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Abstract. In this paper, we tried to accelerate the rate of convergence in solving second-order
Fredholm type Integro-differential equations using a new method which is based on Improved
homotopy perturbation method (IHPM) and applying accelerating parameters. This method
is very simple and the result is obtained very fast.
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1. Introduction

The aim of this work is to decrease the size of operation and simplify the calcu-
lations. In fact, this paper is an enhanced version of [8] which applied simple ac-
celerating parameters for solving second-order Fredholm type Integro-differential
equations. In [8] the exact solution was obtained but with complex calculations,
while in this work, accelerating parameters have been modified to decrease this
complexity and reduce the convergence time. Both these works are based on Ho-
motopy Perturbation Method (HPM) [4, 6] and Improved version of it [10, 12].
Consider the second-order Fredholm type Integro-differential equation,

y′′(x) = my′(x) + ny(x) +

∫ b

a
k(x, t)y(t) d(x) + f(x) a ⩽ x ⩽ b (1)

with the following initial conditions
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y(0) = A, y′(0) = B (2)

Let

L(u) = u′′(x) −mu′(x) − nu(x) −
∫ b

a
k(x, t)u(t) d(x) − f(x) = 0 (3)

with the solution u (x) = y (x) . Define H(u, p) by

H (u, p) = F (u), H (u, 1) = L (u) (4)

where F(u) is a functional operator with solution, say, u0, which can be obtained
easily. We may choose a convex homotopy

H (u, p) = (1 − p)F (u) + pL (u) = 0 (5)

and continuously trace an implicitly defined curve from a starting point H(u0, 0)
to a solution H(y, 1) [9, 11]. The embedding parameter p monotonically increase
from 0 to 1 as the trivial problem F(u) = 0 continuously deformed to the original
problem L (u) = 0. The HPM uses the homotopy parameter pϵ[0, 1] as an expanding
parameter [2], to obtain

u (x) =
∞∑
i=0

piui (x) = u0 (x) + pu1 (x) + p2u2 (x) + . . . (6)

When p → 1,(5) corresponds to (3) and becomes the approximate solution of
(3), i.e.

y (x) = lim
p→1

u (x) =
∞∑
i=0

ui (x) . (7)

It is well known that the series (7) is convergent in most cases, and also the rate
of convergence depend on L(u). Taking F(u) = u′′ (x) − mu

′
(x) − nu (x) − f(x)

and substituting (6) to (5) and equating the terms with identical power of p, we
have

p0 : u′′0 (x) −mu
′

0 (x) − nu0 (x) − f (x) = 0, u0 (0) = A, u
′

0 (0) = B (8)

pn : u′′n (x) −mu
′

n (x) − nun (x) −
∫ b

a
k (x, t)un−1 (t) dt = 0, un (0) = 0, (9)

n = 1, 2, . . .

In the next section the new method is presented.
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2. The new method

In this section we aim Laplace transforms [8] and combines it with IHPM to be
able to solve second-order Fredholm type integro-differential equations with the

following kernel K (x, t) =
N∑
i=1

gi (x)hi (t) .

At the first step, we consider k (x, t) = g (x)h(t), so we define a new convex homo-
topy perturbation [1] as

H (u, p,m) = (1 − p)F (u) + pL (u) + p (1 − p) mk∗s = 0, (10)

Where

F (u) = u′′ (x) −mu′ (x) − nu (x) − f (x)

 L(u) = u′′(x) −mu′(x) − nu(x) −
∫ b

a
k (x, t)u (t) dt− f (x) = 0

and

k∗s =

∫ b

a
k (x, t)u0(t)dt,

hence we can write

(1 − p)
(
u′′(x) −mu′(x) − nu(x) − f(x)

)
+ p

(
u′′(x) −mu′(x) − nu(x)

−
∫ b

a
g(x)h(t)u(t) dd− f(x)

)
+ mp(1 − p)k∗s = 0,

or

u′′(x) −mu′(x) − nu(x) − f(x) − pg(x)

∫ b

a
h(t)u(t) dt + mpk∗s−mp2k∗s = 0

(11)

Substituting (6) in (11) and equating the terms with equal power of p, we obtain

p0 : u′′0 (x) −mu
′

0 (x) − nu0 (x) = f (x) , u0 (0) = A, u
′

0 (0) = B,

whose solution with Laplace Transformation is

u0 (x) = L−1

{
F (p) + pA + B −mA

p2 −mp− n

}
(12)
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p1 : u′′1 (x)−mu
′

1 (x)−nu1 (x)−
∫ b

a
k (x, t)u0 (t) dt+mk∗s = 0, u1 (0) = 0, u

′

1 (0) = 0,

0r

u′′1 (x) −mu
′

1 (x) − nu1 (x) = (1 − m) k∗s, u1 (0) = 0, u
′

1 (0) = 0,

k∗s =

∫ b

a
k (x, t)u0 (t) dt,

u1 (x) = (1 −m)L−1

{
K∗ (p)

p2 −mp− n

}
(13)

p2 : u′′2 (x) −mu′2 (x) − nu2 (x) −
∫ b

a
k (x, t)u1 (t) dt−mk∗s = 0, u2 (0) = 0, u

′

2 (0) = 0

u′′2 (x) −mu
′

2 (x) − nu2 (x) = (1 −m)

∫ b

a
k (x, t)L−1

{
K∗ (p)

p2 −mp− n

}
(t) dt + mk∗s

where

α =

∫ b

a
h(t)L−1

{
K∗(p)

p2 −mp− n

}
dt,

from which we obtain

u′′2 (x) −mu′2 (x) − nu2 (x) = (1 −m)αg (x) + mg (x)

∫ b

a
h (t)u0 (t) dt

= [(1 −m)α + mk1
∗s] g (x)

Which

k1
∗s =

∫ b

a
h(t)u0 (t) dt (14)

so we obtain

u2 (x) = [(1 −m)α + mk1
∗s]L−1

{
G (p)

p2 −mp− n

}
, (15)

{
p3 : u′′3 (x) −mu

′
3 (x) − nu3 (x) −

∫ b
a k (x, t)u2 (t) dt = 0,

u2 (0) = 0, u
′
2 (0) = 0,
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and in general

{
u′′n (x) −mu

′
n (x) − nun (x) − g (x)

∫ b
a h (t)un−1 (t) dt = 0,

un (0) = 0, u
′
n (0) = 0, n = 3, 4, . . .

Now we find m such that u2 (x) = 0, since if u2 (x) = 0 then u3 (x) = u4 (x) =
u5 (x) = . . . = 0, and the exact solution will be obtained as u (x) = u0 (x) +u1 (x) ,
hence for all values of xwe should have

[(1 −m)α + mk1
∗s] = 0,

Or

m =
α

α− k1
∗s

=

∫ b
a h(t)L−1

{
K∗(p)

p2−mp−n

}
dt∫ b

a h(t)L−1
{

K∗(p)
p2−mp−n

}
dt−

∫ b
a h(t)u0 (t) dt

(16)

Now, we consider the general case

(x, t) =
N∑
i=1

gi (x)hi (t) .

Here we choose the convex homotopy as follow:

H (u, p,m) = (1 − p)f (u) + pL (u) + p (1 − p)
N∑
i=1

mik
∗si = 0 (17)

u′′0 (x) −mu
′

0 (x) − nu0 (x) = f (x) , u0 (0) = A, u
′

0 (0) = B,

and the solution is

u0 (x) = L−1

{
F (p) + pA + B −mA

p2 −mp− n

}
(18)

u′′1 (x) −mu
′

1 (x) − nu1 (x) =

n∑
i=1

∫ b

a
ki (x, t)u0 (t) dt−mik

∗si)

so we have

u1 (x) =
n∑

i=1

[
(1 −mi)L−1

{
k∗i(P )

p2 −mp− n

}]
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u′′2 (x) −mu
′

2 (x) − nu2 (x) =

n∑
i=1

(

∫ b

a
ki (x, t)u1 (t) dt + mik

∗si )

=

n∑
i=1

(

∫ b

a
ki (x, t) (

n∑
j=1

[
(1 −mj)L−1

{
k∗j (P ) (t)

p2 −mp− n

}]
) dt

+ mik
∗si) (19)

...

u′′n (x) −mu
′

n (x) − nun (x) =

n∑
i=1

(

∫ b

a
ki (x, t)un−1 (t) dt),

We try to fine the parameter mi, i = 1, 2, . . . , N,such that u2 (x) = u3 (x) = . . . =
0, hence from (18) for every xϵ [a, b] , we should have

u2 (x) = g1 (x)

(1 −m1)α1 + k∗s1m1 ±
n∑

i̸=1

(1 −mi)αi


± g2 (x)

(1 −m2)β2 + k∗s2m2 ±
n∑

i̸=2

(1 −mi)βi


± . . .± gn (x)

[
(1 −mn) γn + k∗snmn ±

n−1∑
i=1

(1 −mi) γi

]
(20)

For having u2 (x) = 0, we should solve the system of equations



(k∗s1 ± α1)m1 −
n∑

i̸=1

miαi = α1 ±
n∑

i̸=1

αi

(k∗s2 ± β2)m1 −
n∑

i ̸=2

miβi = β2 ±
n∑

i̸=2

βi

.

.

.

(k∗s1 ± γn)m1 −
n−1∑
i=1

miγi = γn ±
n−1∑
i=1

γi
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where

k∗si =
n∑

i=1

∫ b

a
hi (t)u0 (t) dt, (21)

αi =

∫ b

a
h1 (t)

[
n∑

i=1

[
L−1

{
k∗i (P )

p2 −mp− n

}]]
, (22)

βi =

∫ b

a
h2 (t)

[
n∑

i=1

[
L−1

{
k∗i (P )

p2 −mp− n

}]]
, (23)

γi =

∫ b

a
hn (t)

[
n∑

i=1

[
L−1

{
k∗i (P )

p2 −mp− n

}]]
. (24)

3. Numerical examples

Example 3.1

u′′ (x) = x− sinx−
∫ π

2

0
xtu (t) dt, u (0) = 0, u

′
(0) = 1 (25)

with the exact solution u (x) = sinx [3].

p0 : u′′0 (x) = x− sinx, u0 (0) = 0 , u
′

0 (0) = 1,

Using Laplace Transport are obtained

u0 (x) = sinx +
x3

6
,

p1 : u′′1 (x) = (−1 −m)) k∗s, u1 (0) = 0, u
′

1 (0) = 0,

Hence using (13) − (16) in the required order, we get

k∗s = (
π5

960
+ 1)x, m =

− π5

960

1 + π5

960

(26)

so we have,

u1 (x) = (−1 −m)L−1

{
k∗s (p)

p2 −mp− n

}
,

Hence we obtain,

u1 (x) =
−x3

6
,
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and the solution will obtained as

u (x) = u0 (x) + u1 (x) = sinx,

Example 3.2

u′′ (x) = x− 2 + 60

∫ 1

0
(x− t)u (t) dt, u (0) = 0, u

′
(0) = 1, (27)

with the exact solution u (x) = x(x− 1)2[8].
In this case we have

f (x) = x− 2, m = 0, n = 0,

a = 0, b = 1, g1 (x) = 60x,

g2 (x) = −60, h1 (t) = 1 and h2 (t) = t

we have

p0 : u′′0 (x) = x− 2, u0 (0) = 0, u
′

0 (0) = 1

By applying the Laplace transform, we have

u0 (x) =
x3

6
− x2 + x,

p1 :u′′1 (x) = (1 −m1)xk
∗s1 − (1 −m2) k

∗s2 u1 (0) = 0, u
′

1 (0) = 0 (28)

From (21) − (24) ,we have

k∗s1 =
25

2
, k∗s2 = 7, α1 =

125

4
, α2 = 70, β1 =

105

8
, β2 = 25,

From {
(252 − 125

4 )m1 + 70m2 = 70 − 125
4(

7 + 105
8

)
m2 − 25m1 = 105

8 − 25
(29)

So we obtain

m1 =
3

5
, m2 =

5

7
(30)

now, white replacing (30) in (29) we can write

u′′1 (x) = 5x− 2, u1 (0) = 0, u
′

1 (0) = 0,

www.SID.ir

www.SID.ir


Arc
hive

 of
 S

ID

M. sotoodeh et al./ IJM2C, 02 - 04 (2012) 299-308. 307

So we have,

u1 (x) =
5x3

6
− x2,

and the solution will obtained as

u (x) = u0 (x) + u1 (x) = x
(
x2 − 1

)
,

which is the exact solution.

Example 3.3 Consider

u′′ (x) = −2u
′
(x) − 5u (x) + 3e−x sinx +

∫ π

−π
etu (t) dt, u (0) = 0, u

′
(0) = 2,

(31)

with the exact solution u (x) = 1
2e

−x sin (2x) + e−x sin x[9].
As in the previous examples we obtain

p0 : u′′0 (x) + 2u
′

0 (x) + 5u0 (x) = 3e−x sinx, u0 (0) = 0, u
′

0 (0) = 2,

Now, we apply the Laplace transform, so we have

u0 (x) = e−xL−1

{
1

p2 + 4

}
+ e−xL−1

{
1

p2 + 1

}
,

Hence, we obtain

u0 (x) =
1

2
e−x sin (2x) + e−xsinx, u0 (0) = 0, u

′

0 (0) = 2 (32)

p1 : u′′1 (x) + 2u
′

1 (x) + 5u1 (x) = (1 − m) k∗s, u1 (0) = 0, u
′

1 (0) = 0 (33)

where

k∗s =

∫ π

−π
et(

1

2
e−t sin (2t) + e−t sin t) dt = 0,

With placing (34) in (33), we obtain

u1 (x) = 0

So

u (x) = u0 (x) + u1 (x) = 0, (34)

It is clear that the exact result is obtained just by one iteration.
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4. Conclusion

As it was seen in the previous sections, we successfully obtained the exact solution
by modifying the accelerating parameters. Besides, the number of iteration is re-
duced compared to previous method. The new method is totally effective, stable
and error free.
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