International Journal of mn —
Mathematical Modelling & Computations II ’Wm“

Vol. 04, No. 02, 2014, 151- 165

Finite Population Single Server Batch Service Queue with
Compulsory Server Vacation

R. Kalyanaraman®" and R. Mahalakshmi®

4Department of Mathematics, Annamalai University, Annamalainagar-608002, India.

®Department of Mathematics, Annamalai University, Annamalainagar-608002, India.

Abstract. A single server finite population queueing model with compulsory server vacation
and with fixed batch service has been considered. For this model the system steady state
probabilities are obtained. Some performance measures are calculated and numerical results are
also given.

Received: 1 May 2013; Revised: 28 July 2013; Accepted: 22 September 2013.

Keywords: Finite population queue, Fixed batch size, Compulsory server vacation,
Supplementary variable technique, Steady state probabilities, Performance measures.

Index to information contained in this paper

Introduction

The Model and Analysis
The Performance Measures
The Numerical Results
Conclusion

gk wn e

1. Introduction

In most of the transportation problems the common feature one can see is that the arrival
occurs singly but the service is in bulk. With this in mind, in the past many researchers
worked on bulk service queues. For a detailed study one can see the book by Chaudhry and
Templeton [1]. Most of the papers on queues with server vacation deals with infinite
population models. But in real life the number of customers involved in such a queueing
system is finite. For example the models related to computer and communication system
the number of customers involved is finite. The finite population model with multiple
server vacation and exhaustive service was studied by Takagi [2]. Takine and Hasegawa
[3] have studied a multiple vacation model with gated service discipline and with infinite
population. In this model instead of exhaustive service the gated service discipline with
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finite population has been considered by Langaris and Katsaros [4]. For different service
and vacation policies one can see the book by Takagi [5].

In this article a single server finite population queueing model with compulsory server
vacation and with batch service has been analyzed in section 2 using supplementary
variable technique. For this model the probabilities corresponding to the number of
customers in the queue when the server is busy, the server is on vacation and the server is
idle are derived. Some performance measures are also calculated in section 3 and
numerical results are given in section 4.

2. The Model and Analysis

The customers arrival process follows Poisson from the source of size N with parameter
A.The customers are served in batches of size M and the service time of successive batches
follow a general distribution with density function b(t) and with distribution function
B(t). Server vacation starts as soon as the service of a batch is completed. The duration of
vacation period is assumed to be random with mean Uwhose density functionv(t) and
distribution function V (t).

The following probability notations are introduced and the model is mathematically
defined using these notations.

P,(x,t) = Pr {attime t the server is working and there are n customers in the queue, excluding a
batch in service x is the elapsed service time of a batch in service}

Qn(x,t) = Pr{attime t there are n customers in the queue, and the server is on vacation
x is the elapsed vacation time}

Q(t) = Pr {at time t, the server is idle but available}

That is,

B,(x,t)dx =Pr{N(t) =n,x <S(t) < x+dx)},

Qn(x,)dx =Pr{N(t) =n,x < Vy(t) < x + dx)},

Q(t) = Pr{N(t) = n}=Pr{ serverisidle}, n < M, where N(t) is number of customers
in the queue (excluding the batch in service)attime t, S(t)is elapsed service time at time
t and V,(t) is elapsed vacation time at time ¢

The differential- difference equations governing the system are

;—xPn(x) +[AN—-—n—-M)+35x)]B(x) =AIN—(n—1) —M]P,_;(x),0<n
<N-M()

d

apo(X) + [AN = M) +5(x)]Py(x) = 0 (2)

d

aQn(x) + [AN =) + ©(0)]Qr(x) = A[N — (n — 1]Qp_1(x),0 <n < N (3)

d
aQo(x) + [NA + u(x)]@o(x) = 0 (4)

M-1
Q=7 0. (5)
r=0
where  §(x) = 11’;’(()@ u(x) = 1f(V’2€), P,(x) = limpe Py(x,t)  and  Q,(x) =

lim; o Qn(x, t).
The boundary conditions are
P,(0) = 7Q,+1(0), 0<ns<N-M (6)
0,(0) = f B, (x) 5(x)dx, 0<n<N-M @)

0
Q,(0) =0, N-M+1<n<N (8)
We define, the probability generating function
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Taso PGz M

P(z,x) = 1-B(0 9
and
_ Xn=oQn(x)zV
Q(z,x) = 1——V(x) (10)

Using equation (9) in (1) and (2), we get
a 0
aP(Z,x)+/1(Z—1)£P(Z,x) =0 (@80
Using equation (10) in (3) and (4), we get
a d
—0(0) + Az~ D50z =0 (12)

Solving equation (11) in the usual way we obtain P(z,x) = F((z — 1)e™*), where F is
an unknown function. Putting x = 0 we arrive at F(y) = P(y + 1,0) and so finally we

get
N-M

P(z,x) = Z do[1+ (z - De 2] "M (13)

n=0
where d,, = B,(0). Solving equation (12) and (8), we get
Q(ﬁ, 351)

Zch[1+(z

n=0
L (14)
wherec,, = Q,,(0).
The boundary conditions become
P(z,0)

N-M

=v Z ¢ z" T

r=M
(oo}

Q(z,0) = me P(z,x)dB(x)(16)
0
Putting x = 0 in equation (13) and compare it with (15), we get
d
_n{ﬁcnw, 0<n<N-2M
- 0, N-2M<n<N-M
Assuming D = (dgy,dq,*,dy_2m,0,0,:++,0), C = (cy,Cp41, " Cn—m, 0, 0,+++,0)
Equation (17) can be written as
D
=vC
Using equations (13) and (14) in (16) and comparing the coefficients of (z — 1), we get

EP
1_[ B* (il)] P
i=0

where is B*(s)the LST of B(t).
Assuming [ = [[VMB*(i1),E = (co, €1, C2) o Cy-p)

=D

153

(15)

17)

(18)

(19)


www.sid.ir

R. Kalyanaraman & R. Mahalakshmi/[JM2(C, 04-02 (2014) 151-165.

P
a1 Qi a3 e Ay N-M-1 Ay Nn-Mm  A1N-M+1
az1 Az az;3 - A N-M-1 A n-M  A2N-M+1
azq1 Qs asz3 a3 N-M-1 azN-m A3 N-M+1
| An-m-21 AN-mM-22 AN-M-23 -+ ON-M-2N-M-1 AN-M-2N-M AN-M-2,N-M+1
aN-m-11 AN-M-12 AN-M-1,3 - ON-M-1N-M-1 ON-M-1N-M ON-M-1,N-M+1
ay-m1  An-m2 ay-m3 - AN-MN-M-1 An-mMN-M  AN-MN-M+1
ay-m+1,1 AN-M+12  AN-M+1,3 - AN-M+1N-M-1  OAN-M+1N-M  OAN-M+1,N-M+1
h _(N—-M _ N-—-M _ N-—-M _(N—-M
whereays = \y _y) 2= \y 1)@=y o) Bn-m-1 = A

G N-M = (N ; M):al,N—M+1 = (N B M) Q21 = (% : % : 1)'612,2 = (x : % : %)’

az3 = (%:%:é)!az,N—M—l = (N_I;I_l)'az,N—M = (N_I(l)/[_l):a3,1 =
(N—M—Z)’

_(N—-M-2 _(N—M-2 _(N—M -2 (3
Q3o = (N M- 3):a3,3 = (N M- 4): azN-M-1 = ( 0 )'aN—M—Z,l = (3):
aN-M-2,2 = (;):aN—M—ZB = (i)vaN—M—l,l = (%)!aN—M—l,Z = (i)'aN—M—ls = ((2))‘

ay-m1 = (1)'aN—M,2 = ((1)) yAN-M+11 = (8) y Az N-M+1 = Q3 Ny = Agy=pm41 = 0,

AN—M-2,N-M-1 = AN-M-2N-M = ON-M-2N-M+1 = ON-M-1N-M-1 = AN-M-1n-m = 0,
AN_M-1N-M+1 = AN-M3 = ON-MN-M-1 = ON-MN-M =ON-MN-M+1 = Iv-m+12 = 0,
AN-m+13 = AN-M+1LN-M-1 = AN-M+1N-M = AN—m+1N-m41 = 0.

Equation (19) can be written as

EP

= DIP

Using equation (18) in (20), we get

E

= vlCI

where/= Identity matrix.

Assuming N=kM +J;0 <J <M =1;k = 0, solving equation (21), we get

Ci

=ﬁﬁéﬁ;iUMSisU+DM—Losjsk—mOSiSN—1
0; ifN-M+1<i<N
Substituting c; values in equation (18), we get
d;
=-m$%M;iUMSiSU+DM—LOSjSk—EOSiSN—ZM
0; ifN=-2M+1<i<N

The normalization condition is

N N-M
Y+ ) B+
n=0 n=0
=1

Substituting equations (22) and (23) in (24), we get

(24)

%
=  (wr_2 1 J+1
(1+7) { J=0 (15)J t M(m)k—l}
which gives the probability that the server is idle and no one in the queue.
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Comparing coefﬁcients of ‘z’ in equations (9) and (13), we get

P.(x) = [1 - B()] Z d (N~ M n) e~ AN-M-Dx(2x _ 1) =012, ., N—M

fpn (05C)dx = idi (}J:Z:,ﬂ)nz_i(—l)f R ECEEEY)
0 i=0 =0
B, = ?{ B, (x)dx

=Zdi (II\Iv Z( 1)] T | A(N —(A_/112n+r) [

i=0
[A(N M—-n+r)] (26)
n=0L12.;N-M
The steady state probabilities B, can be obtained from equation (26) using (23) and (25).
Similarly comparing coefficients of ‘z’ in equations (10) and (14), we get
n

0u() = 1=V Y e (N 1) e M0(er —1)"5n = 01,2, N

N
l=0
f 0 (T(x)dx = Z ¢ Z( b/ ("7 v - )
n= f Qn (x)dx
- Z (11\\/] _,;)Z (n; i)%[l —VAWN~=n+7r),n=012,..,N (27)

i=0
wherelV/*(s) is the LST of V(t).

Finally the steady state probabilities Q,, can be obtained from equation (27) using (22) and
(25).

3. The Performance Measures

Using straightforward calculation the following performance measures have been obtained.
(i) The mean number of customers in the queue when the server is busy with a batch is

LS=ZPn

n=
(i1) The mean number of customers in the queue when the server is on vacation is
N

L= Y ng,

n=0
(iii) The idle probability is

A 1 J+1
(1 +7) {Zf 3 (w)J M(lﬁ)k‘l}

4. The Numerical Results

Some numerical results are generated using the formulas in section 3 by fixing the source size
as (N =) 30 and for the two batches M =3 and M =4. In addition the parameter arrival rate
A=0.1. The mean number of customers in the queue when the server is busy and when the
server is on vacation are obtained by varying the vacation rate ¥ and by fixing the service rate
u as 10, 12, 14, 16 and 18, by calculating the probabilities Q,P,’s and @, ’s. These
probabilities are presented in tables 1 to 7. The mean number of customers is drawn as graphs
with respect to the vacation rate and is shown in figures 8 to 11. From the graphs it is clear that
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the mean functions are decreasing functions in vacation rate and are also convex in nature.
Table 1. The idle probability Q

N =30, M =3, 1=0.1
y u=10 u=14 u =18
1 3.60x10™  1.42x10"°  1.55%x10%
5 6.60x10%  2.92x10"7  3.58x10"
10  7.10x10*  3.18x102° 3.97x10'®
N =30, M =4, 1=0.1
y u=10 u=14 u =18
1 234 x10%  4.09 x10°" 7.58x 10
5 522 x10™ 9.69%x 10" 1.93x 107
10 447 x101"  836x10™  1.68x 1072
Table 2. The steady state probabilities
N =30, M =3, 1=0.1, y =1
u =10 u=l14 u =18
n Pn Qn Pn Qn Pn Qn
0 3.05x10  3.0x10"°  3.60x10"  1.19%10""  1.84x10%  1.29x10%
1 3.73x10* 538107 421x10M 0 2.13x10"  2.09x10%  2.31x10%
2 3.87x10  7.26%x107"°  431x10" 2.88x10"  2.13x10%  3.12x10%
3 1.02x10"%  1.10x10"° 47110 1.84x10"° 1.41x10%® 1.27x10%
4 1.22x10"2  1.90x10"°  537x10™°. 3.05x10"°  1.56x10%® 2.01x10
5 126102 2.52x10"°  541%10"" 3.98x10"°  1.56x10% 2.58x10™
6 3.36x101"  3.86x107'% 6.09x10% 2.53%x10%  1.07x10Y  1.02x10"
7 3.94x10"  6.60x1072  6.75%10%  4.19x10%  1.11x10Y7  1.64x10""
8 4.04x10"  8.58%10% 7.54x10%  5.12x10%°  1.38x1077  1.77x10"
9 1.13x10%  137x107"° 7.80x10%® 3.81x10%  7.20x10" 1.17x10™
10 1.28x10% 22910 8.19x10%® 529%x10%®  7.03x10Y7 8.70x10""’
11 1.32x10%  2.98x10'° 1.03x1077 7.51x10%®  1.82x10° 1.89x10
12 3.67x10%  4.84x10% 9.98x107 4.60x10°7  4.29x10° 4.05x10
13 4.15x10%  8.01x10% 1.23x10% 6.55%x10%7  8.49x10° 1.94x10
14 429%10%  1.04x10% 1.20x10% 1.55x10% 1.13x10%  7.42x10°%
15 1.22x10% 1.74x107  1.26%10% 5.62x10% 3.57x10% 8.07x10%
16  1.36x10% 2.85x10°% 1.46x10% 1.42x10%  6.55x10%  4.27x10"
17 137x10%  3.56x10°7 1.26x10% 8.89%x10" 4.51x10° 3.48x10"
18 4.03x10%  6.38x10% 1.69%x10™ 9.93x10%  3.66x10™ 7.14x10%
19  431x10%  1.01x10% 1.77x10™ 1.44x10™  3.29x10™ 2.06x10%
20 442x10%°  1.23x10%  1.78x10™  1.77x10*%  3.07x10™ 4.86x10™"
21 1.34x10%  237x10™  2.16x10%  1.40x10%  2.49x10° 3.98x10™*
22 142x10%  3.62x10™ 2.26x10%  2.08x10%  2.56x10%° 5.48x10*
23 143x10%  428x10™ 226x10% 242x10%  2.58x10%°  5.26x10*
24 444%10%  9.02x10%  2.79x10% 2.07x10%  1.87x10%  3.16x10™
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25 1.31x10%°  1.03x10%% 589%x10° 2.92x10%*  3.08x10™ 4.33x10%

26 2.58%10%  1.48x10%% 8.34x10% 3.29%x10%* 3.28x10% 4.84x10

27 3.56x10°" 3.16x10°! 2.77x107°!

28 8.89x10 7.90x107 6.92x10

29 1.62x10™? 1.44%10? 1.26x10™?
Table 3. The steady state probabilities

N =30, M =3, 1=0.1, y =5
u=10 p=14 p=18

n Pn Qn Pn Qn Pn Qn

0 2.80x10%° 1.38x10%" 3.69 6.07x10° " 2.13x10° "% 7.46x107'°
><10—17

1 3.42x102° 1.92x102" 4.31 846 %1071 2421077 1.04x1075
><10*17

2 355x10% 2.12x107% 4.41 93710 246%10°"° 1.15%107"
><10717

3 2.38 4.03 x107'6

4631071 231x107"  x107 8.03x10 2.91x107"

4 55710 3.16x10"° 2.74 548 107 8.99x10* 3.94x10™"
><10*15

5 575x107% 3.46x107"° 2.79 9.08 x10°"* 4.30x10™"
x10°®  6.00x107'°

6 7.66x1071% 3.89x107Y 1.54 2.65 %107 3.01x10? 1.12x107"2
><10—13

7 9.05x107'% 521x10Y 1.74 3.55x10° 333x10% 1.49x10"2
><10*13

8 9.29x107' 564x107 1.78 3.82 %10 339x10" 1.59x10"?
><10*13

9 127x108 6.53x107° 991 1.75 %1072 1131071 43110 "
><10712

10 1.47x10"° 857x10% 1.11 228 %10 1.23x107"° 551 %10
><10711

11 1.50x1072 9.18x107° 1.12 244x1071% 1.26x1071° 5.89x107!
><10711

12 2.10x107" 1.10x107?  6.39 1.16 1071 423x10% 1.66x107%
><10—10

13 239%10'"" 141x10"2 7.05 1.47 %1071 45710 2.09x107%
><10*10

14 243x107"" 1.50x107% 7.11 1.57 %107 461 %10 2.24x107%
><10*10

15 3.48x10% 1.86x107'° 4.13 7.65x10% 1.59x10% 6.37x107%
><I(TOS

16 3.88x10% 232x107'° 4.48 9.53x10” 1.70x10% 7.98 x10%
X10708
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17 3.93x10% 243x107'° 4.50 995x10% 1.70x10% 8.21x107%
><10—08
18 5.77x10%7 3.14x10%® 2.67 5.07x10°% 5.97x10% 2.48x107%
><10*06
19 630x1077 3.81x10% 2.84 6.13x10°% 6.27x107% 2,98 x107%
><10706
20 634x1077 3.94x10%® 285 6.34x10% 6.29x10% 3.09 x107%
><10—06
21 9.57x10% 533x10% 1.72 337x10% 224x10% 9.59x10%
><10*04
22 1.02x10*% 6.24x107% 1.80 3.94x10% 232x10™ 1.12x10™
><10*04
23 1.02x 6.39x 1.81x 4.03% 2.33x10°%  1.15x
1 0704 1 0706 1 0704 1 0705 1 0704
24 1.59x102 9.06x107™ 1.11 2.45x10% 841 x10% 373 x107*
><10*02
25 4.67x10" 1.02x10%° 235 253 %10 139%10* 4.19x107*
><10*04
26 925x10% 1.03x10% 3.31 256 <10 1.53x10% 424x107%
><10706
27 1.54x10°" 1.50 x107™ 1.45 %107
28 8.91x10% 8.67 x10 % 8.39x10°%
29 3.49 x107% 3.40 x107% 3.29 x107%
Table 4. The steady state probabilities
N =30, M =3, 1=0.1, y =10
u =10 u =14 u =18
n P‘l’l Qn PTl QTl P‘l’l QTl
0 6.02 1.82 8.04 8.15 473 1.02
><10723 ><10724 Xlo—zo ><10721 ><10718 ><10718
1 735 2.26 9.39 1.01 5.37 1.26
><10—23 ><10—24 ><10—20 ><10—20 ><10—18 ><10—18
2 7.64 2.36 9.61 1.06 5.45 1.32x107'8
x 10*23 % 10*24 x 10*20 x 10*20 x 10*18
3 1.99x107%.6.02x1072 1.04 1.06 3.55x107'  7.73x107"
><10*17 Xlo*ls
4 239 7.35 1.20 1.29 3.98 9.42
><10720 ><10722 ><10717 ><10718 ><10716 ><10717
5 247 7.64 1.22 1.34x10°"®  4.03 9.79
><10*20 X10*22 ><10*17 ><10*16 ><10*17
6 6.8 1.99 1.34 1.37 2.67 5.85
><10718 ><10719 ><10715 ><10716 ><10714 ><10715
7 779 2.39 1.52 1.65 2.95 7.03
><10—18 ><10—19 ><10—15 ><10—16 ><10—14 ><10—15
8 8.00 2.47 1.55x107° 1.70 2.99 7.25
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

x 10*18
2.18

x 10*15
2.53

X 10*15
2.59

> 10*15
7.22

> 10—13
8.23

x 10*13
8.36

x 10*13
2.39

x 10—10
2.67

x 10*10
2.70

x 10*10
7.93
><10—08
8.66
X10*08
8.73
><10*08
2.63
><10—08
2.81
><10*05
2.82x
10*05
8.75
><10—03
2.57
><10*04
5.09
><10*06

><10719
6.58x10°"7

7.79
><10*17
8.00
><10*17
2.18
><10—14
2.53
><10*14
2.59
><10*14
7.22

% 10—12
8.23
X10*12
8.36
XlO*lZ
2.39
><10—09
2.67
X10*09
2.70
><10*09
7.93
><10—07
8.66
><10*07
8.73x
10*07
2.63
><10—04
2.81
X10*04
2.82
><10*04
8.75
><10—02
2.57
X10*03
5.09
><10*05

Xloflé

1.73x10° 2 1.78

1.93
1.96

> 10*13
2.23
><10—11
2.46
Xlo*ll
2.48

> 10*11
2.88
><10—09
3.12
><10*09
3.14
><10*09
3.72
><10—07
3.97
><10*07
3.98
><10*07
4.80
><10—05
5.03
><10*05
5.04x
10*05
6.21
><10—03
1.13
><10*04
1.86
Xlo*()ﬁ

><10*14
2.11
><10*14
2.16
><10*14
2.31

% 10—12
2.69
Xloflz
2.74
><10*12
3.01

% 10—10
3.42
X10710
348
><10*10
391
XlO_OS
4.36
X10*08
441
Xlo*(]g
5.08x107

5.55
><10*06
5.59x
10*06

6.62
><10—04
7.06x107

7.08
><10*04
8.62
XlO—OZ
2.54
X10*03
5.02
><10*05

><10714
2.00
Xloflz
2.19

x 10*12
2.21x10712

1.50

% 10—10
1.62

x 10*10
1.63

x 10710
1.13
><10—08
1.20
X10*08
1.21
><10708
8.46
><10—07
8.90
><10*07
8.92
><10*07
6.35
><10—05
6.59
><10*05
6.60x107%

4.77
> 10—03
7.87
x 10*05
8.70
x 10*07

<101
4.43
x10713
5.23x107"

5.37
><10713
3.36
><10—11
3.89

x 10*11
3.99
><10711
2.55x107%

2.90

x 10*09
2.95

% 10*09
1.93

> 10—07
2.16

x 10*07
2.18

x 10*07
1.47

x 10—05
1.60

x 10*05
1.61x%
10*05
1.12

> 10—03
1.19

x 10*03
1.19

x 10*03
8.48

> 10—02
2.50

x 10*03
4.94

x 10*05
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N =30, M =4, 21=0.1, y =1

u =10

u=14

u =18

P

P

P

@OO\]O\UI-BUJ[\)'—OS

[ NS T NS T NG I N6 T NG T NS T NS T N0 T NS T NS I e e e e e
OO0 AN NP WD, OOV WNDR—~O

n
1.18 x107%
1.44 x107%
1.49 x107%
1.50x107%
3.13x10°%
3.70 x10°%®
3.87 x10°%®
3.54 x107%
8.39 x107"7
8.71 x107"7
1.10 x107%
1.34 x107%¢
2.05 x107%
278 x10°%
1.70 x107%
3.55x10°%
5.54 x10°*
6.38 x10°*
6.18 x10°*
6.30 x10°*
1.50 x107*
1.59x107%
1.60 x10*
6.19x 10
1.81 x10°%
2.72 x107"7

Qn
1.47 x10°1°
2.63 x1071°
3.55 %1071
4.27x1071°
4.46 x107%
7.56 x107%
9.96 x10™%
1.22 x10°%
1.24 x107"
2.52x107"
231 x1077
3.55x107"
3.40 x107%
475 x107%
1.48 x10°%
6.64 x107%
1.44 x107%
1.20 x10°*
2.65 x107%
1.86 x107*
321 x10°%
498 x107%
5.93 x107%
6.37x 10°%
1.02 x107
146 x10°°!
1.65 %107
5.08 x10
1.27 x10°%
231 %10°%

n
6.54x10 %
7.61 x107%
7.78 x107%®
7.81 x10°%®
7.22 x10°"7
8.18 1077
8.09x107"
1.02 x107°
8.14x107%
5.86x107%
9.20 x10 7%
1.65 x107%
1.08 x107%
1.14 x10°*
2.65 x107%
3.87 x10°*
5.19 x10°*
1.31 x107%
4.41 =10
1.28 x10°*
9.37 x107%
1.05 x107
1.06 x10*
2.69x 10 %
4.01x107%
9.71 x1077

n
2.56 x107%
459 x107%
6.19 x10°%
745 x107%
3.58 x107"
5.74x107"
746 x107"
9.50 x10™"7
3.72 x107%
1.36 x10°®
8.73 x107"7
1.57 x10°%
5.99 x107°
1.37 x107*
1.33 x10°%
262 x10°%
6.79x107%
755 x10°%
7.87 x107%
6.60 x107%
7.77 x10°%
1.43x1072
1.02 x107%
5.33x107%
9.61 x1072
1.36x107°
1.54 107!
471 x107%
1.19 x107*
2.15x10°%

5.92 x107"7
6.69 x107"7
6.79 x107"7
6.81x107"
3.95 x107%
439 x107%
418 x107%
5.08 x107¢
233 x10%
1.84 x10°%
9.47 x10°%
1.00x10°*
2.52.x10°%
4,88 x107%
1.57x10°%
3.83x107%
2.69 x10°%
4.96 x107%
1.74 x10°%
498 x107%
5.18 107
6.05 x107%
8.40 x107%
1.97x107%
3.56 x10°%
7.19 x107¢

Qn
474 107"
8.51 x1077
1.15x107%
1.38x107%
4.43 x107%
6.74 x107%
8.62 x107%
1.14 x10°%
223 x107%
1.70 x10~*
8.28x107%
1.75 x10°*%
5.97 x10°*
3.66 x10
2.30 x107*
5.04x107%
1.15 x107
1.52 107
1.16 x10™°
1.38 x107"
1.02x107"
8.04x107%
3.82 x10°*
1.25% 107
6.46 x10*
1.05 x107!
1.54 107
442 x107*
1.37 x10*
2.11 x107®

Table 6. The steady state probabilities

N =30, M =4, 2=0.1, y =5

u =14

P,

Qn

n
7.74x10° 12 1.51
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

><10713
1.60
><10713
1.66

x 10*13
1.67x107"

1.73

~ 10—11
2.06

X 10*11
2.12

> 10*11
2.09

> 10—11
2.28
><10*09
2.63
><10*09
2.71
><10—09
2.76
><10*09
2.99
><10*07
3.39
><10—07
3.42
><10*07
3.45
><10*07
3.94
><10—05
433
><10*05
4.37
><10*05
4.37
><10*05
5.19
X10*03
5.53x10°%

5.55
%1079
2.16x%

><10715
1.14
><10714
1.26
><10714
1.31x10°1

1.10
Xlo—lz
1.48
><10712
1.62
><10712
1.72
Xlo—lz
1.47
Xlo*lo
1.95x10°1°

2.00

% 10—10
2.03
Xlo*lo
1.98
><10*08
2.52
><10—08
2.70
X10708
2.53
><10*08
2.67
><10—06
3.29
X10*06
3.45
><10*06
3.44
><10*06
3.61
X10*04
4.28x10*"

4.40
><10*04
4.41x

9.01
%1072
9.21
<1012
9.25
<1072
4.22
%1010
4.82

4.88x1071°

5.14
%1071

2.30x107"

2.54x107%

2.60
><10—08
2.71
X10*08
1.25
><10*06
1.37
><10—06
1.36
X10*06
1.43
><10*06
6.81
XlO—OS
7.31
X10*05
7.33
><10*05
7.34
><10*05
3.71
X10*03
3.89
><10*03
3.90
XlO*O}
1.09x

><10712
2.11
><10712
2.34
Xloflz
2.42
><10712
8.54
><10—11
1.15x10°1°

1.26
><10*10
1.40
><10—10
4.74
X10*09
6.46
><10*09
5.13
><10—09
5.35
X10*09
2.70
><10*07
3.30
><10—07
3.66
><10*07
7.48
XIO*OS
1.56x107%

1.77
X10*05
2.15
><10*05
1.70
><10*05
8.57
X10*04
1.01x10™%

1.04x107%

1.04x

><10711
8.53
><10711
8.65

x 10*11
8.68x10 !

2.48
%107
2.76

x 10*09
2.76
%107
2.88
%107
8.10

x 10*08
8.77

% 10*08
9.79

%10 08
7.35x107%

2.67

x 10*06
2.79

% 10—06
2.99

x 10*06
3.31x107%

8.70

% 10—05
9.26

x 10*05
9.30

x 10*05
9.26

% 10*05
2.87

x 10*03
2.97

x 10*03
2.98

% 10*03
6.50x10""

<10 1T
4.20
«10711
4.66x107"

4.83x107 !

1.04

% 10—09
1.39

x 10*09
1.53

% 10709
1.77

% 10—09
3.44

x 10*08
4.95

% 10*08
1.71x107%

2.16
X10*08
1.21
><10*06
1.33
><10—06
1.53
><10*06
3.93x107%

4.93

% 10—05
3.41

x 10*05
8.75

x 10*05
1.09

% 10705
1.44x10%

1.59x10°%
1.71

%1079
1.64x
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1 0704 10704 10704 10703 1 0703
24 633 491 2.28 4.85 9.90 478
% 10706 ><10702 ><10706 ><10702 ><10707 ><10702
25 9.62 5.53 2.18 545x107% 437 5.36
% 10708 ><10702 ><10708 x 10708 x 10702
26 5.60 5.52 5.43
><10702 ><10702 % 10702
27 423 . 4.17x107% 4.10 N
x10” x10~
28 2.44 2.40 2.37
><10704 ><10704 x 10—04
29 9.62 9.52 9.32
><10706 ><10705 % 10706
Table 7. The steady state probabilities
N =30, M =4, 2=0.1, y =10
u =10 u =14 u =18
n B Qn By Qn ' A Qn
0 225x10"° 8.60x10"7 1.34x10"°  1.61 x107" 131 x10"2 323 x10°"
1 274x10%  1.07x107'%  1.56x107"2  1.99 x10°! 149 x1072  4.01 x10°"®
2 28410 1.12x107'* 159 %107 2.09 x107™* 1.51 x107"2  4.19x107"
3 287x10°  1.13x107'*  1.60 x107"*  2.10x10°™* 1.51x10712  4.23x10°"
4 593x10%  226x107" 146 <101 . 1.77 x10°"2 8.62x107'""  2.15x107
5 7.05x10"° 274x10  1.66 x10M - 2.14x107"2 9.60 x10°''  2.61 x107!!
6 726x10"° 2.84x107"  1.69x10°"" 222 x1072 9.65x107"" 271 x107"
7 723x10"°  288x107" _1.73x10°'" 226 x107"? 9.86 x10°'""  2.76 x107""!
8  1.56x107"" 593x107'?  1.59x10°”  1.94x107"° 5.65x10°% 143 x107%
9 181 x107" 7.04x1072 . 1.77x107" 230 x107"° 6.17 107" 1.69 x107%
10 1.85x107'1" 723x10'% 18010 231x107"° 6.38 x10”  1.63x10%
11 1.87x1071% 726x10-2 1.82x10% 238x107!° 5.97x10%  1.80 x107"
12 410x10% 156107 1.73x10%7 2,13 x107® 3.71 x10°7 955 x107%
13 4.64x10% 181 %10 1.89x10" 242x107® 3.98 1077 1.02x107"7
14 470x10% 186x10%” 191x10°  2.66x10™® 40210  1.41x107"
15 472x10%. 1.86x10" 1.92x10% 252 x107% 4.07x10°7  1.02x107"
16 1.08x10%  410x10" 1.88x10% 2.36x107% 243 x10% 638 x107%
17 1.19x10% 46410 2.02x10% 2.64 x107% 257 x10%  7.15x107%
18 1.20x10% 47010 2.03x10%  2.66 x107% 2.58x10%  7.05x107%
19 1.20x10%  472x10% 2.03x10% 271 x107% 2.58x10%  7.55x107%
20 2.85x10%  1.08x10% 2.05x10% 257x107™ 1.60 X107 4.20x107%
21 3.03x10%  1.19x10™  2.15x10%  2.82x107™ 1.66 x10°%  4.63x107™
22 3.04x10%  120x10™ 2.15x10%  2.85x107™ 1.66 x10%  4.66 x107%
23 1.I18x 10 12010 6.02x10%  2.85x 107%™ 3.63x10%  4.66x 10
24 347x10% 285x102 126x10% 283 %107 5791077 2.80 x10™*
25 523x10%  3.03x10% 1.24x10%  3.01x107% 1.67 X107 2.99 x1072
26 3.04 x107 3.02 x107* 2.99 x107%
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27 1.18 x10°% 1.17x107% 1.16 x10°%
28 3.47 x107% 3.45x107% 3.41x10°%
29 5.23 x10°"7 526 x107" 531 x107"

Vacation rate versus mean number of customers
in the queue when the server is busy
N=30andM=3
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Vacation rate versus mean number of customers

in the queue when the server is busy

N=30and M =4
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Vacation rate versus mean number of customers
in the queue when the server is /on vacation
N=30and M =4
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5. Conclusion

In this paper we analyzed the finite population a single server queue. The service is given
in batches of fixed size and the server takes compulsory server vacation at each service
completion epoch. The probabilities are obtained for this model by deriving the probability
generating functions. For this model some performance measures are derived and some
numerical examples are given by taking particular values to the parameter.
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