE Conference on Decision
and Control including the 17th Symposium
on Adaptive Processes, Iona College, New
Rochelle, New York (1978) 1435-1437.

[29] Y. Yuan, Criteria for evaluating fuzzy rank-
ing methods, Fuzzy Sets and Systems 43
(1991) 139-157.

http://dx.doi.org/10.1007/s00521-011-0777-1
http://dx.doi.org/10.1007/s00521-011-0777-1
http://dx.doi.org/10.1007/s00521-012-0878-5
http://dx.doi.org/10.1007/s00521-012-0878-5
http://dx.doi.org/10.5899/2012/jfsva-00108/
http://dx.doi.org/10.5899/2012/jfsva-00108/
http://dx.doi.org/10.5899/2012/jfsva-00051/
http://dx.doi.org/10.5899/2012/jfsva-00051/
www.SID.ir


Arc
hive

 of
 S

ID

www.SID.ir

128 R. Saneifard, et al /IJIM Vol. 5, No. 2 (2013) 119-128

[30] Z. Wang, E. E. Kerre, Reasonable properties
for the ordering of fuzzy quantities (I), Fuzzy
Sets and Systems 118 (2001) 375-385.

[31] Z. Wang, E. E. Kerre, Reasonable proper-
ties for the ordering of fuzzy quantities (II),
Fuzzy Sets and Systems 118 (2001) 387-405.

[32] L. Zadeh, The concept of a linguistic variable
and its application to approximate reasoning:
I. Information Science 8 (1975) 199-249.

[33] L. A. Zadeh, (1965) Fuzzy sets, Inf Control
8 (1965) 338-353.

Rahim Saneifard was born in 1972
in Urmia, Iran. He received B.Sc
(1997) in pure mathematics and
M.Sc. in applied mathematics
from Azarbijan Teacher Education
University to Tabriz, Tariz Univer-
sity to Tabriz, respectively. He is a

Assistant Prof. in the department of mathemat-
ics at Islamic Azad University, Urmia Branch,
Urmia, in Iran. His current interest is in fuzzy
mathematics.

Somayhe Nahid Koltapeh was born
in Naghadeh - Iran in 1982. She
received M.Sc degree in applied
mathematics, numerical analysis
field from Islamic Azad University,
Urmia Branch in Iran. She is work-
ing on Fuzzy linear programming,

fuzzy approximations and fuzzy differential equa-
tions.

www.SID.ir

