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Abstract 
In this paper, a new method is introduced for improving the efficiency of the 

Residue Number System, which uses both binary and residue representations in 
order to represent a number. A residue number system uses the remainder of the 
division in several different modules. Conversion of a number to smaller ones and 
carrying out parallel calculations on these numbers greatly increase the speed of the 
arithmetic operations. But as a result of using the non-weighted system, the 
performance of some calculations such as comparison and reverse conversion is 
extraordinarily difficult as compared with binary representation. We can use the 
benefits of both representations in the novel system and this scheme has a simple 
implementation for reverse/forward conversion. 

 
Keywords: Binary Presentation, Residue Number System, Forward Convertor, Backward 

Convertor 
 

 

1. Introduction 

RNS is a collection of positive integers named a module and a set of modules which 
are called a module set [1][2]. In this system any integer number X can be represented 
as the vector of its residue module, such as 1 2{ , ,..., }nX x x x= while ix denotes 
operation X mod  im . 

The system will have the largest possible dynamic range if all modules are relatively 
pair wise primes [3]. The dynamic range of a module set is called M and is expressed as 
Eq. (1). 

1
n
i iM m== ∏  (1) 

Each binary operation between two integers (X, Y) in range M is defined as Eq. (2). 

1 1 2 2{ , ,..., }n nX Y x y x y x y• = • • •  (2) 

It is evident that such operations are performed in “residue-parallel” in modulo im .  
In non-weighted number systems such as RNS, all operations are performed 

independently on each residue [1]. Thus using RNS is one of the effective ways to 
achieve parallelism on arithmetic level in VLSI systems [4]. Therefore, the propagation 
delay between modules is completely deleted. This means that no carry propagation 
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among modules is needed, and the system can be used to reduce the complexity of 
calculations in many applications. Some applications of RNS are digital 
communications [5], digital signal processing [6], fault tolerance [7],[8].  Also the 
performance of RNS depends on the choice of the module set and on the converters 
which convert the binary representation to residue and vice versa. To improve the 
system efficiency, in this paper the module set {2 ,2 1,2 1}n n n− + [9] is used which is 
popular and has simple circuits. Also we use binary representation for the module set 
{ } and residue representation for the modules {2 1,2 1}n n− + to enjoy the benefits of 
these two representation. 

The paper is organized as follows: 
In section 2 the usual Residue Number System is illustrated. Section 3 presents the 

proposed Residue Number System. In section 4 some comparisons are done based on 
the area and delay of forward/backward/addition circuit of traditional RNS and the 
proposed novel method. Finally section 5 concludes the paper. 

2. Usual Residue Number System 

In this section, there is an overview on the forward/ backward/ arithmetic operations 
in usual RNS. 

 
2.1 Arithmetic Operations  

In this part, instead of studying each arithmetic operations, we are going to introduce 
the summation in RNS since, multiplication and subtraction can be done using addition 
also addition is used by both forward and backward convertors. Therefore as addition is 
one of the fundamental operations it will be described presently. 

In Residue Number System, two operands of the additional operations are defined as 
1 2{ , ,..., }nX x x x= and 1 2{ , ,..., }nY y y y=  in module set {2 ,2 1,2 1}n n n− + , thus  the 

addition of two numbers (X, Y) in range M is defined as Eq. (3). [1] 
X Y+ =  

1 1 1 2 2 2{ mod , mod ,..., mod }n n nx y m x y m x y m+ + +  (3) 

Consider ix and iy as the remainders of X and Y to im  (which im is the ith module) ,
0 i ix m< < , 0 i iy m< < . Therefore With performing addition operation in this module 
the result lies between 0 and 2m-2. Therefore: 

( )
( )

i i i i i

i i i i i i

if x y m out x y
if x y m out x y m

+ < => = +
+ ≥ => = + −

 

Now, we look up the addition operation separately in module set {2 1,2 ,2 1}n n n− +  
with the reminder set 1 2 3{ , , }x x x . 

2.1.1 Addition in module 2 1n −  

If the result of this module is greater than or equal to 2 1n − , it should be added by the 
complement of this module which is 2 (2 1) 1n n− − = . On the other hand, if the result is 
less than the selected module, no additional calculation is needed. Therefore the result 
can be defined as follows: 
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1 1 1 1

1 1 1 1

( ) 2 1

( ) 2 1 1

n

n

if x y out x y

if x y out x y

+ < − => = +

+ ≥ − => = + −
 

One of the fastest adders in this module is described in Figure 1. 
 

1 +

1x1y
nn

+

1x1y
nn

nn

n

1 1 mod 2 1nx y+ −  
Figure 1. Adder circuit in module 2 1n − . 

 

2.1.2 Addition in module 2n  

As mentioned, in all modules if the result of adding two numbers is greater than or 
equal to module, it should be added by the complement of that module which is here
2 (2 ) 0n n− = . Therefore the result is defined as follows: 

2 2 2 2

2 2 2 2

( ) 2

( ) 2

n

n

if x y out x y

if x y out x y

+ < => = +

+ ≥ => = +
 

Note that to calculate the reminder of any binary number like X, mod 2n  , the result 
can be obtained by simply considering the least significant bits of  X. Therefore in 
addition operation, we can easily add up two binary numbers, and simply ignore the 
output carry. The corresponding circuit is shown in Figure 2. 

+

2x2y
nn

n

2 2 mod 2nx y+
 

Figure 2. Adder circuit in module 2n . 
 

2.1.3 Addition in module 2 1n +  

In this module like the previous module, If the result is greater than or equal to 
module, it should be added by the complement of module which is 2 (2 1) 1n n− + = − , as 

known the second complement of module 2 1n + is 011..1, thus it has a 0 at its highest 
position and 1 at all the other positions [10], On the other hand, if the result is less than 
the selected module, no additional calculation is needed. Thus the result can be defined 
as follows: 
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3 3 3 3

3 3 3 3

( ) 2 1

( ) 2 1 ((2 1) 1)

n

n n

if x y out x y

if x y out x y

+ < + => = +

+ ≥ + => = + + + +
 

The circuit of adder for this module is shown in Figure 3. 
 

++

3x3y

3x3y

1n +1n +

1n +1n +
0 1

1n +1n +

1n +1n +

1n +

3 3 mod 2 1nx y+ +

select

0123n ...1n − 2n −

...

...

 
 

Figure 3. adder circuit in module 2 1n + . 
 

2.2 Forward Converter 
For using the Residue Number System, in the first step, the numbers should be 

converted from usual representation such as binary to residue representation which is 
named as forward converter. Suppose that number A has 3n bits in its binary 
representation then the residue is computed as the modulus reminder{2 1,2 ,2 1}n n n− + . 

 3 1 3 2 2 2 1 1 0( ... ... ... )n n n n n nA a a a a a a a− − − −=  
2

3 1 3 2 2 2 1 1 0( ... ) 2 ( ... ) 2 ( ... )n n
n n n n n na a a a a a a− − − −= × + × + Now consider: 

2 3 1 3 2 2

1 2 1

0 1 0

( ... )
( ... )
( ... )

n n n

n n

n

k a a a
k a a
k a a

− −

−

−

=
=

=

 

 
Therefore: 

2
2 1 02 2n nA k k k= × + × +  

2.2.1 Remainder calculations of A in module 2 1n −  

3 1 3 2 2 2 1 1 0( ... ... ... ) mod 2 1n
n n n n n na a a a a a a− − − − −  

2
3 1 3 2 2(( ... ) 2 ) mod 2 1n n

n n na a a− −= × − +  
     2 1(( ... ) 2 mod 2 1)n n

n na a− × − +  
      1 0(( ... ) mod 2 1)n

na a− −  

3 1 3 2 2( ... ) mod 2 1n
n n na a a− −= − +  

     2 1( ... ) mod 2 1n
n na a− − +  

      1 0( ... ) mod 2 1n
na a− −  
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2 1 0mod 2 1 mod 2 1 mod 2 1n n nk k k= − + − + −  

2 1 0( ) mod 2 1nk k k= + + −  

ð 
2

2 1 2 1
0

| | | |n ni
i

A k
− −

=

= ∑  

Therefore, the remainder of a number in module 2 1n −  can be calculated by adding 
up each n-bit partition with its succeeding n-bit partition. The corresponding circuit is 
shown in Figure 4. 

2k 1k 0k
nnn

nn

nn

n

mod 2 1nA −  
Figure 4. Circuit of binary to residue converter in module2 1n − . 

2.2.2 Remainder calculations of A in module 2n  

3 1 3 2 2 2 1 1 0( ... ... ... ) mod 2n
n n n n n na a a a a a a− − − −  

2
3 1 3 2 2(( ... ) 2 ) mod 2n n

n n na a a− −= × +  
     2 1(( ... ) 2 mod 2 )n n

n na a− × +  
      1 0(( ... ) mod 2 )n

na a−  
      1 0( ... ) mod 2n

na a−= 0 0mod 2nk k= =  
ð 02

| | | |nA k=  

The first and second partitions are multiples of 2n  thus the residue of these bits will 
be ignored. Therefore it is sufficient to consider only n right low order bits to calculate 
the reminder of 3n bit A to module 2n  . The corresponding circuit is shown in Figure 5. 

3n

n
mod 2nA

A

 
Figure 5. Circuit of binary to residue converter in module 2n . 
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2.2.3 Remainder calculations of A in module 2 1n +  

3 1 3 2 2 2 1 1 0( ... ... ... ) mod 2 1n
n n n n n na a a a a a a− − − − +  

2
3 1 3 2 2(( ... ) 2 ) mod 2 1n n

n n na a a− −= × +  
   2 1(( ... ) 2 mod 2 1)n n

n na a−+ × +  
   1 0(( ... ) mod 2 1)n

na a−+ +  

3 1 3 2 2( ... ) mod 2 1n
n n na a a− −= +  

   2 1( ... ) mod 2 1n
n na a−− +  

   1 0( ... ) mod 2 1n
na a−+ +  

2 1 0( mod 2 1) ( mod 2 1) ( mod 2 1)n n nk k k= + − + + − 2 1 0( ) mod 2 1nk k k= − + +  

ð 
2

2 1 2 1
0

| | | ( 1) |n n
i

i
i

A k
+ +

=

= −∑  

Consequently, to calculate the remainder of a number in the module 2 1n + , we should 
add up n most positive bits with the next n negative bits and so on. The corresponding 
circuit is shown in Figure  6. 

 
2.3 Backward Converter 

One of the usual methods to calculate number X by means of its residue is to use 
Chinese Reminder Theorem. Consider the reminders as 1 2 3{ , , }x x x in module set
{2 1,2 ,2 1}n n n− + . The following equations are used. 

 

2 1n +

0k

1k

2k
1n +

n

1

n

1n + 1n +

select

01231n + ...n 1n −

...

...

0
n

0

mod 2 1nA +
 

 
Figure 6. Circuit of binary to residue converter in module 2 1n + . 
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1

( )
i

n

i i m i
i M

X X N M
=

= ´ ·å  (4) 

Where: 

i
i

MM
m

=  (5) 

1 , 1, 2,...,
ii miN i nM -=< > =  (6) 

The required circuit for conversion of the RNS to binary is shown in Figure  7. 

1x 2x 3x
nn n

3nX

 
Figure 7. RNS to binary converter via Chinese Remainder Theorem 

 

3. Proposed Residue Number System 

In this paper we proposed a novel representation for the Residue Number System. 
This representation is a combination of residue display with binary presentation. In this 
method, we assume the n low order bits of original number in binary representation 
(which is weighted) and the other 2n most significant bits in the residue presentation. 
The forward and backward converters improve saliently, which is described as follows. 

 
3.1 Arithmetic Operations  

3.1.1 Addition in module 2 1n −  

As mentioned before, this module uses residue representation. But because the first n 
bits are in binary representation, the output carry affects the result of this module (which 
will describe later in 3.1.2), also because the carry digit is 0 or 1, the result of circuit 
should be added with 0, 1 or 2. The proposed circuit is shown in Figure  8 (cin is the 
output carry of the adder in module 2n ). 
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1

21 0

2

1x 1y

n n n n
nn

nnn

1 1 mod 2 1nx y+ −

n

 
 

Figure 8. adder circuit in module 2 1n −  
 

3.1.2 Addition in module 2n  

There is no difference between binary and module representation of a number in this 
module set. Therefore the arithmetic operations do not change in this module. However, 
as we assume this part as a binary representation, the output carry is important and 
should be propagated to the residue part.  

The adder circuit of the proposed method is described in Figure  9. 

+

cout

2x 2y
n n

n

1n +

2 2 mod 2nx y+
 

Figure 9. Adder circuit in module 2n  
 

3.1.3 Addition in module 2 1n +  

The adder circuit for the module 2 1n + , is also similar to the adder in module 2n-1 
and is described in Figure 10. 
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++

3x3y

3x3y

1n +1n +

1n +1n +
0 1

1n +1n +

1n +1n +

1n +

3 3 mod 2 1nx y+ +

select

0123n ...1n − 2n −

...

...

Cin Cin

 
 

Figure 10. adder circuit in module 2 1n +  
 

3.2 Forward Converter 
Suppose that number A has 3n bits in its binary presentation but because it is 

assumed that the n low order bits are in binary representation, the reminders only 
computed in the modulus{2 1,2 1}n n− + . 

Therefore in the first step the n less significant bits are moved, because they should 
be left in binary representation. Now A has only 2n most significant digits.  

3 1 3 2 2 2 1( ... ... )n n n n nA a a a a a− − −=  

3.2.1 remainder calculation of A in module 2 1n −  

3 1 3 2 2 2 1( ... ... ) mod 2 1n
n n n n na a a a a− − − −  

2
3 1 3 2 2(( ... ) 2 ) mod 2 1n n

n n na a a− −= × − +  
               2 1(( ... ) 2 mod 2 1)n n

n na a− × − 3 1 3 2 2( ... ) mod 2 1n
n n na a a− −= − +  

     2 1( ... ) mod 2 1n
n na a− −  

2 1mod 2 1 mod 2 1n nk k= − + −  

2 1( ) mod 2 1nk k= + −  

ð 
2

2 1 2 1
1

| | | |n ni
i

A k
− −

=

= ∑  

Therefore, to calculate the remainder of a 2n bit number in the module 2 1n − in novel 
method, each n-bit partition is added up with its succeeding n-bit. See Figure 11. 
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1k2k
n n

n n

n

1+

mod 2 1nA −  
 

Figure 11. Adder circuit in module 2 1n −  
 

3.2.2 remainder calculation of A in module 2 1n +  

3 1 3 2 2 2 1( ... ... ) mod 2 1n
n n n n na a a a a− − − +  

2
3 1 3 2 2(( ... ) 2 ) mod 2 1n n

n n na a a− −= × + +  
     2 1(( ... ) 2 mod 2 1)n n

n na a− × +  3 1 3 2 2( ... ) mod 2 1n
n n na a a− −= +  

    2 1( ... ) mod 2 1n
n na a−− +  2 1( mod 2 1) ( mod 2 1)n nk k= + − + 2 1( ) mod 2 1nk k= − +  

ð 
2

2 1 2 1
1

| | | ( 1) |n n
i

i
i

A k
+ +

=

= −∑  

Consequently, to calculate the remainder of a number in the module 2 1n + , n most 
positive bits are added up with the next n negative bits. See Figure 12. 

 

2 1n +

1k

2k

n

1

1n +

select

01231n + ...n 1n −

...

...

n
0

mod 2 1nA +

1n +

 
 

Figure 12. Circuit of binary to residue converter in module 2 1n + . 
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3.3 Backward Converter 

Consider the remainders as 1 2 3{ , , }r r r  in module set{2 1,2 ,2 1}n n n− + , as discussed 
before these remainders are both in binary and residue representation systems. This 
means that while 1r and 3r are in residue representation, 2r is in the binary representation. 
Also the final result should have 3n bits which the first n low orders bits should be 
always equal to 2r . Because only the module set {2 1,2 1}n n− + are in residue mode, a 
backward converter is used to convert these module set. It converts a module 
representation to binary representation and places the result as the 2n bits highest order 
bits. Also the remainder of module {2 }n  which is 2r , is placed in n low order.  

Therefore, in order to calculate number X from its residue in the novel method with 
the Chinese Remainder Theorem, it should be used only for the module set
{2 1,2 1}n n− + . 

The proposed circuit for converting residue to binary representation is shown in 
Figure 13. 

 
1x

2x

3x

n

n n

2n

X  
Figure 13. RNS to binary converter in novel RNS 

 

4. Comparison 

In this paper a novel representation for the Residue Number System is presented 
which uses both residue and binary representations. In this case, the system makes use 
of both binary and residue representation advantages. 

 A comparison is done for forward/backward and arithmetic operations between the 
proposed method and previous methods in Table 1. Table 2 presents the total delay and 
hardware complexity of both presentations. As illustrated in Table 2, the comparing 
result demonstrates some improvements in terms of area and delay for both converters.  

In addition to remembered comparisons, the proposed reverse converter reduces 3-
channel CRT to 2-channel CRT. Therefore, it decreases converter hardware delay and 
cost as compared with usual Residue Number System. 

5. Conclusions 

In this paper, a novel hybrid method is presented. This method is composed of RNS 
and binary representation systems and combines them. The comparing result 
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demonstrates that new method improves speed and decreases hardware costs in system 
converters as compared with usual RNS. 
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Module Area Delay 

F.A H.A NOT MUX AND/OR  

Forward 
Converter 

Proposed 
2n - - - - - - 
2n-1 2n-2 2 - 1 - 1 1 ( 1)mux HA FAt t n t+ + −  

2n+1 4n 4 n 1 n+1 1 ( 2) (2 log ) 1mux H A F A a nd nott n t n t n t t+ + + + + +  

[1] 
2n - - - - - - 
2n-1 3n-2 2 - 1 - 1 1mux HA FAt t nt+ +  

2n+1 4n-1 n+4 n 1 n+2 1 1 ( 3) (2 log )mux not HA FA andt t n t nt n t+ + + + + +  

Addition 

Proposed 
2n n-1 1 - - - 1 ( 1)HA FAt n t+ −  

2n-1 3n-3 n+3 - 2 - 2 2 ( 1)mux HA FAt t n t+ + −  

2n+1 2n+2 n+1 - 1 n+1 1 1 ( 1) (2 log )mux HA FA andt t n t n t+ + + + +  

[1] 
2n n-1 1 - - - 1 ( 1)HA FAt n t+ −  

2n-1 2n-2 2 - 1 - 1 1 ( 1)mux HA FAt t n t+ + −  

2n+1 2n n+3 - 1 n+1 1 2 (2 log )mux HA FA andt t nt n t+ + + +  

 
 Module Unit Gate 

Area 
 Unit Gate Delay Time Complexity 

Forward 
Converter 

Proposed 
2n - - - 
2n-1 14 4n −  4 1n −  256 30 4n n− +  
2n+1 30 19n +  6 log 8n n+ +  2180 30 log 354 19 log 152n n n n n+ + + +  

[1] 
2n - - - 
2n-1 21 4n −  4 3n +  284 47 12n n+ −  
2n+1 34 3n −  6 log 10n n+ +  2204 3 log 328 19 log 30n n n n n+ + + −  

Addition 

Proposed 

2n 7 3n −  4 2n −  228 26 6n n− +  
2n-1 25 5n −  4 2n +  2100 30 10n n+ −  
2n+1 19 20n +  4 log 9n n+ +  

276 19 log 251 20log 180n n n n n+ + + +  

[1] 

2n 7 3n −  4 2n −  228 26 6n n− +  
2n-1 14 4n −  4 1n −  256 30 4n n− +  
2n+1 19 14n +  4 log 7n n+ +  

276 19 log 189 14 log 98n n n n n+ + + +  
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