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Abstract

Ranking fuzzy numbers is generalization of the concepts of order, and class, and so have fundamental
applications. Moreover, deriving the final efficiency and powerful ranking are helpful to decision
makers when solving fuzzy problems. Selecting a good ranking method can apply to choosing a
desired criterion in a fuzzy environment. There are numerous methods proposed for the ranking of
fuzzy numbers, some of them seem to be good in a particular context but not in general. In this paper,
a new attitude coupled with the basic thinking of ordering for ranking of fuzzy numbers is proposed.
The properties of the proposed method are discussed in detail. The ranking results show that the
proposed method can overcome certain shortcomings that exist in the previous ranking methods.The
method also has very easy and simple calculations compared to other methods. Finally, numerical
examples are presented to illustrate the advantage of our proposed method, and compare them with
other common ranking methods. The future prospect of this paper is a new attitude to fuzzy distance,
which will be referred to in the end.

Keywords : Ranking fuzzy numbers; Transmission average (TA); Fuzzy par; Ambiguity rank; Fuzzy
partial order.

—————————————————————————————————–

1 Introduction

O
rdering of fuzzy quantities is based on ex-
tracting various features from fuzzy sets.

These features may be a center of gravity, an area
under the membership function, or various inter-
section points between fuzzy numbers. A particu-
lar fuzzy number ranking method extracts a spe-
cific feature from fuzzy numbers, and then ranks
them (fuzzy numbers) based on that feature. In
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order to rank fuzzy numbers, one fuzzy number
needs to be compared with the others but it is
difficult to determine clearly which of them is
larger or smaller. The method for ranking was
first proposed by Jain [17], since then, numer-
ous methods have been proposed for ranking spe-
cial kinds of fuzzy numbers with different flaws
[19, 29, 12, 6, 7, 27, 8, 9, 14, 10, 11, 2, 3, 4, 22,
21, 20, 23, 24, 26, 28, 30].
All fuzzy set ranking methods can be categorized
into two classes (after Yuan [31]):
1) Methods which convert a fuzzy number to a
crisp number by applying a mapping function F
(i.e., if A is a fuzzy number, then F(A) = a, where
a is a crisp number). Fuzzy numbers are then
sorted by ranking crisp numbers produced by the
mapping.
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2) Methods which use fuzzy relations to compare
pairs of fuzzy numbers, and then construct a re-
lationship which produces a linguistic meaning of
the comparison. The ordering results are some-
thing like fuzzy number A is slightly better than
fuzzy number B.
However, each methodology has its own advan-
tages and disadvantages.
With 1, it has been argued that by reducing the
whole of our analysis to a single (crisp) number,
we are loosing much of the information we have
purposely been keeping throughout our calcula-
tions [15]. This methodology, on the other hand,
produces a consistent ranking of all fuzzy sets
considered (i.e., if A is ranked greater than B,
and B is ranked greater than C, then A will al-
ways be much greater than C). Also, there will
always exist a fuzzy set which is ranked as best,
second best, third best, and so on.
With 2, by keeping the comparisons linguistic,
we are preserving the inherit fuzzy information of
the problem. However, as Yuan [31] points out,
it may not always be possible to construct total
ordering among all alternatives based on pairwise
fuzzy preference relations. This means that even
if A is better than B, and B is better than C, A
may not always be better than C.
Discouraging facts about fuzzy set ranking meth-
ods, unfortunately, do not end here. In their re-
view, Bortolan and Degani [5] find that for sim-
ple cases, most fuzzy set ranking methods pro-
duce consistent rankings. Difficult cases however,
produce different rankings for different methods.
This means that if membership functions over-
lap (or intersect) for some values of x, or if the
supports of fuzzy numbers differ even slightly, dif-
ferent methods will most likely produce different
rankings.
There is not a unique method for comparing fuzzy
numbers. As a result, it is reasonable to expect
that different ranking methods can produce dif-
ferent ranking order for the same sample of fuzzy
numbers and some of them seem to be good in a
particular context but not in general. Intricacies
like these make ranking fuzzy numbers rather dif-
ficult.
In this paper, with a new attitude coupled with
the basic thinking to ordering, we define a fuzzy
linear (total) order on the fuzzy numbers set. Ac-
cordingly, we introduce the fuzzy numbers set as
a fuzzy comparable set, namely, we can ordered

any number of the fuzzy numbers. Finally, in
order to the description new proposed attitude,
several basic properties and illustrative examples
presented for ranking fuzzy numbers. In later pa-
per, with the new proposed method for ranking
fuzzy numbers, we will have a new attitude to
fuzzy distance.
The paper is organized as follows. In section 2,
we present the basic definitions and concepts re-
lated to the subject. In section 3, a new def-
inition of fuzzy partial order, fuzzy comparable
and fuzzy linear (total) order are provided and
its basic properties are investigated in section 4.
In section 5, the proposed method has been ex-
plained with examples and shows the results of
comparing our method to others. Finally, con-
clusions and future research are drawn in section
6.

2 Preliminaries and notations

In this section, some notations and background
about the concept are brought.

Definition 2.1 [16] (Fuzzy number) A fuzzy set
A in R is called a fuzzy number if it satisfies the
following conditions
i) A is normal,
ii) Aαis a closed interval for every α ∈ (0, 1],
iii) the support of A is bounded.

According to definition of fuzzy number men-
tioned above, we use define a pseudo-geometric
fuzzy number in two case as follows:

Definition 2.2 [18] (Pseudo-triangular fuzzy
number) A fuzzy number Ã is called a pseudo-
triangular fuzzy number if its membership
function function µ

Ã
(x) is given by

µ
Ã
(x) =


l
Ã
(x), a ≤ x ≤ a,

r
Ã
(x), a ≤ x ≤ a,

0, otherwise.
(2.1)

Where l
Ã
(x) and r

Ã
(x) are non-decreasing and

non-increasing functions, respectively. The
pseudo-triangular fuzzy number Ã is denoted by
the quintuplet

Ã = (a, a, a, l
Ã
(x), r

Ã
(x)),

and the triangular fuzzy number by the quintuplet

(a, a, a,−,−).
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Definition 2.3 [18] (Pseudo-trapezoidal fuzzy
number) A fuzzy number Ã is called a pseudo-
trapezoidal fuzzy number if its membership
function µ

Ã
(x) is given by

µ
Ã
(x) =


l
Ã
(x), a ≤ x ≤ a1,

1, a1 ≤ x ≤ a2,
r
Ã
(x), a2 ≤ x ≤ a,

0, otherwise.

(2.2)

Where l
Ã
(x) and r

Ã
(x) are nondecreasing and

non increasing functions, respectively. The
pseudo-trapezoidal fuzzy number Ã is denoted by
the Senary

Ã = (a, a1, a2, a, lÃ(x), rÃ(x)),

and the trapezoidal fuzzy number by the Senary

(a, a1, a2, a,−,−).

Definition 2.4 [13] (Equal fuzzy sets) Two
fuzzy sets Ã and B̃ are said to be equal(denoted
Ã = B̃) if and only if

∀x ∈ X, µ
Ã
(x) = µ

B̃
(x). (2.3)

3 Description of the new atti-
tude to ranking fuzzy num-
bers

It is useful, in dealing with linear orderings, to
visualize what they look like. Although this is
difficult to do with arbitrary mathematical struc-
tures, it is possible with linear orderings. In spite
of many ranking methods, no one can rank fuzzy
numbers with human intuition consistently in all
cases. To overcome ordering issues, with a new
attitude coupled with the basic thinking to or-
dering, we define a fuzzy linear (total) order on
the fuzzy numbers set. Accordingly, we introduce
the fuzzy numbers set as a fuzzy comparable set,
namely, we can ordered any number of the fuzzy
numbers. Finally, in order to the description new
proposed attitude, several basic properties and il-
lustrative examples will present for ranking fuzzy
numbers.

Definition 3.1 Let Ã be a normal, convex and
continuous (NCC) fuzzy set on the universal set
U. Then,
i) a.c(Ã) = 1

2{min(core(Ã)) +max(core(Ã))},
ii) support(Ã) = {x ∈ U | x ≤ a.c(Ã)},

iii) support(Ã) = {x ∈ U | x ≥ a.c(Ã)},
iv) p

Ã
= {x ∈ support(Ã) | inf(support(Ã)) ≤

x ≤ min(core(Ã))},
v) p

Ã
= {x ∈ support(Ã) | max(core(Ã)) ≤ x ≤

sup(support(Ã))},

vi)µ
Ã
(x) =


µ
Ã
(x), x ∈ p

Ã
,

1, x ∈ core(Ã),
µ
Ã
(x), x ∈ p

Ã
,

0, otherwise.
Note: if U = R in the above definition, then
NCC fuzzy set is fuzzy number.

Definition 3.2 (Fuzzy less) Let Ã, B̃ are two
the pseudo-geometric fuzzy numbers. Then,
1) Ã ≺a.s B̃ iff a.c(Ã) < a.c(B̃)
and inf(supp(B̃)) ≤ inf(supp(Ã)),
2) Ã ≺b.s B̃ iff a.c(Ã) < a.c(B̃)
and inf(supp(Ã)) ≤ inf(supp(B̃)) ≤
sup(supp(Ã)),
3) Ã ≺n.s B̃ iff a.c(Ã) < a.c(B̃)
and inf(supp(B̃)) ≥ sup(supp(Ã)),
4) Ã ≺a.b.s B̃ iff Ã ≺a.s B̃ and Ã ≺b.s B̃,
5) Ã ≺b.n.s B̃ iff Ã ≺b.s B̃ and Ã ≺n.s B̃,
finally,

Ã ≺ B̃ iff Ã ≺a.s B̃ or Ã ≺b.s B̃
or Ã ≺n.s B̃.

Remark 3.1 The Ã ≺a.s B̃ and Ã ≺n.s B̃ can
not occur together.

Definition 3.3 (Fuzzy approximation) Let Ã, B̃
are two the pseudo-geometric fuzzy numbers.
Then,
1) Ã ≾a.s B̃ iff a.c(Ã) = a.c(B̃)
and inf(supp(B̃)) ≤ inf(supp(Ã)),
2) Ã ∼= B̃ iff a.c(Ã) = a.c(B̃)
and inf(supp(B̃)) = inf(supp(Ã)),
3) Ã ≾b.s B̃ iff a.c(Ã) = a.c(B̃)
and inf(supp(B̃)) ≥ inf(supp(Ã)),
finally,

Ã ≃ B̃ iff Ã ∼= B̃ or Ã ≾a.s B̃
or Ã ≾b.s B̃.

Remark 3.2 Let Ã, B̃ are two the pseudo-
geometric fuzzy numbers. Then,

Ã ≾a.s B̃ iff B̃ ≾b.s Ã.
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Definition 3.4 (Fuzzy less then or approxi-
mation) Let Ã, B̃ are two the pseudo-geometric
fuzzy numbers. Then,

Ã ≾ B̃ iff Ã ≺ B̃ or Ã ≃ B̃.

Remark 3.3 (Fuzzy positive ) Let Fc(R) be a
set of the pseudo-geometric fuzzy numbers, and
F0(R) = {Ã ∈ Fc(R) | a.c(Ã) = 0}. Then,
∀Ã ∈ Fc(R), 0̃ ∈ F0(R);
1) 0̃ ≺a.s Ã iff 0 < a.c(Ã) and inf(supp(Ã)) ≤
inf(supp(0̃)),
2) 0̃ ≺b.s Ã iff 0 < a.c(Ã) and inf(supp(0̃)) ≤
inf(supp(Ã)) ≤ sup(supp(0̃)),
3) 0̃ ≺n.s Ã iff 0 < a.c(Ã) and inf(supp(Ã)) ≥
sup(supp(0̃)),
4) Ã ∼= 0̃ iff a.c(Ã) = 0 and inf(supp(0̃)) =
inf(supp(Ã)),
5) Ã ≾a.s 0̃ iff a.c(Ã) = 0 and inf(supp(0̃)) ≤
inf(supp(Ã)),
6) Ã ≾b.s 0̃ iff a.c(Ã) = 0 and inf(supp(0̃)) ≥
inf(supp(Ã)),
finally,

0̃ ≺ Ã iff 0̃ ≺a.s Ã or 0̃ ≺b.s Ã or 0̃ ≺n.s Ã,

Ã ≃ 0̃ iff Ã ∼= 0̃ or Ã ≾a.s 0̃ or Ã ≾b.s 0̃.

Definition 3.5 ( Fuzzy partial order) A binary
relation (here denoted by infix ≾) on a fuzzy set
X̃ is a fuzzy partial order if and only if it is
1) reflexive,
2) fuzzy anti-symmetric,
3) transitive.
The pair (X̃,≾) is called a fuzzy partially ordered
set (fuzzy poset). Incidentally,
for all Ã, B̃, C̃ ∈ X̃:
a. Ã ≾ Ã, the reflexive property,
b. If Ã ≾ B̃ and B̃ ≾ Ã then Ã ≃ B̃, the fuzzy
anti-symmetric property,
c. If Ã ≾ B̃ and B̃ ≾ C̃ then Ã ≾ C̃, the transi-
tive property.

Definition 3.6 ( Fuzzy comparable ) Any two el-
ements Ã and B̃ of a fuzzy set X̃ that is fuzzy
partially ordered by a binary relation ≾, are fuzzy
comparable when Ã ≾ B̃ or B̃ ≾ Ã. If it is not
the case that Ã and B̃ are fuzzy comparable, then
they are called fuzzy incomparable.

Definition 3.7 ( Fuzzy total order ) A binary
relation ≾ on a fuzzy set X̃ is a fuzzy total order

if and only if it is
1) a fuzzy partial order,
2) for any pair of elements Ã and B̃ of X̃, Ã ≾ B̃
or B̃ ≾ Ã (the totality property).
A fuzzy total order is also called a fuzzy linear
order. Thus, a fuzzy totally ordered set is exactly
a fuzzy poset in which every pair of elements is
fuzzy comparable.

4 Theorems and properties

In this section, we introduce the pseudo-
geometric fuzzy numbers set as a fuzzy totally
ordered set and discuss some of its properties.

Lemma 4.1 Let Fc(R) be a set of the pseudo-
geometric fuzzy numbers, then
∀Ã, B̃ ∈ Fc(R);
i) Ã ≾ B̃ or B̃ ≾ Ã,
ii) Ã ≾ Ã,
iii) If Ã ≾ B̃ and B̃ ≾ Ã then Ã ≃ B̃,
iv) If Ã ≾ B̃ and B̃ ≾ C̃ then Ã ≾ C̃.

Proof.We have the above cases, according to the
definitions (3.4), (3.3) and (3.2).

Theorem 4.1 Let Fc(R) be a set of the pseudo-
geometric fuzzy numbers, then the pair (Fc(R),≾)
is a fuzzy totally ordered set.

Proof.We have the above case, according to the
lemma (4.1) and the definition (3.7).

Therefore, the pair (Fc(R),≾) as a fuzzy to-
tally ordered set means that any pair of elements
in the Fc(R) of the relation are fuzzy compara-
ble under the relation. This also means that the
Fc(R) can be diagrammed as a quasi-line of ele-
ments, giving it the name quasi-linear.
We define a parameter as ambiguity rank, that
as a comparison coefficient between ranking fuzzy
numbers and ranking crisp numbers can be con-
sidered. Then, we show that, total order is a
special case of the proposed fuzzy total order.

Definition 4.1 (Binary relation with ambiguity
rank ) Let Fc(R) be a set of the pseudo-geometric
fuzzy numbers. Then, ambiguity rank of Ã ≾ B̃
is defined with ar = (l

1Ã,B̃
, r

1Ã,B̃
, l

2Ã,B̃
, r

2Ã,B̃
) as

follows:
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l
1Ã,B̃

= d(sup{d(µ−1

Ã
(α), a.c(Ã)) | α ∈

(0, 1]}, sup{d(µ−1

B̃
(α), a.c(B̃)) | α ∈ (0, 1]}),

r
1Ã,B̃

= d(sup{d(µ−1

Ã
(α), a.c(Ã)) | α ∈

(0, 1]}, sup{d(µ−1

B̃
(α), a.c(B̃)) | α ∈ (0, 1]}),

l
2Ã,B̃

= sup{d(µ
Ã
(x), µ

B̃
(y)) | ∀x ∈

support(Ã), ∀y ∈ support(B̃); d(x, a.c(Ã)) =

d(y, a.c(B̃))},
r
2Ã,B̃

= sup{d(µ
Ã
(x), µ

B̃
(y)) | ∀x ∈

support(Ã), ∀y ∈ support(B̃); d(x, a.c(Ã)) =
d(y, a.c(B̃))}.
We denote the ≾ with ambiguity rank by:

Ã ≾ar B̃. (4.4)

Definition 4.2 (Ambiguity rank of fuzzy to-
tally ordered set ) Let Fc(R) be a set of the
pseudo-geometric fuzzy numbers. Then, am-
biguity rank of the pair (Fc(R),≾) is defined
with Fcar = (l1Fc(R), r1Fc(R), l2Fc(R), r2Fc(R)) as
follows:

l1Fc(R) = sup{l
1Ã,B̃

| Ã, B̃ ∈ Fc(R)},

r1Fc(R) = sup{r
1Ã,B̃

| Ã, B̃ ∈ Fc(R)},

l2Fc(R) = sup{l
2Ã,B̃

| Ã, B̃ ∈ Fc(R)},

r2Fc(R) = sup{r
2Ã,B̃

| Ã, B̃ ∈ Fc(R)}.

Remark 4.1 Another natural characteristic of a
fuzzy totally ordered set is the number of elements
it contains. We call this the order of fuzzy totally
ordered set. This number is, of course, most in-
teresting when it is finite. In that case we say that
fuzzy totally ordered set is finite. Then, ambigu-
ity rank of fuzzy totally ordered set will be defined
with the change sup to max in the definition (4.2).

Definition 4.3 (Type-1 fuzzy par) Let Ã, B̃ are
two NCC fuzzy sets. Then,
Ã ∼1 B̃ if and only if
1. ∀x ∈ support(Ã), ∀y ∈
support(B̃); if d(x, a.c(Ã)) =

d(y, a.c(B̃)) then µ
Ã
(x) = µ

B̃
(x),

2. ∀x ∈ support(Ã), ∀y ∈
support(B̃); if d(x, a.c(Ã)) =
d(y, a.c(B̃)) then µ

Ã
(x) = µ

B̃
(x).

Lemma 4.2 Let Ã, B̃ are two NCC fuzzy sets.
Then,

Ã = B̃ iff Ã ≃ B̃ and Ã ∼1 B̃.

Proof.According to the definitions, it is obvious.

Lemma 4.3 Let (Fc(R),≾) be a fuzzy totally
ordered set of the pseudo-geometric fuzzy num-
bers, with the ambiguity rank Fcar = (0, 0, 0, 0).
Then,
∀Ã, B̃ ∈ Fc(R); Ã ∼1 B̃.

Proof.
Suppose Ã, B̃ ∈ Fc(R).
Then, we have from (l1Fc(R), r1Fc(R)) = (0, 0) :

sup{d(µ−1

Ã
(α), a.c(Ã)) | α ∈ (0, 1]} =

sup{d(µ−1

B̃
(α), a.c(B̃)) | α ∈ (0, 1]},

sup{d(µ−1

Ã
(α), a.c(Ã)) | α ∈ (0, 1]} =

sup{d(µ−1

B̃
(α), a.c(B̃)) | α ∈ (0, 1]}.

So,
| {x ∈ support(Ã) | µ

Ã
(x) > 0} |=| {x ∈

support(B̃) | µ
B̃
(x) > 0} |,

| {x ∈ support(Ã) | µ
Ã
(x) > 0} |=| {x ∈

support(B̃) | µ
B̃
(x) > 0} | .

(Note: | · |= sup(·)− inf(·) )

Therefore, have Prerequisite for Ã ∼1 B̃.

Also, we have from (l2Fc(R), r2Fc(R)) = (0, 0) :

∀x ∈ support(Ã),∀y ∈ support(B̃);

d(x, a.c(Ã)) = d(y, a.c(B̃)) ⇒

d(µ
Ã
(x), µ

B̃
(y)) = 0.

Namely,

µ
Ã
(x) = µ

B̃
(y). (4.5)

And,

∀x ∈ support(Ã),∀y ∈ support(B̃);

d(x, a.c(Ã)) = d(y, a.c(B̃)) ⇒

d(µ
Ã
(x), µ

B̃
(y)) = 0.

Namely,

µ
Ã
(x) = µ

B̃
(y). (4.6)

Finally, of (4.5), (4.6) and the definition (4.3)
have Ã ∼1 B̃.
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Now, according to the cases mentioned above,
we provide the relation between fuzzy totally or-
dered set and totally ordered set as a theorem in
the following:

Theorem 4.2 Let (Fc(R),≾) be a fuzzy totally
ordered set of the pseudo-geometric fuzzy num-
bers, with the ambiguity rank Fcar = (0, 0, 0, 0).
Then, the pair (Fc(R),≾) is totally ordered set.

Proof. It is straightforward with the lemma
(4.3) and (4.2).

In the future, with the new proposed ranking,
we can have a new attitude to fuzzy distance.
In this paper, we discuss a few related Lemma.
Before it is necessary that the fuzzy arithmetic
operations based on TA (in the domain of the
transmission average of support) be introduced
for pseudo-geometric fuzzy numbers.
As regards fuzzy arithmetic operations using of
the extension principle ( in the domain of the
membership function) or the interval arithmetics
(in the domain of the α- cuts), we have some
problem in subtraction operator, division oper-
ator and obtaining the membership functions of
operators.
Although with the revised definitions in [25] on
subtraction and division, usage of an interval
arithmetic for fuzzy operators have been permit-
ted, because it always exists, but its not efficient,
it means that result’s support is major agent (de-
pendence effect) and also complex calculations of
interval arithmetic in determining the member-
ship function of operators based on the extension
principle , are not yet resolved.
We eliminated such deficiency with the fuzzy
arithmetic operations based on TA in the [1] as
follows:

Definition 4.4 (The fuzzy arithmetic opera-
tions based on TA for pseudo-triangular fuzzy
numbers)
Consider two pseudo-triangular fuzzy number

Ã = (a, a, a, l
Ã
(x), r

Ã
(x)),

B̃ = (b, b, b, l
B̃
(x), r

B̃
(x)).

With the following α-cut forms:

Ã =
∪
αAα, Aα = [Aα, Aα], 0 ≤ α ≤ 1,

B̃ =
∪
αBα, Bα = [Bα, Bα], 0 ≤ α ≤ 1.

In the following, we define fuzzy arithmetic op-
erations based on TA for addition, subtraction,
multiplication and division:

Ã+B =
∪
α(Ã+B)α,

(Ã+B)α = [a+b2 + (
Aα+Bα

2 ), a+b2 + (Aα+Bα
2 )].

(4.7)

−̃A =
∪
α(−̃A)α, (−̃A)α = [−2a+Aα,−2a+Aα].

(4.8)

Ã−B =
∪
α(Ã−B)α, (Ã−B)α = [a−3b

2 +

(
Aα+Bα

2 ), a−3b
2 + (Aα+Bα

2 )].

(4.9)

Ã.B =
∪
α(Ã.B)α,

(Ã.B)α =

[( b2)Aα + (a2 )Bα, (
b
2)Aα + (a2 )Bα],

a ≥ 0, b ≥ 0,

[( b2)Aα + (a2 )Bα, (
b
2)Aα + (a2 )Bα],

a ≥ 0, b ≤ 0,

[( b2)Aα + (a2 )Bα, (
b
2)Aα + (a2 )Bα],

a ≤ 0, b ≤ 0,

[( b2)Aα + (a2 )Bα, (
b
2)Aα + (a2 )Bα],

a ≤ 0, b ≥ 0.

(4.10)

Ã−1 =
∪
α

(Ã−1)α, (Ã−1)α = [
1

a2
Aα,

1

a2
Aα].

(4.11)

Ã.B−1 =
∪
α(Ã.B

−1)α,

(Ã.B−1)α =

[( 1
2b)Aα + ( a

2b2
)Bα, (

1
2b)Aα + ( a

2b2
)Bα],

a ≥ 0, b > 0,

[( 1
2b)Aα + ( a

2b2
)Bα, (

1
2b)Aα + ( a

2b2
)Bα],

a ≥ 0, b < 0,

[( 1
2b)Aα + ( a

2b2
)Bα, (

1
2b)Aα + ( a

2b2
)Bα],

a ≤ 0, b < 0,

[( 1
2b)Aα + ( a

2b2
)Bα, (

1
2b)Aα + ( a

2b2
)Bα],

a ≤ 0, b > 0.
(4.12)

Remark 4.2 Fuzzy arithmetic operation di-
vision on pseudo-triangular fuzzy number
0̃ = (0, 0, 0, l0̃(x), r0̃(x)) is not able to define.
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For a more comprehensive definition, we ap-
ply our proposed fuzzy arithmetic operations on
pseudo-trapezoidal fuzzy numbers. It should be
noted that the above definition is special case of
below definition.

Definition 4.5 (The fuzzy arithmetic operations
based on TA for pseudo-trapezoidal fuzzy num-
bers)
Consider two pseudo-trapezoidal fuzzy number
Ã = (a, a1, a2, a, lÃ(x), rÃ(x)),

B̃ = (b, b1, b2, b, lB̃(x), rB̃(x)).
with the following α-cut forms:
Ã =

∪
αAα, Aα = [Aα, Aα],

0 ≤ α ≤ 1, A1 = [a1, a2],
B̃ =

∪
αBα, Bα = [Bα, Bα],

0 ≤ α ≤ 1, B1 = [b1, b2]. Let

ϕ =
a1 + a2

2
, ψ =

b1 + b2
2

.

In the following, we define fuzzy arithmetic op-
erations based on TA for addition, subtraction,
multiplication and division:

Ã+B =
∪
α(Ã+B)α,

(Ã+B)α = [ϕ+ψ2 + (
Aα+Bα

2 ), ϕ+ψ2 + (Aα+Bα
2 )].

(4.13)

−̃A =
∪
α(−̃A)α, (−̃A)α = [−2ϕ+Aα, −2ϕ+Aα].

(4.14)

Ã−B =
∪
α(Ã−B)α,

(Ã−B)α = [ϕ−3ψ
2 + (

Aα+Bα
2 ), ϕ−3ψ

2 + (Aα+Bα
2 )].

(4.15)

Ã.B =
∪
α(Ã.B)α,

(Ã.B)α =

[(ψ2 )Aα + (ϕ2 )Bα, (
ψ
2 )Aα + (ϕ2 )Bα],

ϕ ≥ 0, ψ ≥ 0,

[(ψ2 )Aα + (ϕ2 )Bα, (
ψ
2 )Aα + (ϕ2 )Bα],

ϕ ≥ 0, ψ ≤ 0,

[(ψ2 )Aα + (ϕ2 )Bα, (
ψ
2 )Aα + (ϕ2 )Bα],

ϕ ≤ 0, ψ ≤ 0,

[(ψ2 )Aα + (ϕ2 )Bα, (
ψ
2 )Aα + (ϕ2 )Bα],

ϕ ≤ 0, ψ ≥ 0.

(4.16)

Ã−1 =
∪
α(Ã

−1)α,

(Ã−1)α = [( 1
ϕ2
)Aα , (

1
ϕ2
)Aα].

(4.17)

Ã.B−1 =
∪
α(Ã.B

−1)α,

(Ã.B−1)α =

[( 1
2ψ )Aα + ( ϕ

2ψ2 )Bα, (
1
2ψ )Aα + ( ϕ

2ψ2 )Bα],

ϕ ≥ 0, ψ > 0,

[( 1
2ψ )Aα + ( ϕ

2ψ2 )Bα, (
1
2ψ )Aα + ( ϕ

2ψ2 )Bα],

ϕ ≥ 0, ψ < 0,

[( 1
2ψ )Aα + ( ϕ

2ψ2 )Bα, (
1
2ψ )Aα + ( ϕ

2ψ2 )Bα],

ϕ ≤ 0, ψ < 0,

[( 1
2ψ )Aα + ( ϕ

2ψ2 )Bα, (
1
2ψ )Aα + ( ϕ

2ψ2 )Bα],

ϕ ≤ 0, ψ > 0.
(4.18)

Remark 4.3 The fuzzy arithmetic operation di-
vision on fuzzy number 0̃ ( a.c(0̃) = 0), is not able
to define.

Therefore, in order to introduce a new attitude
coupled with the basic thinking to distance for
fuzzy distance in the future, provided a lemma
and theorem related to the subject as follows.

Lemma 4.4 Let Fc(R) be a set of the pseudo-
geometric fuzzy numbers, and
F0(R) = {Ã ∈ Fc(R) | a.c(Ã) = 0}. Then,
∀Ã, B̃, C̃ ∈ Fc(R), 0̃ ∈ F0(R);
1) if Ã ≾ B̃ then Ã± C ≾ B̃ ± C,
2) if Ã ≾ B̃ then{

Ã.C ≾ B̃.C, 0̃ ≺ C̃,

B̃.C ≾ Ã.C, C̃ ≺ 0̃,

3) if Ã ≾ B̃ and C̃ ≾ D̃ then

Ã+ C ≾ B̃ +D,

4) if 0̃ ≺ Ã ≾ B̃ and 0̃ ≺ C̃ ≾
D̃ then

Ã.C ≾ B̃.D.

Proof.we have the above cases, according to the
definitions of (3.2), (3.3), (3.4), (4.4), (4.5) and
remark (3.3).

Theorem 4.3 Let Fc(R) be a set of the pseudo-
geometric fuzzy numbers, then
∀Ã, B̃ ∈ Fc(R);
1) If Ã ≾ B̃ then ∃X̃, Ỹ ∈ Fc(R); Ã+X ≃ B̃

and B̃ + Y ≃ Ã,
2) If Ã ≾ B̃ and Ã ∼1 B̃ then ∃X̃, Ỹ ∈
Fc(R); Ã+X = B̃ and B̃ + Y = Ã.

Proof.we have the above cases, with the X̃ =

B̃ −A and Ỹ = Ã−B.

Arc
hive

 of
 S

ID

www.SID.ir

www.sid.ir


372 F. Abbasi et al. /IJIM Vol. 8, No. 4 (2016) 365-375

5 Illustrative example and com-
parison study

It is reasonable to expect that different ranking
methods can produce different ranking order for
the same sample of fuzzy numbers and some of
them seem to be good in a particular context but
not in general. Intricacies like these make rank-
ing fuzzy numbers rather difficult.
Although the proposed attitude for ranking fuzzy
numbers is different from the other methods,
however we use some comparative examples to il-
lustrate the advantages of the proposed method.

Example 5.1 Consider the four fuzzy numbers
A = (−4, 1, 2,−,−), B = (−7

4 ,
1
4 ,

5
4 ,−,−), C =

(−7, 2, 3,−,−) and D = (−2, 0, 1, 1,−,−), taken
from paper[2], with the following fig. 1.

−8 −6 −4 −2 0 2 4
0
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0.4

0.6
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1
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u(
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A

D

B

Figure 1

4.5 5 5.5 6 6.5 7 7.5
0

0.5

1

1.5

x

u(
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CCB

Figure 2: Velocity profiles for various values of
λ.

Example 5.2 Consider the three triangular
fuzzy numbers, A = (5, 6, 7,−,−), B =
(5.9, 6, 7,−,−) and C = (6, 6, 7,−,−), taken
from paper[2], with the following fig. 2.

Figure 3

By using our method, A ≾a.s B ≾b.s C.
Thus the ranking order is
A ≃ B ≃ C.
To compare with some of other methods, the
reader can refer to the following Table 2.

Example 5.3 Consider the two fuzzy numbers,
A = (1, 2, 5,−,−) and B = (1, 2, 4, lB(x), rB(x)),
as
lB(x) = (1− (x−2)2)

1
2 , rB(x) = (1− 1

4(x−2)2)
1
2 ,

taken from paper[11], with the following fig. 3.

By using our method, A ∼= B. Thus the ranking
order is
A ≃ B.
To compare with some of other methods, the
reader can refer to the following Table 3.
All the above numerical examples show that the
results of the proposed method, similar to the in-
tuitively ranking order, can overcome the draw-
backs of the other methods.

6 Conclusion

Ranking of fuzzy numbers is an important issue
in the study of fuzzy set theory. In order to rank
fuzzy numbers, one fuzzy number needs to be
compared with the others but it is difficult to de-
termine clearly which of them is larger or smaller.
Numerous methods have been proposed in previ-
ous studies to rank fuzzy numbers. There is not a
unique method for comparing fuzzy numbers. As
a result, it is reasonable to expect that different
ranking methods can produce different ranking
order for the same sample of fuzzy numbers and
some of them seem to be good in a particular
context but not in general. Intricacies like these
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Table 1: Comparative results of Example 5.1

Fn Proposed Method Abbasbandy Sign Distance Sign Distance Distance minimization
and Hajjari P=1 P=2

A - 0.6666 3.2000 2.5820 0.0000

B - 0.1666 1.5313 1.2417 0.0000

C - 1.3334 2.9444 4.0414 0.0000

D - 0.3334 3.000 2.3094 0.0000

Results B ≺ D ≺ A ≺ C B ≺ D ≺ A ≺ C B ≺ C ≺ D ≺ A B ≺ D ≺ A ≺ C A ∼ B ∼ C ∼ D

Table 2: Comparative results of Example 5.2

Fuzzy proposed Abbasbandy Sign Sign Chu Cheng CV
number method and Hajjari Distance Distance and Distance index

p=1 p=2 Tsao

A - 6.0000 6.12 8.52 3 6.021 0.028

B - 6.0750 12.45 8.82 3.126 6.349 0.0098

C - 6.0834 12.5 8.85 3.085 6.3519 0.0089

Results A ≃ B ≃ C A ≺ B ≺ C A ≺ B ≺ C A ≺ B ≺ C A ≺ C ≺ B A ≺ B ≺ C C ≺ B ≺ A

Table 3: Comparative results of Example 5.3

Fuzzy number Proposed method Liou and Wang α = 0 Liou and Wang α = 1 Chu - Tsao

A - 1.5 3.5 1.2445
B - 1.2 3.6 1.1821

Results A ≃ B B ≺ A A ≺ B B ≺ A

make ranking fuzzy numbers rather difficult. In
this paper, with the new attitude coupled with
the basic thinking to ordering, we defined a fuzzy
linear (total) order on the fuzzy numbers set. Ac-
cordingly, we introduced the fuzzy numbers set as
a fuzzy comparable set, namely, we can ordered
any number of the fuzzy numbers. Validity of the
proposed method was compared with other rank-
ing methods by some examples. These proposed
method is relatively reasonable for fuzzy numbers
based on the introduced axioms, especially in the
future prospects of this new approach to fuzzy
distance.
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  منطق فازی در مدل پيش بينی آلودگی ھوا
 

    چکيده:

ارائه  گرديده   O3و  NO, CO, SO2 ,PM2.5 ,PM10   دراين مقاله، يک مدل برای پيش بينی غلظت ذرات معلق
واقعی و داده ھای آلودگی ، اين روش به داده ھای گذشته، بويژه اطلاعات پيش بينی آب و ھوا، اطلاعات آب وھوا ی است. 

برای تعداد زيادی از داده ھای زمانی نياز دارد. ايده، تطبيق دادن داده ھای پيش بينی با داده ھای پيش بينی  مشابه در مجموعه 
به منظور متراکم ساختن نقاط  .وای واقعی و داده ھای آلودگی استدادھای گذشته و سپس  با استفاده  از داده ھای آب و ھ

زمانی ، داده ھای پيش بينی مذکور با يک تابع فاصله محاسبه  می گردند وعدد فازی از دادھا ، شامل دادھای پيش بينی و داده 
گردد. بار دگر نيز، با يک تابع فاصله، داده ھای واقعی در مقايسه با عدد فازی برای تعيين درجه ھای واقعی، ارائه  می

به گونه ای  تھيه می گردد که تمام  داده ھای معمولاَ پر ھرج و مرج و نا مشخص ،  اين مدل عضويت ، صورت می پذيرد.
بيان می  ی خطیجزئاين مقاله يک کلاس از روش تکراری و تحليلی برای معادلات ديفرانسيل  مورد استفاده قرار می گيرد.

می شود.  با يک شرط آغازين با استفاده از روش انتقال ديفرانسيل کاھش يافته بدست آورده  کند. يک الگوريتم و جواب تحليلی
مدلبندی مساله ھايی از مکانيک  ، محاسبه می شود.آسان جواب به شکل سری با مولفه ھای قابل محاسبهدر اين تکنيک 

 د.نروش ما را توضيح دھد تا کارايی از نبحث می شورياضی، فيزيک رياضی، الکترونيک رياضی و غيره 
 

Arc
hive

 of
 S

ID

www.SID.ir

www.sid.ir

