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ABSTRACT

Let G be a graph. The first Zagreb polynomial M,(G, x) and the third Zagreb polynomial
M3(G, x) of the graph G are defined as: My(G,x) = ZGZUVGE(G)X[d(U)J“d(V)] :

M3(G,x) =ze:u\,eE(G)x|d(”)'d(V)| . In this paper, we compute the first and third Zagreb
polynomials of Cartesian product of two graphs and a type of dendrimers.
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1. INTRODUCTION

Molecules and molecular compounds are often modeled by molecular graph. A molecular
graph is a representation of the structural formula of a chemical compound in terms of
graph theory, whose vertices correspond to the atoms of the compound and edges
correspond to chemical bonds.

A topological index is a graph invariant applicable in chemistry. The Wiener index
is the first topological index introduced by chemist Harold Wiener.'? There are some
topological indices based on degrees such as the first and third Zagreb indices of molecular
graphs. The first Zagreb index M; = M3(G) and the third Zagreb index M3 = M3(G) of a
graph G are defined as:
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M(G) =Y, e, [AW +dW)T, My(G) =, e, A -0V |

where d(u) denotes the degree of a vertex u in G. *®
The first Zagreb polynomial M;(G,x) and the second Zagreb polynomial M3(G,x)of
a graph G are defined as:

_ [d(u) +d(v) ] _ [d(u)-d(v)|
Ml(G’ X) - Ze:uvaE(G) X ! M3 (G’ X) - Ze:uvaE(G) X !

For more study about polynomial in graph theory you can see *™*4.

The path Py, is the shortest walk between two vertices. We denote Star, wheel, cycle
and complete graph by S,, W,, C, and K,, respectively. The union of GUH of graphs G
and H is a graph such that V(GUH) = V(G) u V(H), and E(G U H) = E(G) U E(H). The
Cartesian product G x H of graphs G and H is a graph such that V(G x H) = V(G) x V(H),
and any two vertices (a,b) and (u,v) are adjacent in G x H if and only if either a = u and b
is adjacent with v, or b = v and a is adjacent with u. *?

2. THE FIRST AND THIRD ZAGREB POLYNOMIALS OF A GRAPH.

The considerations in the subsequent sections are based on the applications of the following
definitions. In this section, we present some new bounds for the first and third Zagreb
indices of graphs and compare them with each other.

Example. Let K,, S, and W, are complete, starand wheel graphs, then
M, (K x) = n(n—1)/2x*"Y,
M,(K,,x)=n(n-1),
M, (S, ,x)=(n-1)x",
M, (G,x) = (n-1)x"?,
M,(W_,x)=(n-2)x""* +(n-1)x°,
MW ,x)=(n-1)x"* +n-1.

Lemma 1. Let G and H be two graphs, then
M,(GUH,x)=M,(G,x)+M,(H,x)
and
M,(GUH,x)=M,(G,x)+M,(H,x).

Proof. The proof is straightforward. O

Theorem 2. Let G and H be two graphs, then
M1(GxH, x)=d(G,x2)M1(H, x) + d(H,x2)M1(G, x),
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where d(G, x)= D X

Proof. By definition of G x H, we have dexn(a,b) = dg(a) + dn(b) then
M,(GxH,x)= Ze:(a‘b)(c‘d)EE(GXH) x0(@b)+d(c.d)

_ d(a,b)+d(a,d) d(ab)+d(c,b)
- Ze:(a,b)(a,d)eE(GxH) X + Ze:(a,b)(c,b)eE(GxH) X

2d(a)+d(b)+d(d) Ze:(a,b)(c,b)eE(GxH) x 24 (b)+d (@)+d (c)

2d(a) y, d (b)+d(d) 2d(b) y, d(a)+d (c)
X X + Ze:(a,b)(c,b)eE(GxH) X X

Ze:(a,b)(a,d )eE(GxH)

= Ze:(a,b)(a,d)eE(GxH)

2d(a) , d(b)+d(d)

X 2d (b)'y, d(a)+d (c)

Ze:aceE(G),beV(H) X

2y d(a) y d(b)+d(d) 23 d(b) y d(a)+d(c)
e=hd eE(H),aeV (G) (X ) X + Ze:aceE(G),beV (H) (X ) )/
2yd(b) d(a)+d(c)
_Z (XZ)d(a)Z x 4(0)+d(d) +Z (X ) Ze:aCEE(G)X
T LaaeV(G) e=hd cE(H) beV.(H)

=d(G,x*)M,(H,x)+d(H,x*)M, (G, x).

e=bd cE(H),acV (G) X

-3
-3

This completes our argument. 0

Figure 1. CxC,.

Corollary 3. M1 (C, xC,, X) =2mnx and M, (C_ xC,, X) =2mnx .

Proof. The graph CXxC, is 4—regular, so by Theorem 2 we have M1 (C_xC,, X) =2mnx.
The second equation is obtained by definition of the second Zagreb index. O

Theorem 4. Let G and H be two graphs then
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M]G0,

i=1 Ms Gi’X
S |(G-| :
Mer = 1©

Proof. At first we prove for GxH. We have dgxn(a,b) = ds(a) + du(b) then

_ [d(a,b)-d(c,d)|
M 3 (G xH, X) - Ze:(a,b)(c,d)eE(GxH) X
_ [d(a,b)-d(a,d)| d(a,b)-d(c,b)|
- Ze:(a,b)(a,d)eE(GxH) X + Ze:(a,b)(c,b)eE(GxH) X
_ [d(b)-d(d)] [d(a)=d(c)|
- Ze:(a,b)(a,d)eE(GxH) X + Ze:(a,b)(c,b)eE(GxH) 4
_ [d(b)-d(d)] [d(a)-d(c)]
- Ze:bdeE(H),aeV (G) X + Ze:aceE(G),beV(H) X

_| |d (b)—d ()| d(a)-d(c)|
_l G | Ze:bdeE(H) X + | H | Ze:aceE(G) X

=[G M3 (H, )+ H | M, (G,x).

Now we proceed by induction on k to complete the proof. O

Corollary 5. M,(C_, xC,, x) =2mn.

3. THE FIRST AND THIRD ZAGREB POLYNOMIALS OF A NANOSTAR
DENDRIMER

In this section, we compute the first and third Zagreb polynomials of a type of nanostar
dendrimers, Figure 1.

Theorem 6. Let Ns[n] be above nanostar dendrimer, then

Ml(NS (n)’ X) :(2n+1 _2)X6 +(6X 2n+1 —3)X5 +(6X 2n+1 —3)X4,
and
M, (NS(n),x) =(6x 2" —4) + (7 x 2" — 4)x*.

Proof. The graph NS[n] has three type of edge, with degrees 2 and 2, degrees 2 and 3,
degrees 1 and 3. Thus by definition of Zagreb polynomials we can compute

Ml(Ns(n)’X):(szrl_z)XG +(6><2"+1—3)X5+(6><2"+1—3)X4,
and
M, (NS(n),x) =(6x 2" —4) + (7 x 2" — 4)x*.
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Figure 2. Nanostar Dendrimer Ns[4].
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