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ECCENTRIC CONNECTIVITY INDEX AND ECCENTRIC DISTANCE SUM OF
SOME GRAPH OPERATIONS
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ABSTRACT. Let G = (V, E) be a connected graph. The eccentric connectivity index of G, £°(QG),
is defined as £°(G) = 3, cy () deg(v)ec(v), where deg(v) is the degree of a vertex v and ec(v) is
its eccentricity. The eccentric distance sum of G is defined as £%(G) = > vev(a) €c(v)D(v), where
D(v) = > ,cv(e) d(u,v). In this paper, we calculate the eccentric connectivity index and eccentric
distance sum of generalized hierarchical product of graphs. Moreover, we present the exact formulae

for the eccentric connectivity index of F-sum graphs in terms of some invariants of the factors.

1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G). For vertices u,v € V(G)
the distance dg(u,v) between u and v is defined as the length of a shortest path connecting u and v
in G. The eccentricity ec(v) of v is the maximum distance from v to any other vertex. We use deg(v)
to denote the degree of v. The total eccentricity of a graph G is defined as ((G) = >_,cy () ec(v) [H].

In general, a topological index, sometimes also known as a graph-theoretic index, is a numerical
invariant of a graph. There are several topological indices having been defined such as Wiener index,
Zagreb index and Pl-index etc. Recently, a lot of results on the eccentric connectivity index and
eccentric distance sum have been obtained and some of them have been applied as means for modeling

chemical, pharmaceutical and other properties of molecules, for details see [10] [13] [19] 20].
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The eccentric connectivity index(ECI) of a graph G, denoted by £¢(G), is defined as £°(G) =
> vev(c) deg(v)ec(v). In [19], the eccentric connectivity index has been studied and used for math-
ematical models of chemical and biological activities, and the exact lower and upper bounds are
obtained in [I7]. In [I], the author achieved the ECI of nanotubes and nanotori and in [7] the ECI of
hexagonal belts and chains are studied. Moreover, in [I2] the ECI of chemical trees are determined.
For the complete development on the study of the ECI of graphs, see the comprehensive survey [13].

The eccentric distance sum(EDS) of a graph G is defined as ¢4(G) = > vev(c) €c(v)D(v), where
D(v) = > ev(q) d(u,v), it can also be defined alternatively as NG = > {uwrcv(c) (ec(u)+ec(v))d(u, v)
([14]). For the recent survey on EDS see [11], 2I]. The Wiener index W(G) of a graph G is one of
the most studied indices, it is defined as the sum of all distance between unordered pairs of vertices,
ie, W(G) = 31, m1cv(e) d(u,v). For further results on the Wiener index see [6] and the references
therein. In [I0] 19], the relationships between the ECI and Wiener index are investigated.

In [2 3], as an extension of the Cartesian product of graphs, theauthors introduce the generalized
hierarchical product of graphs, and in [9] F-sum graphs are introduced. By definition, Cartesian
product is a special case of the generalized hierarchical product and some well-known properties of
the Cartesian product are inherited by the generalized hierarchical product. Moreover, the F-sum
products are also special cases of the generalized hierarchical product, and therefore the results on
the generalized hierarchical product can be used to obtain some properties of the F-sum products.
In fact, in Section 3, we shall use the formula on"ECI of generalized hierarchical product to deduce
the ECI of F-sum graphs. In this paper we compute the ECI and EDS of generalized hierarchical
product of graphs. Also as an application, we compute the ECI of the F-sum graphs by presenting

exact formulae for the ECI of the F-sum graphs in terms of some invariants of the factors.

2. ECI and EDS of generalized hierarchical product of graphs

Definition 2.1. Let G and H be two graphs with nonempty vertex subset U C V(G). Then the
generalized hierarchical-product G(U) M H is the graph with the vertex set V(G) x V(H) and two

vertices (u,v) and (w/;v") adjoined by an edge under the following condition:

. u=v €U and v~ in H or
(u,v) ~ (u',v') ==
v=2v" and u~ v in G.

From the definition, it is obvious that

degg(u) +degp(v) welU

degawynm (u,v) =
dege(u) ue V(G)\U.

For ) £ U C V(G), a path between vertices u,v € V(G) through U is a uv-path in G containing
some vertex z € U(vertex z could be the vertex u or v). The distance between v and v through U,
denoted by dg(r)(u,v), is the length of a shortest path between u and v through U. Note that, if
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one of the vertices u and v belongs to U, then dg(u,v) = dg(u,v), see [§]. Similar to the distance
through U, we define the following invariants related to U in G:

€CG oy (u) = max ey () daw)(u,v) (see [3])
(G(U)) =X quvicvic) dow)(u,v) (see [§])
( U)) = Levie) eccw)(v)
E(GWU)) = Xpev (e dega(v)ecg ) (v)
EHGW)) = Y ruwycvie) Ecaw) (u) + ecaw) (v))daw) (u, v)
e(GU)) =2 y,ev ecaw) (i) -

Theorem 2.2. [3] Let G and H be graphs and U C V(G). Then
dowy(u,u') +dg(v,v') v #V
de(u,u’) v="1'
(b) ecqnnm(u,v) = ecqury(u) + ecy (v).

(a) dG(U)I‘IH((“v”)? (ulvv/)) =

Now we give our first theorem of this section.

Theorem 2.3. Let G and H be two connected graphs and U C V(G). Then we have
E(GU)MH) = [V(H)[E(GU)) +2|E(G)|C(H) + 2/B(H)|e(G(U)) + [UE°(H) -

Proof. Set V(G) = {u1,ua,...,un}, V(H) = {v1,v2, ..., U} Then

n m

EGUINH) = Y degaunnm(uivecaunm (ui, v;)
i=1 j=1

- Z ZdegG(U)”H(ui’Uj)eCG(U)HH(Uian)

u; €U g=1

m
+ D) Y degawnm (uisvi)ecannm (i, v))
weVG\U j=1

= 0 (dega(wi) + degr(v)))(ecaqr (ui) + ecr(v;))

u; €U j=1

4 Z Z dege (u;)(ecqu (ui) + ecr(vj))

u, €V(G)\U j=1

= Z dega(ui)ecqw Z dega(uq)¢

u, €U u; €U

+ 2AE(H)| Y ecowy(w) + [UIE(H)
u; €U

+ V)| D dega(uiecgan(ui) + Y dega(ui) - ((H)
weV(G\U weV(G\U

= [VH)E(GU)) +2|E(G)IC(H) + 2|E(H)[e(G(U)) + |UE(H).
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Corollary 2.4. Let G and H be two connected graphs. Then
§(GUH) = [V(H)[€°(G) + 2| E(G)|C(H) + 2| E(H)[C(G) + [V(G)|¢°(H).

Theorem 2.5. Let G and H be graphs with U C V(G) . Then
ENGU) N H) = |[V(H)PEUGU)) + [V(G)PE(H) + 2[V(G)C(GU)) - W(H) + 2|V (H)| - ((H) -
W(G(U))

Proof. Set V(G) = {uy,uz, ..., un}, V(H) = {v1,v2, ..., v} and ) # U C V(G). Then

¢(GU)NH) = > (ecannm (i, vj) + ecaunnm (uk, vr))
(u,-,vj),(uk,vl)eV(G(U)FlH)

da@ynu ((ui, v5), (ug, vr))

= > (ecq ) (ui) + ecr(v;) +ecqar (ux)
ui,uk €V (G) vjv €V (H)(j#L)

+ GCH(UZ))(dG(U)(Ui;Uk) +dg(vj, ) + Z Z
u;s,up €V (Q) vj,v eV (H)(j=I)

)(uz) + ecH(vj) + €Cg(U)(uk) + 6CH<’UI))dg(U) (’U,Z‘, uk)

[l
g
M =

> (eCanlui)+ eciawy) (ur))daw (wi, ug)
ui,ukEV(G’) 'Uj,’UZEV(H)(j#l)

+ Z Z (ecr(vj) + eca(v))dm(vj,vp)
us,ur €V(G) vj,v € V.(H) (GF#L)
+ Z Z (€CG(U) (UZ) + €Cq(U) (Uk))dH (Uja Ul)

u;,up €V(G) vy €V (H) (j#1)

+
]

(ecr (vj) + ecr (vr))dawy (wi, ug)
)(GF#)

(eCG(U) (uz) + €Cg(U)(uk))dg(U) (ui, uk)
)G=0)

(ecr (v;) + ecu(vi))da (wi, uk)

<
T

wiuk €V(G) vj,ueV(

+
N

T

us,up€V(G) vjmeV/(

DS

us,u €V(G) vj,v eV (H)(5=I)
= [VH)PEGW)) + [V(G)PEUH) + 2|V (G)C(GU)) - W(H)
+ 2(V(H)|-C(H) - W(G().

(]

Corollary 2.6. ([14])
ENGOH) = |V(H)]? - £4(G) + |[V(G)]? - €1(H) + 2|V(G)|C(G) - W(H) + 2|V (H)|C(H) - W(G).

Example 1. Let P,(n > 1) and C,,(n > 3) be a path and a cycle of order n, respectively.

%(3712 —6n+4), niseven, n?, n is even,
§(Pn) = and §°(Cp) = )

3(n—1)2 n is odd. n(n—1), nis odd.
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n?, n 18 even,

nin—1), nis odd.

n 1S even,

C(Pn) = and ¢(Cp) =

N|— N~

3p2 1
an —an
3,2 1, 1 ;

n 5T — 7, 7 is odd.

Then using the above results, one can obtain the following:

3m?n + 3mn? — %nQ — %mQ — 8mn + 3n + 3m, m ., n are even
()ee(PuOP,) = 3m?n + 3mn? — %nQ — %mQ —8mn+2n+2m+1, m, nare odd
3m?n + 3mn? — %n2 — %mQ —8mn + 3n + 2m + %, m is even , n 1S odd
3m2n + 3mn? — %nz — %mQ —8mn + 2n + 3m + %, m is odd , n is even.
2m2n + 2mn?, m ., N are even
(2)E(C0C,) = 2m?n + 2mn? —4mn, m , n are odd
2m?n + 2mn? — 2mn, mds even ,.n is odd
\2m2n +2mn? —2mn, m s odd , nis even.
3m2n + 2mn? —n? —4dmn+2n, m, n are even
(3)E(PuIC,) = 3m2n +2mn? —n? —5mn +2n, m, n are odd

3m?n + 2mn? —n?= 6mn +3n, mis even , n is odd

3m2n + 2mn? —n® —4dmn + n, m is odd , n is even.

37 ECI of F-sum graphs

First we recall some notation([8,9]). Let G be a connected graph.
(a)S(G) is obtained from G by replacing each edge of G by a path of length two.
(b)R(G) is obtained from G by adding a new vertex corresponding to each edge of G, then joining
each new vertex to the end vertices of the corresponding edge.
(¢)Q(G) is obtained from G by inserting a new vertex into each edge of G, then joining with edges
those pairs of new vertices on adjacent edges of G.
(d)T(G) has its vertices the edges and vertices of G. Adjacency in T'(G) is defined as adjacency or
incidence for the corresponding elements of G, T'(G) is also called the total graph of G.

Definition 3.1. Let F' be one of the symbols S, R,Q or T. The F-sum G +rp H of G and H is a
graph with vertex set V(G +r H) = (V(G) U E(G)) x V(H) and two vertices (u1,v1) and (uz,v2) of
G +r H are adjacent if and only if [ u1 = uz and v ~ vy in H] or [vy = vy and uy ~ uy in F(G)].

Note that if we set U = V(G) C V(F(G)) , then G +r H = F(G)(U) M H. So by using Theorem [2.3]
we have more easier way to compute the ECI of G +r H.
In [9], F-sum graphs are introduced and the Wiener indices of the resulting graphs is studied. For

the explicit expressions for the vertex PI indices of four sums of two graphs see [15]. In [I6], the
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authors determine the hyper and reverse Wiener indices of the F-sum graphs, and subject to some
condition, they present some exact expressions for the reverse Wiener indices of the F-sum graphs.
Among the results of F-sums, in this paper we will use the following one, where L(G) is the line graph
of G.

Theorem 3.2. [8] Let G = (V1, E1) and H = (Va, E3) be two connected graphs. Suppose that U =
V(G) CV(F(G)),F €{S,R,Q,T}. Then

W(F(G)U)) = W(F(G)) + |E1|, F = S5, R

W(F(G)(U)) = W(F(G)) + W(L(G)) + | Er| + | Ea|?, F = Q. T

Lemma 3.3. Let F € {S,R,Q,T} and let G+p H = F(G)(U) N H, where U =V (G). Then

(o) [V(F(G))| = V(@) +|E(G)|, [E(S(G))| = 2[E(G)], [E(R(G))| = 3|E(G)], |E(Q(G))] = 2|E(G)| +
[E(L(G)|; [E(T(G))] = 3|E(G)| + |[E(L(G))].

(b) For every vertex v € U, we have
degs(a)(v) = degqa)(v) = dega(v), degr(q)(v) = degr(q)(v) = 2deg(v),
ecs(ayu)(v) = 2ecq(v), ecpiayw)(v) = ecryw)(v) = ecgiaywy(v) — 1 = eca(v) .

(¢) For every vertex v € V(F(G)) \ U, we have
degs(a)(v) = degr(q)(v) = 2,degg ) (v) = degria)(v) = degrq)(v) + 2,
ecs(a)w)(v) = 2ecrq)(v) + 1, ecriayw) (V). = ecoayv)(v) = ecra)w) (v) = ecr@)(v) + 1.

Theorem 3.4. Let G(n > 2) and H be two connected graphs. Then
(1)§(G+s H) = 2|V (H)|[£°(G) +2¢(L(G)) + | E(G) | +4]E(G)|C(H) + 4| E(H)|((G) + [V (G)[§°(H),
(2)6°(G+rH) = 2|V(H)|[£°(G) +20(L(G)) + |E(G)[]+ 6| E(G)|C(H) + 2| E(H)|C(G) + [V(G)[§°(H),
(3)6°(G +q H) = |[V(H)|[E(G) + 2¢(L(G)) + 4|E(G)| + £°(L(G)) + 2|E(L(G))[] + 2(2[E(G)| +
|[E(L(G))C(H) + 2 E(H)|- (((G) + [V(G)]) + [V(G)[E°(H),
(4)§°(G +r H) = [V(H)|[26°(G) + 2¢(L(G)) + 2|E(G)| + £°(L(G)) + 2|E(L(G))[] + 23| E(G)| +
[E(L(G))S(H) + 2{E(H)|C(G) + [V(G)[§°(H).

Proof. Let U = V(G) C V(F(G)) . (1) By using the facts in lemma [3.3| we obtain

EE@U) = Y. degg(vecsaym (v)

veV (S(G))

= > degsyWecsoan®) + D degse)(v)ecscw)(v)
vel VeV (S(GN\U

= QZdegg(v)ecG(v)—l— Z 2 ecgayw)(v)
velU veV(S(G))\U

= 2@ +2 Y (2ecpq(v) +1)

veV(L(Q))

= 269(G) + 4¢(L(G)) + 2| E(G)].
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e(S(G)U)) = Xuev ecs(c)v) (W) = Xuev(a) 2 - ecalu) = 2¢(G).
Combining these with Theorem we obtain the desired result.
(2) Still using the Lemma [3.3] we can achieve that

ERG)U)) = ). degrevecrew)(v)
veV(R(G))

= Y degry(Wecrayn()+ Y degre)(v)ecrew)(v)
vel veV(R(G))\U

= 2 Z dega(v)eca(v) + Z 2 - ecra)w)(v)

velU veV(R(G))\U
= 2(G)+2 Y (ecp(v) +1)
veV(L(Q))

= 2(¢°(G) + C(L(@) + [E(G)))-

e(R(G)(U)) = Xuev ecr(c)v) (1) = Xyev(a) eca(u) = ((G).
Using these with Theorem we obtain the desired result.
(3)Now let F' = @ , and combining with Lemma we have

ERGU) = Y degge (v)ecge @ (@)
veV(Q(G))
= Y degge)Wecqay) + Y degga(v)ecqaw) (v)
e VeV (QG)\U
= ) dega)(ecg()+ 1)+ Y degga(v)eceyw)(v)
v VeV (Q(G)\U
= 4(G)+2/E(G)} + Z (deg(r(a))(v) +2)(ecrq)(v) +1)

veV (L(G)

)
= &(G) +AE(G)] +£(L(G)) + 2[E(L(G))] + 2¢(L(G)).

Also, £(Q(G)(1)) = Tctrecoerm () = Suevia(eco(u) +1) = () + V(G
Again by Theorem we can obtain the desired result.
(4) Still considering the facts in Lemma then we have

ETEU) = > degre (Weercw)(v)
VeV (T(G))

= Y degry(W)ecryuny )+ DY degr(v)ecrcw)w)

velU veV(T(G)\U
= Z 2 - degg(v)eca(v) + Z (degr(c)(v) + 2)(ecr) (V) +1)
velU veV(L(G))

= 269(G) +2|E(G)| + £°(L(G)) + 2| E(L(G))| + 2¢(L(G)).

Moreover, e(T(G)(U)) = > cv ecrqyw)(u) = ZUEV(G) eca(u) = ¢(G).
Combining these results with Theorem [2.3] we can obtain the desired result.
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Example 2. If G = S(C,,(U) N Py(n > 3),the zig-zag polyhex nanotube TU HC§ , then

. 10n2 + 14n  n is even,
£(G) =
10n? 4+4n  nis odd.

Example 3.([7])Let L,, be a hexagonal chain with n hexagonal (L,, = P,,+1 +5 P2,n > 2). Then

15n% + 14n+2 n is even,
§(Ln) =
15n2 + 14n+3 n is odd.

4. Concluding remark

In this paper, we compute the ECI and EDS of the generalized hierarchical product of graphs,
and then using the obtained results we get the ECI of the F-sum graphs. As the applications, we
deduce the ECI of the grids P,,,.JP,, the torus C,,,l1C),,, the zig-zag polyhex nanotube TU HCg and the
hexagonal chain L,. Actually, by using the result on the EDS of the generalized hierarchical product
of graphs, it is also possible to give some formulae for the EDS of the #-sum graphs, but it turns out
that the formulae would be much more complicated and the deduction process is very tedious, for this

reason we omit it.
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