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Abstract 
Fuzzy groups and fuzzy theory have a lot of applications in several sciences 

such as mathematics, computer science, computer and electrical engineering. 
Hence, counting the number of fuzzy subgroups of finite groups to classify them is 
an important issue in fuzzy theory. The Main goal of this paper is to give an explicit 
formula for the number of fuzzy subgroups of a finite cyclic group 

1 2 3 kp p p pG Z Z Z Z= × × × × , where kppp ,...,, 21  are distinct prime numbers. 
We introduce a very simple recursive formula to count the number of subgroups of 
G. 
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1. Introduction 

     One of the most important problems of fuzzy group theory is to classify the fuzzy 
subgroups of a finite group [1]. Several papers have treated the particular case of finite 
abelian group. Laszlo [2] studied the construction of fuzzy subgroups of groups of the 
orders one to six. Zhang and Zou [3] have determined the number of fuzzy subgroups 
of cyclic groups of the order np  where p is a prime number. Murali and Makamba in 
[4] and [5], considering a similar problem, found the number of fuzzy subgroups of 
abelian groups of the order mnqp  where p and q are different primes. In [6], 
Tarnauceanu and Bentea established the recurrence relation verified by the number of 
fuzzy subgroups of finite cyclic groups. Their result is the improving of Murali’s works 
in [4] and [5]. Finally, authors in [8] establish an idea to count the number of fuzzy 
subgroups in the particular case of finite cyclic groups, namely srqp ZZZZ ×××  where 

, ,p q r and s are distinct prime numbers.  
Finding the number of fuzzy subgroups is a common problem in fuzzy groups to 

classify them. This paper discusses a particular case of finite cyclic groups 

kppp ZZZG ×××= 
21

, where kppp ,...,, 21  are distinct prime numbers. However, the 

result is a generalization of [8] approach in a general case. 
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2. Preliminaries 

First of all, some basic notions and results of fuzzy theory which are required later in 
this paper from [10] and [11], are presented. In this section, group G is assumed to be a 
finite group.  
Let ),.,( eG  be a group (e denotes the identity of G) and [ ]1,0: →Gµ  a fuzzy subset of 
G. We say that µ  is a fuzzy subgroup of G if it satisfies the following two conditions: 
     (a)    { })(),(min)( yxxy µµµ ≥ , for all Gyx ∈, . 
     (b)   )()( 1 xx µµ ≥− , for any Gx∈ . 
In this situation we have )()( 1 xx µµ =− , for any Gx∈ , and )(max)( Ge µµ = [9].  

Theorem 2.1  [7] A fuzzy subset µ  of G is a fuzzy subgroup of G if and only if there is a 
chain of subgroups of G, GPPP n =≤≤≤ )()()( 21 µµµ  , where µ  can be written as: 
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Definition 2.1 [7] Let γµ,  be fuzzy subgroups of G of the form 
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with [ ], 0,1 , ,i i k l k lδ δ δθ θ θ∈ > > for lk <  and 1 1,i m i j n jA G B G≤ ≤ ≤ ≤∪ = ∪ = , then µ  
and γ  are equivalent if m = n and { }niBA ii ,,2,1, ∈∀= . 

Lemma 2.1 The number of fuzzy subgroups of G is equal to the number of chain on the 
lattice subgroups of G. 
2.1 Previous Works 
There are several attempts to solve this problem. This section describes two important 
works in [1] and [8].  
  
2.1.1 Tarnauceanu and Bentea Results 
Let G be a finite subgroup, then G has a direct decomposition as follows:  
 

                                ,3
3

2
2

1
1

k
kpppp

ZZZZG αααα ××××≅   

where , 1,...,ip i k=  are distinct primes and , 1,...,α ∈ =i N i k . Also, the number of 
distinct fuzzy subgroups of G coincides with the number of all chains of subgroups of 
G that ends in G, say )...,,,( 21 kkg ααα (obviously, this value depends only on 

kααα ...,,, 21  and not on kppp ,...,, 21 ). Let ς  be the set consisting of all chains of 
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subgroups of G that ends in G and kHHH ,...,, 21  the minimal subgroups of G. We 
denote, the set of all chains of the lattice interval [ ] { }GHHGLHHG rr ⊆⊆∈= |)(/  
that end in G, by rς , ( 1, ,r k=  ). Clearly, we have:  

||2||)...,,,(
121 r

k

rkkg ςςααα
=

∪== . 

Now, by applying the well-known Inclusion-Exclusion principle, one obtains that: 

1 2

1 2

1
1 2

1 1 ....

( , ,..., ) 2 ( 1) | ... | (2)
r

r

k
r

k k i i i
r i i i k

g α α α ς ς ς−

= ≤ < < < ≤

= − ∩ ∩ ∩∑ ∑  

the next theorem is a consequence of the above relation [1]. 
 

Theorem 2.2  Let G be a finite cyclic group and k
kppp ααα 21

21  the decomposition of |G| 
as a product of prime factors, then the number )...,,,( 21 kkg ααα  of all distinct fuzzy 
subgroups of G is given by  
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where the above iterated sums are equal to 1 for k = 1.   
2.1.2 Sulaiman and Abd Ghafur Results 
This subsection deals with some results and theorems due to [8], without any proof. 
Considering (1), they denote the number of fuzzy subgroups of G as )( GFo , while the 
number of fuzzy subgroups μ of G with HP =)(1 µ  is denoted by )(

1 HPFo = . From 
Theorem 2.1 we have  

1
( ) ( ) (4)G P H

H G
o F o F =

≤

= ∑  

and
1

( ) 1. (5)P Go F = =  

Theorem 2.3 Let H be a subgroup of G, and the set of all subgroups of G, which contain 
H (but are not equal to H) be { }1 1, , , nH H H G= . Then: ∑

≤≤
== =

ni
HPHP i

FoFo
1

)()(
11

. 

Theorem 2.4 Let e be identity element of a group G. Then { })(.2)(
1 ePG FoFo == . 

Theorem 2.5 Let qp ZZG ×= , where p and q are distinct primes. Then, the number of 
fuzzy subgroup of G is 6. 

Theorem 2.6 Let rqp ZZZG ××= , where p, q and r are distinct primes. Then, the number 
of fuzzy subgroup of G is 26. 
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3. Main Results 

A recursive formula to count the number of finite cyclic fuzzy subgroups 

kpppp ZZZZG ××××= 
321

 (that is called kG  in this section), is presented in this 
section. 
Before that, we compute some initial numbers of cyclic fuzzy subgroup of kG  with 
complicated formula (3) in theorem 2.2.  
That formula defined for  

,3
3

2
2

1
1

k
kpppp

ZZZZG αααα ××××≅   

where , ( 1,..., )ip i k=  are distinct primes and , 1,...,i N i kα ∈ = .  
Setting 1; 1,2,...,i i kα = ∀ = , in (3) results 

kpppk ZZZG ×××= 
21

and: 
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The relation (6) can be applied to compute number of subgroups of kG . For example in 
k=2, 

212 pp ZZG ×= and  
2
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By applying some hard computations, one can find other numbers as listed in Table 1. 
But for 3k ≥  this computation is a little tiresome. The following theorem presents a 
simple recursive formula for this problem. 

 Table 1. Compute ( )
kGo F  by formula (6) 

k  ( )
kGo F  

2 6 
3 26 
4 150 
5 1082 
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Theorem 3.1 Let kG  be a finite cyclic group of form 
kppppk ZZZZG ××××= 

321
, 

where kppp ,...,, 21  are distinct prime numbers. Then number of fuzzy subgroups of kG  
is: 

{ }

1

1 1 1

{ }

1

{ } { }
1

( ) 2. ( );

( ) 1 . ( ) ; ( ) 1. (7)

k k

k i
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P e e P e
i
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k
o F o F o F

i

=

−

= =
=

=

 
= + = 

 
∑

when the { }; 1, 2, ,ie i k=   denote the identity of iG . 

Proof: we focused to determine a relation between ( )
kGo F  and lattice diagram. For 

qppp ZZZZG ×=×=
212  , order of 2G  is pq. Hence, every nontrivial subgroups of 2G  

must be of order p or q. We have only two nontrivial subgroups of 2G , namely 

{ }1 0pH Z= ×  and { }2 0 qH Z= × . The lattice subgroups of 2G  are shown in Figure 1.  

 
Figure 1. Lattice subgroup of 2 p qG Z Z= ×  

According to the relation (5) we have 1)(
1

==GPFo  and using Theorem 2.3 we have  
,1)()(

2111
== == HPHP FoFo  

and 3)(
21 }{ == ePFo . 

Now, Let rqpppp ZZZZZZG ××=××=
3213 , where the order of 3G  is pqr. Hence, 

every nontrivial subgroup of 3G  must be of order p, q, r, pq, pr or rq. We have six 
nontrivial subgroups of 3G : 

rqrp

qpr

qp

ZZHZZH
ZZHZH
ZHZH

××=××=

××=××=

××=××=

}0{}0{

}0{}0{}0{

}0{}0{}0{}0{

65

43

21

 

The lattice subgroups of 3G  are shown in Figure 2.  
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Figure 2. Lattice subgroup of 3 p q rG Z Z Z= × ×  

 

According to relation (5) we have 1)(
1

==GPFo  and using Theorem 2.3 we have:  

,1)()()(
615141

=== === HPHPHP FoFoFo  
,3)()()(

312111
=== === HPHPHP FoFoFo  

and 13)(
31 }{ == ePFo . 

This means: 

13)3(3)1(31)(
31 }{ =++== ePFo , 

the sum of all 
1

( )
iP Ho F = and ( )Go F , which come in upper levels of 3{ }e  in lattice 

diagram. Similarly, this approach can be used to draw diagrams for other kG  (k=1111). 
This is the key to find the formula.  
First, we compute number of all iH  that appear from nontrivial subgroups of kG  and 
classifying them to k+1 levels. We can classify nontrivial subgroups of kG  to k+1 set (

; 0,1, ,i i nφ =  ) as follows:  
0)  Show no letter of kppp ...,,, 11 :        { }0 { {0} {0} {0} } { }eφ = × × × =  

1)  Show only one letter of kppp ...,,, 11 :  

{ } { }11 { {0} {0} , , {0} {0} }

.

.

.

φ = × × × × × ×  
kp pZ Z

 

k-1)  There are k-1 letters of kppp ...,,, 11 :                                       

           { } { }1 2 1 2 11 { {0} , , {0} }
k k kk p p p p p pZ Z Z Z Z Zφ

− −− = × × × × × × × ×    

k)  There are all letters of kppp ...,,, 11 :  

}{}{
321

GZZZZ
kppppk =××××= ϕ  
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Each of these k+1 levels generates elements of each level of lattice diagram. We can 
find the number of all elements in each level of  the lattice diagram (namely || iϕ ) by: 









i
k

.  

Let LH  be the set of all subgroups of kG  in level L ( 0, 1, ,L k=  ). From theorem 2.3 
we can see the number of 

1
( );

LjP H Lj Lo F H H= ∈ , in each level can compute from 
relative subgroups that appear in upper levels of it. This number is equal for all 
subgroups in same level of the diagram.  
By summing all number of upper levels, we can count )( }{1 kePFo =  in level k. Then, we 
have: 

1 1

1

{ }
1

( ) ( ) | |. ( )
k L j

k

P e P G L H
L

o F o F o Fϕ
−

= =
=

= + ∑  

when at ( )
L jHo F , 

jLH  is one of the subgroups in level L. If we consider each 
jLH in 

level L, it can be considered equivalent to { }Le . So, { }( ) ( )
L LjH eo F o F= .  

By 







=

i
k

i ||ϕ  and 1)(
1

==GPFo , we have: 
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k
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∑

∑
 

Finally, from theorem 2.4 we have:  
 

                                                          
1 { }( ) 2. ( )

k kG P eo F o F == .                                              □ 
 

Figures 3 and 4 show the steps of this approach in each level of cyclic groups 4G  and 

5G .  
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Figure 3. Lattice  subgroup of 

4321
 4 pppp ZZZZG ×××=  

 

 
Figure 4. Lattice  subgroup of 

1 2 3 4 55  p p p p pG Z Z Z Z Z= × × × ×  

4. Conclusion  

One of the most important problems in fuzzy group theory is concerned with classifying 
the fuzzy subgroups of a finite group. This subject has enjoyed a quick evolution in the 
last few years. Several papers have considered the particular case of finite cyclic groups. 
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In this paper, we considered some approaches about the number of fuzzy subgroups of 
finite cyclic groups and presented an explicit recursive formula for the number of fuzzy 
subgroups of a finite cyclic group 

kpppp ZZZZG ××××= 
321

, where kppp ,...,, 21  are 
distinct prime numbers. We determined all subgroups and drew the diagram of 
subgroups lattice of G. The number of fuzzy subgroups of G could be determined by 
counting the number of chains on the lattice.  

 

5. Acknowledgments 

The authors are grateful to the reviewers for their valuable comments for modifying the first 
version of this paper. 

6. References 

[1] M. Tarnauceanu, "The number of fuzzy subgroups of finite cyclic groups and Delannoy 
numbers," European Journal of Combinatorics, 30, 283 - 286. 2009. 

[2] F. Lazlo, "Structure and construction of fuzzy subgroup of a group,"  Fuzzy Sets and Systems, 51, 
105 – 109, 1992. 

[3] Y. Zhang and K. Zou, "A note on an equivalence relation on fuzzy subgroups," Fuzzy Sets and 
Systems, 95, 243 – 247, 1992. 

[4] V. Murali and B.B. Makamba, On an equivalence of fuzzy subgroups I, Fuzzy Sets and Systems, 
123, 259 – 264, 2001. 

[5] V. Murali and B.B. Makamba, "On an equivalence of fuzzy subgroups II," Fuzzy Sets and 
Systems, 136, 93 – 104, 2003. 

[6] M. Tarnauceanu and L. Bentea, "On the number of fuzzy subgroups of finite abelian groups," 
Fuzzy Sets and Systems, 159, 1084 – 1096, 2008. 

[7] R. Sulaiman and A. G. Ahmad, "Counting fuzzy subgroups of symmetric groups S2, S3 and 
alternating group A4," Journal of Quality Measurement and Analysis, 6(1), 57 – 63, 2010 

[8] R. Sulaiman and A. G. Ahmad, "The Number of Fuzzy Subgroups of Finite Cyclic Groups," 
International Mathematical Forum, 6(20), 987-994, 2011. 

[9] A. Rosenfeld, "Fuzzy groups," Journal of Mathematical Anal.and.App., 35 , 512 – 517, 1971. 
[10] R. Kumar, "Fuzzy Algebra," vol. I, University of Delhi, Publication Division, 1993. 
[11] J.N. Mordeson, N. Kuroki, D.S. Malik, "Fuzzy Semigroups," Springer, Berlin, 2003. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

www.SID.ir


