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SOME SPECIAL CLASSES OF n-ABELIAN GROUPS
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ABSTRACT. Given an integer n, we denote by B, and €, the classes of all groups G for which the
map ¢, : g — ¢ is a monomorphism and an epimorphism of G, respectively. In this paper we give a
characterization for groups in %8, and for groups in €,,. We also obtain an arithmetic description of

the set of all integers n such that a group G is in B, N.&,.

1. Introduction

Let n be an integer. A group G'is said to be n-abelian if the map ¢, : g — ¢g" is an endomorphism
of G. Then (xy)"™ = z™y" for.all x;y € G, from which it follows [z",y] = [z, y]" = [z,y"]. It is also
easy to see that a group G is n-abelian if and only if it is (1 — n)-abelian. The structure of n-abelian
groups has been described in [2] and [I]. If n # 0,1 and G is an n-abelian group, then the quotient
group G/Z(G) has finite exponent dividing n(n — 1). This implies that every torsion-free n-abelian
group is abelian.

In this paper we denote by B, and €, the classes of all groups G for which ¢,, is a monomorphism
and an epimorphism of G, respectively. Then By = € contains only the trivial group, 8, = ¢; is
the class of all groups, and B_; = €_; is the class of all abelian groups. Furthermore, with |n| > 1,
G € B, if and only if G is an n-abelian group having no elements of order dividing |n|. Similarly,
G € ¢, if and only if G is n-abelian and for every g € G there exists an element x € G such that
g = z". We also set 2,, = B,, N &,. This class has been studied in [6], [7] and [5]. Of course, groups

of exponent dividing |n — 1| are in 2,,.

MSC(2010): Primary: 20E36; Secondary: 20D45, 20F50.
Keywords: n-abelian group, abelian group, finite exponent.
Received: 20 September 2011, Accepted: 26 January 2012.

*Corresponding author.
19


www.SID.ir

20 C. Delizia and A. Tortora

For all integers n # 0, every divisible abelian group is in €,. In particular, the additive group Q
of rational numbers is in 2, as well as every Priifer group Z(p>), with ged(p,n) = 1. The class 9B,
is subgroup closed, but the class €, is not: in fact the group Z of all integer numbers is not in &,.
The class €, is quotient closed, but the class B,, is not: for example Q/Z is not in B,,. Each of these
classes is closed under forming direct products of its members. However, they are both not closed
under extensions. For, let G' be the wreath product of a cyclic group of order p by Z(p®°). Then G
is an extension of groups in 2, for all integers n with ged(p,n) = 1. But Z(G) is trivial and so G is
not n-abelian when n # 0, 1.

We describe the structure of groups in B, and €, in Section 2. In Section 3, we provide an

arithmetic description of the set of all integers n such that a group G is in 2,,.

2. Groups in B, U,

Given an integer n, a group G is said to be n-central if [2",y] =1 for all z,y € G. If n # 0 then

n-central is equivalent to G/Z(G) having finite exponent dividing |n/.
Lemma 2.1. Let G be an n-abelian group. Then G is (n—=1)-central.if and only if it is (n—1)-abelian.

Proof. Since G is n-abelian, for all z,y € G, we get

xnyn—lx—l — :L,nyny—lm—l 1 )n—l.

= (zy)"(zy) " = (zy

Thus, the group G is (n— 1)-abelian if and only if we have 2"y" 'z ~! = 2" 1y"~! which is equivalent
to [y" 1, 2] = 1. O

In the sequel, we always assume |n|> 1. Moreover, we denote by P the set of all (positive) primes
and, with n integer, by 7, the set of all primes dividing n. Finally, if 7 is a set of primes, we set
' =P\m.

Proposition 2.2. If G € B, U &, then G is (n — 1)-central and (n — 1)-abelian. In particular, G’

has finite exponent dividing |n — 1|.

Proof. The group G is n-abelian, so 1 = [z~ Y y] = [z"~ 1, y]" for all 2,y € G. If G € B,,, then G
has no elements of order dividing |n| and therefore [z"~!,y] = 1. If G € €&,, there exists z € G such

that o = 2". Hence [z" 1, y] = [z"("~D y] = 1. In both cases G is (n — 1)-abelian by Lemma O

It is well-known that, for every m-abelian group G, the elements of finite order form a subgroup
T such that G/T is abelian and T is the direct product of a m,_1-group, a m,-group and an abelian

o (n—1)-8roup (see [2]). This allows us to characterize torsion groups in 98, U €,.

Theorem 2.3. Let G be a torsion group. Then:
(1) G € B, if and only if G = A X B where A is an n-abelian m,_1-group and B is an abelian
ﬂ';(nil)-gmup;
(ii) G € €, if and only if G = A x B where A is an n-abelian w,_1-group and B = B™ is an

abelian ), _-group.
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Proof. (i) Suppose G € B,,. Since G has no elements of order dividing |n|, by Theorem A of [2], we
get G = A x B where A is an n-abelian m,_1-group and B is an abelian 7r:1 (n—1)-8roup. The converse
is clear.

(13) Let G € €,,. Then G = A x C x D where A is a m,_1-group, C is m,-group and D is an abelian
o (n—1)-8rOUp (see [2], Theorem A). In particular C' is abelian by Proposition Thus, B=C x D
is an abelian 7],_-group. Since G/A € €,, we also have B = B".

Conversely, for all g € A, there exist integers o and 3, depending on g, such that 1 = alg| + fn.
Then g = g% and A = A”. This implies G € ¢,,. d

The following is an immediate consequence of Theorem
Corollary 2.4. Let G be a torsion group in B,. Then G € A,.

Hence, if ¥ denotes the class of all torsion groups, we have
A, NT=B,NTCENT

for all integers n, where the inclusion can be proper: for each prime p, the group Z(p>) is in €, \ B,.

However, for groups of finite exponent we have:
Proposition 2.5. Let G € €, be a group of finite exponent. Then G € A,,.

Proof. Let exp(G) = k and suppose ged(k,n) = d # 1. . Then k = ad for some o < k and n = fd.
Now, for all g € G, there exists x € G such that g = 2" = ()4, so ¢g® = 1. Therefore exp(G) divides

o, which is a contradiction. O
Now we use Theorem [2.3] to obtain ¢haracterizations of groups in 9B,, and in &,.

Theorem 2.6. Let G be a group.. Then G € B, if and only if G is isomorphic to a subgroup of the

direct product of an n-abelian m,_1-group by an abelian group without elements of order dividing |n|.

Proof. Assume G € B,. Let V. be a maximal torsion-free subgroup of Z(G) and let W/V be the
subgroup consisting of all m,-elements of Z(G)/V. Notice that G/W is torsion because so are G/Z(QG)
and Z(G)/V. Furthermore; if x € W N G’, then there exists a m,-number m such that 2™ € V. As
ged(m,n —1) =1 and 2"~ ! = 1, we get x = 1. Hence, W has trivial intersection with G’.

Let x € G. First, suppose (zW)"™ = W. Then 2"V € W/V and 2™V =V for some m,-number s.
By Proposition we have 2"~ ! € Z(G), so that z € Z(G). Thus zV € Z(G)/V is a my-element.
Therefore x € W and G/W has no elements of order dividing |n|, that is G/W € B,,. Suppose now
(xG")* = G'. Then z" € G, so ™"~ =1 by Proposition This implies 2"~ ! = 1. Hence z € G’
and G/G" € B,

Finally, since G is isomorphic to a subgroup of G/W x G/G’, the claim follows by () of Theorem

The converse is clear. O

Theorem 2.7. Let G be an n-abelian group and denote by T its torsion group. Then G € &, if
and only if T = A x B, where A is a m,—1-group, B = B™ is an abelian 7,,_,-group, and G/T is a

p-divisible abelian group for every prime p dividing n.
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Proof. Assume G € €,, and let p be a prime dividing n. Then n = ap for some integer o and, for all
g € G, there exists € G such that g = 2" = (2“)? € GP. This means that G/T is in €,. The rest
follows by (i) of Theorem

Conversely, given g € G, we have gT' = 2"T for some = € G: in fact, G/T is n-divisible. Thus
g~ 'z™ € T and, by Corollary there exists y € T such that g~ 'z" = y".
Thereforeg = 2"y~" = (zy~ )", that is G = G™. O

Notice that in Theorem one cannot replace the hypothesis that GG is n-abelian by the weaker
hypothesis that A is n-abelian. For example, consider the wreath product G of the cyclic group of
order 2 by Q. The torsion part T of G is the base group, that is an infinite group of exponent 2.
Moreover, G/T = Q. Finally Z(G) = 1 and so G is not n-abelian for all'm % 0,1. In particular,
G¢c,.

3. The semigroup A(G)
Let G be a group. In [4] F. W. Levi introduced the set
E(G)={neZ: (zy)" =2"y" forall x,y € G},

the so-called exponent semigroup of G. It is a multiplicative subsemigroup of Z containing 0 and 1;
moreover, n € E(G) if and only if 1 —n € E(G). It has been shown (see [4] and [3]) that E(G) is either
{0,1}, or Z, or the union of certain residue classes modulo some integers depending on G.

Similarly, starting from the map ¢, : ¢ € G —g" € G, we introduce the set
AG)={neZ : ¢, € Aut (G)}.

This is a subsemigroup of E(G) containing 1. Obviously 0 € A(G) if and only if G = {1}; in that case
A(G) = Z. From now on, we assume G # {1}.

Lemma 3.1. With H and K groups, we have A(H x K) = A(H) N A(K).
Proof. A direct product is in 2, if and only if each of its direct factors is. O

Lemma 3.2. Let G be a group and suppose that A(G) satisfies one of the following conditions:
(i) 2 € A(G)
(17) 3 € A(G)
(7i1) n € A(G) and —n € A(G) for some n # 0;
(tv) n € A(G) and m € A(G) with gcd(n —1,m — 1) < 2.
Then G is abelian.

)
)

Proof. (i) is trivial, (ii) follows from Proposition

(ééi) The group G is n and (n + 1)-abelian and so, by Lemma [2.1] it is n-central. It is also (n — 1)-
central by Proposition This means that G is abelian.

(iv) Let ged(n—1,m—1) = 1. By Propositionthe quotient group G/Z(G) has exponent dividing
n — 1 and m — 1. Hence G is abelian. Assume ged(n —1,m — 1) = 2. Then G/Z(G) has exponent 2
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by Proposition and so G is nilpotent of class < 2. In particular, we have [22,y] = [z,y]?> = 1 for
all z,y € G. This implies that, for every integer k with K =0 (mod 4) and for all z,y € G,

(k=1)/2 _ b,k

(zy)* = 2y ly, 2]k yk.

Without loss of generality we can suppose n = —1 (mod 4). Thus G is (n+ 1)-abelian and, as in (7i7),

we conclude that G is abelian. O

Notice that E(G) = Z if and only if G is abelian. On the other hand, it is easy to show that
A(G) = Z\ {0} if and only if G is isomorphic to a direct sum of copies of Q. However, G is abelian
if and only if —1 € A(G). So, in that case, —n € A(G) for all n € A(G). Furthermore, if G is
abelian, n € A(G) if and only if p € A(G) for all primes p dividing n. The semigroup A(G) is thus
generated by —1 and all primes in A(G). Therefore, if 7(G) denotes theset of all primes involved in
the decomposition of orders of elements of G, and 0(G) denotes the set of all primes p such that G is

p-divisible, one can easily realize that:

Theorem 3.3. Let G be an abelian group. Then A(G) is the multiplicative subsemigroup of Z generated
by (0(G) \ m(G)) U{—1}. Moreover:

(1) if G is torsion then A(G) is generated by (P\ n(G))U{—1};

(i7) if G is torsion-free then A(G) is generated by 6(G) U {—1}.

By Theorem A(Z) ={-1,1} = A(Q/Z) and, if G is a torsion abelian group, then

A(G) = Z\Yper(c)PL-

Concerning (iz) of Theorem we also point out that, given a set m of primes, there always exists
a torsion-free abelian group G'such that A(G) is the multiplicative subsemigroup of Z generated by
7w U {—1}. For example, the additive group of all rational numbers with a 7-number as denominator
has the above properties.

Now let G be a non-abelian group and suppose that G is n-abelian for some integer n # 0,1, so
{0,1} € E(G) C Z. Tt has been shown in [4] (see also [3]) that the set Eo(G) of all integers n such
that G is both n-abelian and n-central is an ideal of Z. Let E¢(G) = wZ. Then w > 2, G is both
w-abelian and w-central, and w is the least positive integer with such properties. Let w = q1q2... ¢
be a factorization of w, with ¢ > 1, ¢; > 2 for all i = 1,2,...,¢ and ged(g;,q;) = 1 for i # j. Then
E(G) is the union of the 2! residue classes modulo w which are the solutions of the 2! systems of
congruential equations z = 0; (mod ¢;), where i = 1,2,...,¢t and §; € {0,1}. In [4] and [3] it has also
been shown that, if n,n + 1 € E(G), then n =0 (mod w). This, together with Proposition gives
n—1=0 (mod w) for all n € A(G). Therefore we have:

Theorem 3.4. For each group G, A(G) C [1].

In general, the equality does not hold in the theorem above. For example, consider a non-abelian
group H of exponent 3, and the direct product G of H by the cyclic group of order 4. Clearly,
Eo(G) = 3Z. However, 4 ¢ A(G) since G has an element of order 4. Thus A(G) # [1]s.
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