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ABSTRACT. Let G be a finite group and let cd(G) be the set of all complex irreducible character degrees
of G. B. Huppert conjectured that if H is a finite nonabelian simple group such that cd(G) = cd(H),
then G = H x A, where A is an abelian group. In this paper, we verify the conjecture for F4(2).

1. Introduction

Let G be a finite group and let Irr(G) be the set of all irreducible complex characters of G. We
denote by cd(G) = {x(1) : x € Irr(G)} the set of character degrees of G. In [6], B. Huppert proposed

the following conjecture.

Huppert Conjecture.. Let G be a finite group and let H be a finite nonabelian simple group such
that the sets of character degrees of G and H are the same. Then G = H x A, where A is an abelian

group.

Huppert himself verified the conjecture for the Suzuki groups, the family of simple groups PSLa(q)
for ¢ > 4, and many of the sporadic simple groups. For recent results on this conjecture, see [6),
7, 9, 10, 11]. In this paper, we extend Huppert’s arguments to verify the conjecture for the simple

exceptional group of Lie type Fy(2). We prove the following theorem.

Theorem 1.1. Let G be a finite group such that the character degree sets of G and Fy(2) are the
same. Then G = Fy(2) x A, where A is an abelian group.

MSC(2010): Primary: 20C15; Secondary: 20D06.
Keywords: Character degrees; Simple groups; Huppert’s Conjecture.
Received: 24 November 2011, Accepted: 5 April 2012.

*Corresponding author.


www.SID.ir

2 Tong-Viet and Wakefield

We note that this group is singled out from the infinite family Fy(q), where ¢ is a prime power,
since it has two distinct nontrivial power degrees (see Lemma and an exceptional Schur cover.
For the proof of Theorem we will follow the steps outlined by Huppert in [6]. Huppert’s proofs

rely upon the completion of the following five steps.

(1) Show G’ = G". Hence if G'/M is a chief factor of G, then G'/M = S* where S is a nonabelian
simple group.

(2) Identify H as a chief factor G'/M of G.

(3) Show that if § € Irr(M) and 6(1) = 1, then 0 is G’-invariant, which implies that [M,G'] = M’.

(4) Show that M = 1.

(5) Show that G 2 G' x Cq(G"). As G/G' = Cq(G') is abelian and G’ = Hy Huppert’s Conjecture

is verified.

We note that a weaker version of Huppert’s Conjecture which asserts that nonabelian simple groups

are uniquely determined by their character degrees (counting multiplicities) or equivalently by their

complex group algebras has been answered positively (see [§]).

Notation. If n is an integer then we denote by m(n) the set of all prime divisors of n. If G is a group,

we will write 7(G) instead of 7(|G|) to denote the set of all prime divisors of the order of G. If N G

and 0 € Irr(N), then the inertia group of § in G is denoted by I¢(#). Finally, the set of all irreducible

constituents of #¢ is denoted by Irr(G|6). Other notation is standard.

2. Background Results

In this section, we present some results that we will need for the proof of Huppert’s Conjecture.

Lemma 2.1. (J6, Lemma 2]). Suppose N 4G and x € Irr(G).

(@) If xy = 01+ 62+ - -+ 0 with 0; € Irr(N), then k divides |G/N|. In particular, if x(1) is prime
to |G/N| then xn € Irr(N).

(b) (Gallagher’s Theorem) If x € Irt(N), then xy € Irr(G) for every ¢ € Irr(G/N).

Lemma 2.2. ([6] Lemma 3]). Suppose N <G and 0 € Irv(N). Let I = I(0). Then
(a) If 07 = Zle @i with @; € Trr(I), then ¢ € Trr(G). Hence, ¢;(1)|G : I| € cd(G).
(b) If p € Irr(I) such that pn = eb, then p = 0y, where Oy is a character of an irreducible projective

representation of I of degree 6(1) while 1y is the character of an irreducible projective representation

of I/N of degree e.
The following result will be used to verify step 1 of Huppert’s method.

Lemma 2.3. ([{, Lemma 2.3]). Let G/N be a solvable factor group of G, minimal with respect to
being nonabelian. Then two cases can occur.

(a) G/N is an r-group for some prime r. Hence there exists 1 € Irr(G/N) such that (1) = > 1.
If x € Irr(G) and r 1 x(1), then x7 € Irr(G) for all T € Irt(G/N).

(b) G/N is a Frobenius group with an elementary abelian Frobenius kernel F/N. Then f = |G :
F| € c¢d(G) and |F/N| =1r* for some prime r, and F/N is an irreducible module for the cyclic group


www.SID.ir

Huppert’s Conjecture 3

G/F, hence a is the smallest integer such that r® = 1(mod f). If ¢ € Irr(F) then either fi(1) € cd(G)
or r® divides 1(1)%. In the latter case, r divides 1(1).

(1) If no proper multiple of f is in cd(G), then x(1) divides f for all x € Irr(G) such that r 1 x(1),
and if x € Irr(G) such that x(1) 1 f, then r® | x(1)2.

(2) If x € Irr(GQ) such that no proper multiple of x(1) is in cd(G), then either f divides x(1) or r®
divides x(1)%. Moreover if x(1) is divisible by no nontrivial proper character degree in G, then f = x(1)
or r® | x(1)2.

Let x € Irr(G). We say that x(1) is an isolated degree of G if x(1) is divisible by no proper nontrivial

character degree of G, and no proper multiple of x(1) is a character degree of G.

Lemma 2.4. If S is a nonabelian simple group, then there exists a nontrivial irreducible character 6
of S that extends to Aut(S). Moreover the following hold:

(1) if S is an alternating group of degree at least 7, then S has two characters of consecutive degrees
n(n —3)/2 and (n —1)(n — 2)/2 that both extend to Aut(S).

(1) if S is a sporadic simple group or the Tits group, then S has two nontrivial irreducible characters
of coprime degrees which both extend to Aut(S).

(tii) if S is a simple group of Lie type then the Steinberg character Stg of S of degree |S|, extends
to Aut(S).

Proof. This is [I, Theorems 2, 3, 4]. O

Lemma 2.5. ([, Lemma 5]). Let N. be a-minimal normal subgroup of G such that N = S* where S
is a nonabelian simple group. If € Irr(S) extends to Aut(S), then 08 € Trr(N) extends to G.

3. Verifying Huppert’s Conjecture for Fy(2)

Assume from now on that H = F4(2). Using [3], we collect some properties of the character degree

set of H in the following lemma. We first have that
m(Fy(2)) ={2,3,5,7,13,17}.

Lemma 3.1. Let a and b be nontrivial character degrees of H. The following hold.

(1) If (13- 17,a) = 1, then a = 2** ora = 2%.35.72

(ii) The only nontrivial proper power degrees of G are 2%* and 2% - 3% . 72.

(7i1) H has no consecutive degrees.

(iv) H possesses two irreducible characters x;,i = 1,2, with degrees 35-52-7%-13 and 3527217,
respectively, such that for each i, no proper multiples of x;(1) is a degree of H.

(v) If a # 2%4, then the 2-part of a is at most 212

Proof. These results are easily checked given the character table of Fy(2) in [3]. O

We define a “mixed” degree of G to be a character degree of G which is divisible by 2 but is not a

power of 2.
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3.1. Verifying Step 1. Suppose that G’ # G”. Then there exists a solvable factor group G/N of G
minimal with respect to being nonabelian. By Lemma G/N is an r-group or a Frobenius group.

Case 1: G/N is an r-group for some prime r. Then there exists 1) € Irr(G/N) such that ¢ (1) =
r® > 1. As 224 is the only nontrivial prime power degree of H, we deduce that (1) = 224 and so r = 2.
By [3], G has a nonlinear character x € Irr(G) such that x(1) = 7%-17 is odd. As (x(1),|G : N|) =1,
by Lemma we have xn € Irr(IN) and hence by Gallagher’s Theorem, we obtain that y7 € Irr(G)
for all 7 € Irr(G/N). Thus 224 < 224y(1) € ¢d(G), which is impossible.

Case 2: G/N is a Frobenius group with elementary abelian Frobenius kernel F/N, where |F' :
N| = r® for some prime r. In addition, f = |G : F| € ¢cd(G) and f divides r® — 1.

Subcase 2(a): 7 # 2. As 2?4 is an isolated degree of G and 7 { 224, we deduce from Lemma (b)
that f = 224, and hence no multiples of f is in cd(G). Let 1 € Irr(G) with (1) = 7% - 17 and let
¢ € Irr(F) be an irreducible constituent of 1 when restricted to F. As ¥(1)/¢(1) divides f = 224, we
deduce that (1) > 1 and hence (1) f is not a degree of G. Thus#%| ¢(1)3, =1(1)% = 7 -17%, and
sor® < 74172 As f | r® — 1, we obtain that f = 22 <r® —1 < 7% .17%, which is impossible.

Subcase 2(b): r = 2. Let x;,i = 1,2 be two irreducible characters of G in Lemma [3.1fiv). As
both x;(1) are odd, by Lemma[2.3(b), we have that f | x;(1) for all 4, and hence f divides the greatest
common divisor of x;(1), which is 35 - 52 . 72. Tt follows that (f,13-17) = 1 and so by Lemma (2),
f=2%or f=22.35.72 However both cases are impossible as f is odd. Thus G’ = G’

3.2. Verifying Step 2. We continue by proving Step 2 of Huppert’s method. Recall that Step 2
asserts that if G'/M is a chief factor of G, then G'/M = H. Suppose G'/M is a chief factor of G.
As G' = G" by Step 1, G'/M = S*, where S'is a nonabelian simple group. We need to show that
G' /M = Fy(2).

(a) Eliminating the alternating groups of degree at least 7. By Lemma S possesses two irre-
ducible characters 6; and 62 of degrees n(n —3)/2 and n(n—3)/2+1 = (n—1)(n —2)/2, respectively
and both 6; extend to S;,. By Lemma both 0¥ extend to G and so 6% (1) are degrees of G. Assume
first that & > 2. Thenboth 6 (1) are proper nontrivial power degrees and so by Lemma (m), each
0% (1) is either 224 or 22 -3%.72. As (n —1,n —2) = 1, (n,n — 3) = (3,n) and n > 7, we deduce that
both 6% (1) cannot be 2-powers. Therefore both 6% (1) must be 22 - 35 . 72, which is impossible as 6F (1)
and 05(1) are distinct. Thus k = 1. But then by Lemma (zzz), G has no consecutive degrees which
is a contradiction as #2(1) = 6;(1) + 1. Therefore this case cannot happen.

(b) Eliminating the sporadic simple groups or the Tits group. We have w(F4(2)) ={2,3,5,7,13,17}.
Since every character degree of S divides some degree of Fy(2), we deduce that 7(S) C 7(F4(2)). Using
[3], we only need to consider two cases S = Jy or S = 2F,(2)". In each case, the group S possesses
an irreducible character @ of degree 2% - 32 and 33, respectively and this character extends to its
corresponding automorphism group. Applying Lemma we have that each 6%(1) is a degree of G,
33k 62* can never be 224 nor 22-3%. 72, contradicting

which is a nontrivial proper power. However and

Lemma [3.1f(44).

(c¢) Eliminating simple groups of Lie type.
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If S is a simple group of Lie type and Stg is the Steinberg character of S, then Stg(1) is a power of
the prime p, where p is the defining characteristic of the group. Since Stg extends to the automorphism
group of S, by Lemma we have that Stg(1)* is a degree of G. As the only composite power of a

k = 924 Thus, the defining characteristic

prime among degrees of G is 224, we must have that Stg(1)
of the simple group S must be 2. Let S = S(q1) be defined over a field of ¢; elements, where ¢; is a
power of the prime 2. Assume that Stg(1) = q{.

We first claim that & = 1. By way of contradiction, assume that & > 2. Let 7 € Irr(S) such that
1 # 7(1) # |S|2, and let » = 7 x Stg x -+ x Stg € Irr(G'/M). Then this degree which is not the
Steinberg character of Fy(2) must divide some degree of G and so the 2-part of this degree which is
q{(k_l) is at most 2'2. As q{k = 2% we deduce that j(k — 1) < jk/2, which implies that & < 2. Thus
k = 2. Let C be a normal subgroup of G such that C/M = Cg/p(G'/M). Then G'C/C = 5% is a
unique minimal normal subgroup of G/C so G/C embeds into Aut(S)1Za, where Zj is a cyclic group of
order 2. Let B = Aut(S)?2NG/C. Then we obtain that |G/C : B| =2. Let 1 = 1 x Stg € Irr(G'C/C).
Since both 1 and Stg extend to Aut(S), we deduce that 1 extends to-Aut(S)? and thus v extends to
Bas G'C/C = 5% < B < Aut(S)?%. In particular 1 is B-invariant and since it is not G /C-invariant, we
deduce that B is the inertia group of ¥ in G/C. By Lemma[2.2(a), |G/C : Bly(1) = 2¢(1) € cd(G).
Hence 2Stg(1) € cd(G). However 1 < 2Stg(1) = 213 < 224and 2! is a degree of G, which contradicts
Lemma [3.1f(é¢). Thus k = 1.

We will examine each of the families of simple-groups of Lie type individually. We will show that if
S is a simple group of Lie type in characteristic 2. and S # 2Fy(2)’, then S = Fy(2). We will prove this
by eliminating other possibilities for S. Assume that S is a simple group of Lie type in characteristic 2
and S is not the Tits group. We have shown that G'/M = S and | S|z = 2?*. Observe that if § € Irr(S)
is extendible to Aut(S), then 0 extends to G/Cs(G’) and thus 0(1) € cd(G). In fact, we will choose 0
to be a unipotent character of .S, and so by results of Lusztig, 6 is extendible to Aut(S) apart from
some explicit exceptions. We referto [2, 13.8,13.9] for the classification of unipotent characters and
the notion of symbols. In Table [T} for each simple group of Lie type S in characteristic p, we list the
p-part of some unipotent character of S that is extendible to Aut(S5).

Case 1: S = Gy(qq). Then 2% = ¢;%, which implies ¢; = 2*. By [2, 13.9], S possesses a unipotent
character labeled by the symbol gb’173 of S of degree

1 1
§QI(CI14 +¢+1) = g24(216 +254+1).

However this degree divides no degree of G.

Case 2: S = Fy(q1). We have that 224 = 1% and so q; = 2. As the degrees of S are identical to
the degrees of G, we have that S is possibly Fy(2).

Case 3: S = 2By(q1?) or S 2 2Fy(q1?), 12 = 22" n > 1. Then 1 = 2% or ¢#* = 224, and hence
q1 = 2 or q1 = 2, respectively. But ¢; is not an integer, a contradiction.

Case 4: S 222Gy (q1?), @12 = 3*™*! m > 1. This case cannot happen as the characteristic of S is
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Case 5: S = 3Dy(q1). We have that ¢;'2 = 22*, s0 22 = ¢;. Now by [4] S has a degree (¢§ — 1)?
and hence this degree must divide a degree of G, so (2'2 — 1)? must divide a degree of G, which is
impossible.

Case 6: S is isomorphic to one of the remaining simple groups of exceptional Lie type. For
the remaining simple groups of exceptional Lie type, we will use the same general argument. Let
®, := ®,(q1) denote the y** cyclotomic polynomial. Recall S = S(qi) is a simple group of exceptional
Lie type defined over a field of q; elements. Suppose the Steinberg character of S has degree ¢;/. By
Lemma 224 — 17, s0 2 = q19/?*. For each of the remaining possibilities for S, there is a mixed
degree of S whose power on ¢ is greater than 12j/24 (see Table[I)). As the mixed degrees of G have
power at most 125/24 on ¢, we have a contradiction.

Case 7: S = L5(2%), where b > 1 and n > 2. We have bn(n — 1) = 48.1f n = 2 then b = 24 and so
S = L5(22%) and hence S has a character of degree 224 + 1. Obviously this degree divides no degree
of G. Next if n = 3 then b = 8 and so S = L§(2%). By [2, 13.8],45 possesses a unipotent character
parametrized by the partition (1,2) of degree 28(2% + €1). However F4(2) has no such degree. If n = 4,
then b = 4. So, S = L§(2%). In this case, the unipotent character parametrized by the partition (2,2)
has degree 28(2® + 1). As above, this degree does not belong to cd(G). Thus we can assume that
n > 5. By Table [} S possesses a unipotent character y different from the Steinberg character with
x(1)g = 26(=1D(=2)/2 Then b(n — 1)(n — 2)/2 < 12. Multiplying both sides by 2n, we obtain

bn(n —1)(n —2) = 48(n — 2) < 24n,

and so n < 4, which is a contradiction:

Case 8: S = Sy,(q1), or Ogpr1(qr), where g1 = 2°, b > 1, n > 2 and S # S4(2). As S5, (2°) =
O21,41(2%), we can assume S = So,(q1) and S # S4(2). We have bn? = 24. Then n? divides 24, where
n > 2, which implies that n'= 2 and'b = 6, thus S = 594(2%). By [2, 13.8], S possesses a unipotent
character labeled by the symbol (0£2) of degree 26(26 — 1)2/2. However F4(2) has no such character
degree.

Case 9: S = 0§,(¢1), where ¢; = 2°, b > 1, and n > 4. We have bn(n — 1) = 24. As n(n — 1)
divides 24 and n > 4, we deduce that n =4 and b= 2 and so S = O§(4). If S = Of (4), then S has a
unipotent character x with x(1)s = 92(47=3-4+3) — 9l4 by Table |1, However GG has no such degree by
[3]. Assume next that S = Og (4). By [2, 13.8], S has a unipotent character x labeled by the symbol
(0 %34) with degree y(1) = 2!2(4* 4+ 42 + 1) . However G has no such degree.

This completes the proof of Step 2.

3.3. Verifying Step 3. Let 6 € Irr(M) with (1) = 1 and let I = I/(6). Suppose I < G'. Write
0 = e1¢1+eagpo+- - - +esps, where e; > 1 and ¢; € Irr(I). Since G’ /M = Fy(2) and M <I < G, there
exists I < U < G’ such that U/M is maximal in G'/M. Let t = |U : I|. Then ¢&' (1) = |G" : Ulte;(1)
must divide some character degree of G and so the index |G’/M : U/M| divides some degree of Fy(2).
It follows that one of the following holds:
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TABLE 1. Some unipotent characters of simple groups of Lie type

S = S(ph) Symbol p-part of degree
Ls(pP),n >3 | (1"2,2) P Dn2)2
San(p)p=2 | ("3 pb(n-1)?-1
012 n-3n-1 >
Oz (p") (Gh3onman) e
On (1) ("33 P =sn2)
3D4 (pb) /1/73 p7b
Fy(p") $9,10 plob
*Fi(q®) 2Bsla), € %qm
Es(p") ®6,25 p2ob
2E6(pb) /2,,16 p25b
Ex(p) ®7.,46 A6
Es(p") $8,91 pOLb

Case 1: U/M = (217 x 26) : S5(2). Then for each 4, ¢¥ (1) = t¢3(1) divides one of the following

numbers in A, where
A=1{5-23,7-232.322.32.7.33.52.3.5.7}.

Let L < U be such that L/M = 2?8 x 26, As L/M is nonabelian, we can always choose A € Irr(L|6)
with A(1) > 1. Since A(1) = A\(1)/6(1) divides |L/M| = 2'°, we deduce that A(1) | 2! and so 2 | A(1).
By the transitivity of character induction, we have that Y = (6%)V. As X is an irreducible constituent
of O, we deduce that 8% = X\ + v for some character v of L. It follows that Y = (A +~)V = XU +4Y.
Thus every irreducible constituent of AV is also an irreducible constituent of Y. So, if x € Irr(U|\),
then xy = ¢§-] for some j with'1 < j < s. Therefore x(1) = t¢;(1) divides a number in A. Moreover
2| x(1) for any x € Irr(UJA) as A\(1) | x(1). It follows that the degree of every irreducible constituent
of AU divides some number in A; = A — {32 -5}. Let J = I;;(\) be the inertia group of A in U. Write
N = 22:1 fipi, where p; € Irr(J|X). Then for each i, |U : J|u;(1) divides some number in 4; and
wi(1) is even. Note that U/L = Sg(2) and L < J < U.

Subcase J < U. As L < J < U and U/L = Sg(2), we deduce that J < K < U, where K/L is a
maximal subgroup of U/L = Sg(2). Hence some index of a maximal subgroup of Sg(2) must divide
one of the numbers in 4;. Consulting the list of maximal subgroups of Sg(2) in [3], we have that K/L

is isomorphic to one of the following groups
Uy(2) -2, Ag-2, or 2°: Sg.

Assume that K/L = Uy(2) : 2. Then |U : K| = |U/L : K/L| = 22 - 7. Tt follows that |U : K||K :
J|pi(1) =22-7-|K : J|u;j(1) divides 23-7, therefore |K : J|u;(1) divides 2 for all j. Hence u(1) divides
2 for all j and |K : J| divides 2 and thus J < K with index at most 2 and hence J is nonsolvable.
By [5, Theorem B], J/L is solvable since all p; € Irr(J|\) have 2-power degrees and A is J-invariant.

However this contradicts our previous claim that J/M is nonsolvable.
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Assume that K/L = Ag-2. Then |U : K| = 2%-32. It follows that |U : K||K : J|u;(1) =22-3%- |K :
Jp;(1) divides 23 - 32 and so | K : J|u;j(1) divides 2 for all j. Now we can apply the same argument as
in the previous case to get a contradiction.

Assume that K/L = 25 : Sg. Then |U : K| = |U/L : K/L| = 3*-7. Tt follows that |U : K||K :
Jlpi(1) =327 |K : J|uj(1) divides 2 - 32 - 7, thus |K : J|u;(1) divides 2 for all j. Hence pu;(1)
divide 2 for all j and |K : J| divides 2 and thus by applying the same argument as above, we get a
contradiction.

Subcase J = U. For each i, ;1;(1) = fiA(1) divides one of the numbers in A;. If f; = 1 for some
J, then A extends to A\g € Irr(U), so A7 € Irr(U|N) for any 7 € Irr(U/L) = Trr(S¢(2)), and hence
7(1)Ao(1) divides one of the numbers in A;. By choosing 7 € Trr(U/L) with 7(1) = 33, we obtain
a contradiction. Thus by Lemma (b), each f; > 1 is a degree of a proper projective irreducible
representation of Sg¢(2), and each f; divides one of the numbers in A;. By [3], we have that f; = 8
for all i. Then p;(1) = f;A(1) = 8A(1) and hence p;(1)/A(1) = 8 forall ¢, where X is U-invariant, by
applying [5, Theorem B], we obtain a contradiction as U/L is nonsolvable.

Case 2: U/M = Sg(2). Then t¢;(1) divides 22 -3 -7 or 2-5 - 17. Inspecting the list of maximal
subgroups of Sg(2), we deduce that ¢ = 1 and so I = U. As the Schur multiplier of Sg(2) is trivial,
we deduce that 0 extends to 6y € Irr(I). Gallagher’s Theorem yields that 76y are all the irreducible
constituents of 7, where 7 € Trr(I/M). If we choose 7 € Irr(I/M) such that 7(1) = 7-5, then 7(1)6(1)
divides none of the numbers above.

Case 3: U/M =2 [22°] : (S5 x L3(2)). Then t¢;(1) divides 3. Let M < L < U and L <V < U such
that L/M = [22°] and V/L = L3(2). As t¢;(1) | 3, we deduce that ¢ and ¢;(1) are odd, so L < I and
that 6 extends to A € Irr(L|#). Inspecting the list of maximal subgroups of L3(2) = Lo(7), we can
deduce that A is V-invariant, and for any ¢ € Irr(V|0), as V <1, we deduce that o(1) | ¢;(1) for some
i and so ¢(1) | 3. Now [5, Theorem B] yields that V/L is solvable, a contradiction.

3.4. Step 4: Establishing M = 1. We now prove that the subgroup M of G is trivial. By Step 2,
we know that G'/M = F,(2). Hence, when paired with this step, we have that G’ = F;(2). By Step 3,
M' = [M,G’] so by [0, Lemma 6], we have that |M : M’'| divides the order of the Schur multiplier of
G'/M = F4(2) which is 2. Thus |M : M’| divides 2. Assume first that [M : M'| = 2. It follows that
G'/M' = 2. Fy(2). By [3], 2 F4(2) possesses an irreducible character of degree 210527213 labelled
by X169, which divides none of the degrees of G. Thus M = M’. If M is abelian, then we are done. So
assume that M is nonabelian. It follows that if M /N is a chief factor of G’, then M/N = S* where
S is a nonabelian simple group and k > 1. By Lemmas and M /N has a nontrivial irreducible
character ¢ which extends to G’ and so if ¢ € Irr(G'/M) with (1) = 224, then by Gallagher’s
Theorem, we deduce that G’ has an irreducible character of degree ¥(1)p(1) = 224 (1) > 224, However
this is impossible as 224 (1) divides no degrees of G. Hence M = 1.

3.5. Step 5: Establishing G = G’ x C¢(G’). We can now conclude Huppert’s argument and verify
the conjecture for the simple group Fy(2). If G’ x Cq(G’) < G, then two characters of G’ = Fy(2) of
degree 1105 are fused in G, producing the forbidden degree 2210 ([3], page 169).
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Hence G = G’ x C(G"). This concludes the verification of the five steps of Huppert’s argument and
proves Theorem
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