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ABSTRACT. The Hosoya index and the Merrifield-Simmons index are two types of graph invariants
used in mathematical chemistry. In this paper, we give some formulas to compute these indices for
some classes of corona product and link of two graphs. Furthermore, we obtain exact formulas of

Hosoya and Merrifield-Simmons indices for the set of bicyclic graphs, caterpillars and dual star.

1. Introduction

In this paper, we follow the standard notation in graph theory in [I]. Let G = (V| E) be a simple
connected graph of order n and'size m. Two distinct edges in a graph G are independent if they are not
incident with a common vertexin G. A set of pairwise independent edges in G is called a matching. A
k-matching of GG is a set of k£ mutually independent edges. In theoretical chemistry molecular structure
descriptors are used for modeling physico-chemical, phar-macologic, toxicologic, biological and other
properties of chemical compounds. For detailed information on the chemical applications, we refer
to [1L 2 [6l [7, 17]. The Hosoya index also known as the Z-index, of a graph is the total number of
matchings in it. This graph invariant was introduced by Haruo Hosoya in 1971 [9]. Let m(G, k) be
the number of its k-matchings and m(G,0) = 1 for any graph G. Then Z(G) is defined as follows:

15]

2(@) =S m(G, k).
k=0

0|3

Some papers related to this index can be found in [10] 11, 18 20].
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Two vertices of G are said to be independent if they are not adjacent in G. The Merrifield-Simmons
index of G, denoted by i(G), is defined as the number of subsets of the vertex set, in which any two
vertices are non adjacent, that is the number of independent vertex set of G [I5]. The Merrifield-
Simmons index is one of the most popular topological indices in chemistry, which was extensively
studied in a monograph [I4]. There have been many papers studying the Merrifield-Simmons index,
for example see [12], 13| 211, 22].

The cyclomatic number of a connected graph G is defined as ¢(G) = m —n+ 1. A graph G with
¢(G) = k is called a k cyclic graph, for ¢(G) = 2, we named G as a bicyclic graph. Let B(n) be the
set of all bicyclic graphs with n vertices. For any graph G € B(n), there are two fundamental cycles
Cp and Cy in G. Cp 4, is the set of G € B(n) in which the two cycles in G are linked by a path of
length [ > 0.

If F C Fand W CV, then G — E' and G — W denote the subgraphs of G obtained by deleting
the edges of E’ and the vertices of W, respectively. For the neighborhood of a vertex v in a graph G,
the notation Ng(v) is used which is defined as Ng(v) = {uluv € E(G)}, and Ng[v] = Ng(v) U {v}.
For given graphs G and H, their corona product, G o H is obtained by taking |V (G)| copies of H and
joining each vertex of the i-th copy with vertex u; € V(G). Suppose G and H are two graphs with
disjoint vertex sets. For given vertices y € V(G) and z € V(H) a link of G and H by vertices y and
z is defined as the graph (G ~ H)(y, z) obtained by joining y and z by an edge in the union of these
graphs [5]. The join G + H of graphs G and H is the graph union G U H together with all the edges
joining V(G) and V(H).

The complement of a graph G is a graph H-on the same vertices such that two vertices of H are
adjacent if and only if they are not adjacent.in'G;. The graph H is usually denoted by G. A caterpillar
or caterpillar tree is a tree in which all the vertices of the caterpillar are within distance 1 of a central
path. It is easy the corona product of the path P, and the empty graph K_'p is a class of caterpillars.
We denote this graph by ca(n,p).

Fibonacci numbers are terms of the sequence defined in a quite simple recursive fashion. We define
Fibonacci numbers: Fy =0, F1 =1, and forn > 2, F,, = F,,_1 + F,,_o.

Throughout this paper, C,,, K,,, P, and S,, denote the cycle, complete, path and star graphs on n
vertices respectively. Our other notations are standard and taken mainly from [4] 8, [I7].

In 3| 19], the Hosoya and Merrifield-Simmons index of corona product of a path and a cycle with
the graph Ks were computed. In [16], these indices were computed for P, o K1, P,o K; and C, 0 K;. In
this paper we generalize the previous results. In fact we compute these indices for P, o G and C), o G,

where G is an arbitrary graph.

2. Hosoya Index

In this section, we give some formulas for Hosoya index of some classes of corona product and link
of two graphs. Furthermore, we obtain exact formula for the set of bicyclic graphs, caterpillars and

dual star graphs. We state the following Lemmas:
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Lemma 2.1. [7] Let G = (V(G), E(G)) be a graph. Then

i) If G1,Ga, ..., Gy, are the components of the graph G, then Z(G) =M, Z(G;).
ii) If e = zy € E(Q), then Z(G) = Z(G — e) + Z(G — {z,y}) .

iti) If x € V(G), then Z(G) = Z(G — {z}) + 2y eng () Z(G — {2, y}).

i) Z(Sp) =n; Z(Py,) = Fpq1 for anyn > 0; Z(Cy) = F—1 + Fyy1 for any n > 3.

Lemma 2.2. [7] Let G = (V(G), E(G)) be a graph. Then

i) If G1,Ga, ..., Gy, are the components of the graph G, then i(G) = M i(Gy).
it) If e = xy € E(G), then i(G) = i(G — {x,y}) + i(G — Ngz]) + i(G — Ngly]) .
ir) If x € V(Q), then i(G) = i(G — {z}) +i(G — Ng[x]).

i) i(Sp) = 2" L i(P,) = Fuaa for any n > 0; i(Cp) = Fu_1 + Fyyq for any n > 3.

Let G be a graph. We denote the corona product of the path P,, = vivs...v, and the graph G, by
Gp,ie., G, =P, oG.

Theorem 2.3. Let G be a graph. Then

Z(G ) _ k‘l(k‘l*T2)+]€2(k1+\/k%+4k2)n71
" VEE + 4k, 2

k‘l(’l"l — k‘l) - k’g(kl — \/k‘% +4k2)n_1

k24 4k; 2 ’

where ky = Z(G) + 3 _pev () 2(G — 2); kg = Z2(G) and ry = W@’ Ty = kl_zﬂ.

Proof. By Lemma 2.1, parts (ii) and (iii), we have

Z(Gyn) = Z(Gp—viv2)+ Z(Gy, — {v1,0v2})
= Z(G+v1)Z(Gn1) + Z*(G)Z(Gp_2)

_ (Z(G)+ 3 Z((G+v1){v1,x})) Z(Gp1) + ZX(G) Z(Gp_s)

xENG+v1 (’Ul)

_ (z<a> + 3 2@ x>) Z(Gu1) + Z2(G)Z(Goa).

zeV(Q)

In order to solve the recursive formula, let k1 = Z(G) + > cy(q) Z(G — z) and kg = Z*(G). Thus
k1++/k2+dko
2 9

the characteristic equation is 72 — k17 — kg = 0. Since the roots of this equation are r =

k1 —+/k3+4k
ro = %, we have:

Z(Gp) = crl + cary. (n > 3)
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By using Lemma 2.1, parts (ii) and (iii), one can see that Z(G1) = k1 and Z(G2) = k? + k. Thus we

have the following equation
c
(2.1) Z(G1) =k
k

ki(ro—r1)—ki(ki—r1)—ko
ri(ra—r1)

substitution r1,79,¢; and ¢z in the equation (2.1), we have:

k1 (k1—r1)+ke . So by

and cg = r2(ra=11)

By using the initial conditions, we have ¢; =

Z(G) _ k‘l(kl—T2)+/€2(/{71+\/k%+4k2)n_1
" VE + ks 2

kl(rl — ]ﬁ) — kg(k‘l - \/k% +4k‘2)n_1

VkZ + 4k; 2 '

In the next corollary, we substitute the graph G, by the graph Ko in Theorem 2.3. In [3], the

following corollary was proved in [3; Theorem 1], but we conclude it from Theorem 2.3.
Corollary 2.4.

242
4

(2+2v2)" + 2_4‘/5(2 —2v/2)",

Z(P, 0 Ks) =

Corollary 2.5. For the caterpillar-ca(n,p), we have:

Zealnp)) — @FV@HL-r) 1 (p+ D)+ 25

NS 2
(p+1)(r —p—l)—l((p+1) - \/p2+2p+5)n71

+ ,
VP2 +2p+5 2
/2 —A/D2
where r; = Lt V7 2p+s ]23 +2pHo and ro = Lo ypP42pts 12) +2p+5.

Proof. The proof is straightforward from Theorem 2.3 and these facts that ky = Z(Kp)—l—zer(G) Z(K,—
r)=p+1and ky = Z%(K,) = 1. O

Let G be a graph and C), be the cycle C), : vivy...v,v1. We denote the graph C,, o G by G/,. In

the next theorem, we give an exact formula for the Hosoya index of the graph G,.
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Theorem 2.6. Let G be a graph. Then

20 - k1(ki —19) k:g(k1+\/k +4/<:2
" Vk? + 4ks 2
kl(ﬁ*kl)*b(kl—wk%—kllkg _

+
\/k%-f-llkg 2 )

n k‘gkil(kil —|—k‘2(k‘1+\/k2+4/€2
\/k‘2 —|—4]{22

i ]{?1]{2(7"1 — k‘l) — k%(k‘l -V k‘% + 4k72 )n_g

\/k‘%—l—ﬁlkz 2

where ky = Z(G) + Yy () Z(G — x), ky = Z*(G) and 1y = @7@ _ ’“1*2@'

Proof. By Lemma 2.1, parts (ii) and (iii), we have

Z(G;L) = Z(G U1’02)+Z(G% {’Ul,vg})
= Z(PooG)+ Z*(G)Z(Py—20G)
= Z(Gy) + ZUG)Z (G o)

B k]_(kf]_*TQ +k52(1€1+\/l€2+4]€2
\/k2+4k2 2
k‘l(Tl — kl) — k‘g(k‘l — \/ki% +4k2)n71

+
\/]C2 +4]€2 2
kiko(k1 — 7o) + k3 k1 + +/ k:2 + 4l€2
+ (
\/k‘2+4k‘2
+ k‘le(Tl — k‘l) — ]{% (k‘l — v/ k’% + 4k32)n_3

NGERTS 2

The Hosoya index of C), o Ky was computed in [3; Theorem 2]. Now we use from Theorem 2.6 as a

corollary to find a formula for the Hosoya index of C), o Ko.

Corollary 2.7.

Z(Cyp o Ky) = 2"[(14+V2)" + (1 —V2)"].

Proof. By Theorem 2.6, we have
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2Choky) = 200yt

2412
4

_ onf? +4ﬂ(1 FV2)" 4 2_4‘/5(1 —V2)"

& *4“5(1 TN ) 4\/5(1 — V2"

= 2"[(1+V2)"+ (1-V2)"].

2 _4\/5(2 —2V2)"

2-v2
4

+ 4 (24+2v2)" % + (2 —2v2)"?

g

In continue we state the Hosoya index of the link of two graphs G; and G5 by terms of Hosoya

index of G1 and Hosoya index of G.

Theorem 2.8. Let Gy and Ga be two graphs and G = (G ~ Go)(ug,v1). Then
Z(G) = 2(G1)Z(G2) + Z(G1 —{ur}) Z(G> — {v1}).
Proof. By Lemma 2.1, part (i) and (ii), we have:
Z(G) = Z(G—un) +4(G={ui,v1})
= Z(G1)Z(G2)+ Z4(Gy — {ur1} UGy — {v1})
= Z(G1)4(G2) + Z2(G1 —{u1}) Z(G2 — {w1}).

O
Corollary 2.9. Let G = Cy, 1 be the link of two cycles Cp, and C,,. Then
Z(G) = FyaFpa+FyaFpa+ FaFya
+ FopiFpg + FhoFpy 0.
Proof. By Theorem 2.8 and Lemma 2.1(iv), we have
Z2(G) = Z(Cn)Z(Cm) + Z(Pp1)Z(Pr-1)
= (Fa1+ Fop1)(Fno1 + F1) + Fu2Fp2
= FhaFna+ FuaFpg + FopaFpa
+ FopiFnm + FooFp o
O

In the next theorem, we use from Theorem 2.8 to determine the Hosoya index of double star graph
Sn.m.-

)
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Corollary 2.10.
Z(Sn,m) =nm+ 1.

Proof. The proof is straightforward from Theorem 2.8. OJ

3. Merrifield-Simmons Index

In this section, we obtain some results for Merrifield-Simmons index similar to the Hosoya index.

Theorem 3.1. Let G be a graph. Then
k(k+2 —r)<k—|— Vk? +4k:)n,1 N k(r—k— 2)(l<: — Vk? +4/1<:)n,1
V2 + 4k 2 Vk? + 4k 2

where k = i(G) and r = FVETE V§2+4k.

Z(GN) =

)

Proof. By Lemma 2.2, part (iii), we have

i(Gpn) = i(Gn—A{v1}) +i(Gn =Neg(v1])
= i(G)i(Gn-1)+i(Q)i(Gn-2)
= Z(G) [Z(Gn—l) + z.(Gn—2)]'

In order to calculate i(Gy,), we give k =(G).. The characteristic equation is > — kr — k = 0. The

roots of this equation are r; = VA £k Vg?Hk and. ro = E=Vkitdk V'§2+4k. We know that the general solution of
this equation is i(Gy) = 17} + cory (n > 3). By Lemma 2.2, parts (ii) and (iii), one can see i(G1) = k

and i(G3) = k? 4 2k. Thus

i(Gpn) = c1r] + cary
i(G1) =k
i(Ga) = k% + 2k

Now by substituting the initial conditions in the equation i(Gy,) = c1r]+corh, it is easy to see that ¢; =

k(ri—k—2 k(k+2—r . k(k+2—r k2 n— k(ri—k—2 k2 n—
7T(1 (1r2—r1)) and c3 = 77"(2(;;7”1)). So we have i(Gy,) = (\/2_2+4k1) (Atvhoddkyn—1 4 (\/ZQHk)(k Mtk yn—1,
(|

We can see that if in Theorem 3.1, we substitute the graph G by K3, we obtain to i(P, o K3) which

was computed in [I9] as a theorem.

Corollary 3.2.

21+ 5v21,3++21,, 21-5y21,3-+21,
B g St

Z(Pn o KQ) =

Also if we give G = Kp in Theorem 3.1, we have the following corollary.
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Corollary 3.3. For the caterpillar ca(n,p), we have:

—1
(ca(n, p)) op+l(gp=1 _ 9p=2 | 1) 1) 2+ Vo otz \"
1 ca(n = -
P V220 + 2pF2 2
+ opt+l(2p=2 _ op=1 _ 1) Lot (22 NeEe AN
V/22P 4 2p+2 2

Theorem 3.4. Let G be a graph. Then

ea k2(k+2—r)(k+\/k2+4k)n_2
" V2 + 4k 2
EX(r —k—2) (k —VE2 £ 4I<:)n_2
VK2 + 4k 2
N E3(k+2—7) (k + VE2 + 4k)n74
Vk? + 4k 2
E3(r—k—2) (k —Vk? + 4k)n_4
VE? + 4k 2 ’

where k = i(G) and r = FVETR W.

Proof. By Lemma 2.2, part (iii), we have

i(G,) = (G — {uh+i(G, — Ne[u])
= i(Q)i(Pr_10G) +i*(R)i(Py_30Q)

kAk 2 —r) k+VEZ+ 4k,

v 2 )

. kQ(rl—k—2)<k—\/m)n,2
V2 + 4k 2

N k3(k:+2—r1)(k+\/m)n_4
VE? + 4k 2
E(ri—k—2) k—VE2+4k  ,
N=E T R

g

The Merrifield-Simmons index of C), o Ky was computed in [19] as a theorem. Now we use from

Theorem 3.4 as a corollary to find a formula for the Merrifield-Simmons index of C,, o Ks.

Corollary 3.5.

, 21 +5v21 34+ v2L., , 21521, 3- 21, |
(CnoKy) = T S A e ¥ Sl S e
63+15v2L 3+ 21, 5 63—15V21 3— 21, 4
7 S e A e Ve S E A
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