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ENERGY OF BINARY LABELED GRAPHS
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Communicated by Ivan Gutman

ABSTRACT. Let G be a graph with vertex set V(G) and edge set X (G)-and consider the set A = {0,1}.
A mapping [ : V(G) — A is called binary vertex labeling of G and [(v) is called the label of the vertex
v under [. In this paper we introduce a new kind of graph energy for the binary labeled graph, the
labeled graph energy F;(G). It depends on the underlying graph G and on its binary labeling, upper
and lower bounds for E;(G) are established. The labeled energies of a number of well known and much

studied families of graphs are computed.

1. Introduction

Let G be a graph of order n. The energy of the graph G was first defined by Gutman [7] in 1978 as
the sum of the absolute eigenvalues of G. It represents a proper generalization of a formula valid for
the total m-electron energy of a conjugated hydrocarbon as calculated by the Huckel molecular orbital
(HMO) method in quantum chemistry. For recent mathematical work on the energy of a graph see
[T, 2 B, 9, 13, 144 15]. In connection with graph energy, energy-like quantities were also considered for
other matrices: Laplacian [8], distance [10], minimum covering [4], maximum degree [5] etc.

All graphs considered in this paper are finite, simple and undirected.

Let G = (V, X) be a simple binary labeled graph [I1] with n vertices v1,va, ..., v,. We define

a, if viv; € X(G) and I(v;)
b, if VU5 € X(G) and l(vl)
c, if VU5 € X(G) and l(’U@)

l(Uj) = 0,
l(v;) =1,

0,l(vj) =1 or vice-versa,

0, otherwise.
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where a, b and ¢ are distinct non zero real numbers.

Then the n x n matrix A;(G) = [l;;] is called the adjacency matrix of labeled graph G or just label
matrix of G. The adjacency matrix explains graph and spectral properties of a graph. In the same
way, the label matrix A;(G) explains features of a binary labeled graph and leads to study the spectral
properties of the underlying labeled graph. The characteristic polynomial of the label matrix A;(G) is
defined by

P(AI(G), A) = det(A] — Ay (G))
=N+ " A i gy,

where [ is the unit matrix of order n. The roots Ai, Ag,..., A, assumed in non-increasing order of
d(A;(G), ) = 0 are called label eigenvalues of binary labeled graph G. The label energy of a graph G is
defined as Ej(G) = >_7; |\i|. Since 4;(G) is a real symmetric matrix with zero trace, these eigenvalues
of binary labeled graph are real with sum equal to zero.

Thus A\; > Xy > -+ > Xy and Y ;m A\ = 0.

There are situations when chemists use labeled graphs rather than graphs, such as vertices
represent two distinct chemical species and the edges represent a particular reaction takes place between
the two corresponding species. It is possible that the label energy that we are considering in this paper
has similar applications in chemistry as well as in other areas. We mention that this paper deals only
the mathematical aspects of label energy of a graph. It is worth mentioning that the energy of labeled
graph means a totally new concept in the literature. This concept can be extended to other labeling of

graphs too.
2./Some basic properties of label energy

It is easy to check that,
(1) if V(G) is labeled only as ‘0, then A;(G) denoted as A;,(G) is equal to aA(G).
Therefore, Ej (G) = aE(G).
(2) if V(G) is labeled only as ‘1’, then A4;(G) denoted as A;, (G) is equal to bA(G).
Hence, E;, (G) = b(E(Q)).

Example 1. : We first compute the label energy of graph G for three different labelings of G in Figll]

U1 Vg

Vg Vs

FiGure 1. Graph G
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Let l(v;) =0, for i=1,2,3,4. Then

Ay, (G) =

Q@ O o O
Q@ 2 O 2
Q@ O @ O
S 2 2 2

The label energy of the respective graph is Ej,(G) = 5.1231a.
Let l(v;) =1, for i=1,2,3,4. Then

N

=

—

9]

b

Il
>~ o o o
> o O o
>~ o o o
o o ot o

The label energy of the corresponding graph is Ey, (G) = 5.1231b.
Let l(v1) = l(v3) =0 and l(v2) =1l(vqg) =1. Then

0 ¢c 0¢c

0.-c b

Alo’l @)= 0'c 0 ¢
c b c 0

In this case, the characteristic polynomial of Ay, is A* — (b* + 4¢*)\ — 4bc?.

Example [1] illustrates the fact that the label energy of a graph G depends on the assignment
of vertex labels. i.e., that the label energy is not a graph invariant. The following observations can be
made about a label matrix 4;(G) of graph G.

(1) The degree of the vertex equals the number of non zero elements in the corresponding row (column).

(2) The occurrence of ‘a’ s and ‘b’ s above the principal diagonal of A;(G) give the number of labels 0 and
1 respectively in graph G.

(3) Given any label matrix A;(G) of order n, one can always construct a graph G of n vertices and
identify the labeling of G.

We now give the explicit expression for the coefficient ¢; of A", = 0,1,2,3 in the characteristic

polynomial of A;(G).

Theorem 2.1. Let G be a labeled graph with vertex set V and edge set X.
Let ¢(A)(G), A) = coA" + 1 AL+ oA "2 + 3 A" 3 + - - -+ ¢, be the characteristic polynomial of A;(G).
Then,
(i) co =1,
(ii) c1 =0,
(iii) co = —[n1(a)? + na(b)? +n3(c)?], where ny,ng,n3 denote the number of edges of the graph G with
end vertices are labeled as (0,0),(1,1) and (0,1) respectively.
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(i) cs=—2 > S(i), where,

Av;v v
1<j<k
a3, Z'fli:lj:lk:()
b if Li=1L=1l=1
S(Z) _ ) Zf J k
ac?, if 1; =0 is the repeated label

be?, if 1; =1 is the repeated label.
and l; = l(v;).
Proof. (i) Directly from the definition of ¢(A;(G), A), it follows that ¢ =1

(ii) ¢1 = trace(A;(G)) = 0.
(iii) We have

ey = 0 I
1<j<k<n lkj 0
But
0 ljk| {—l]?k, if v; and vy, are adjacent
lg; 0 0, otherwise

Therefore, co = —[n1(a)? + n2(b)? + n3(c)?]

(iv) We have

Li Ly lig

3= (=1)° Z Lii i Lk

1<i<j<k<n lk‘ l
)

= -2 Z Lijlikli
1<i<j<k<n
=—2 > S

Avjvjvg

i<j<k

ki ek

P. G. Bhat and S. D’Souza

Consider a triangle of vertices v;,vj, v, when ¢ < j < k. There are only four possible non-

isomorphic labelings of a triangle i.e. (0,0,0), (1,1,1), (0,1,0), (1,0,1). Then,

a3, if li:lj:lkzo
, b3, ifl,=0=101=1
S =9 , ’

ac®, if l; =0 is the repeated label
be?, if [; = 1 is the repeated label.

Theorem 2.2. If A1, A, ..., A, are the eigenvalues of Aj(G), then > 1| A2 =

—202
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Proof. We have

Zx\? = trace (4(Q))?

i=1
= > il

i=1 k=1

= 2.0 M

i=1 k=1
= 2[n1(a)* + na(b)* + n3(c)?
= *262
where nj, ng, n3 denote the number of edges of the graph G with end vertices are labeled as (0,0), (1,1)
and (0, 1) respectively. O
Bounds for Ej(G), similar to McClelland’s inequalities [12] for graph energy are given in the following

theorem.

Theorem 2.3. Let G be a labeled graph with n vertices and m edges. Then
\/2[n1(a)2 +na(b)* + n3()2] + n(n — Dpn < E(G) £ /2nni(@)” + na(b) + na(c)?)

Proof. We have

E}(G)

(Z|)\z’\)2
i=1
=0 AR Il
V1

i#j
> 2[(n1(a)? + n2(b)? + n3(0)?)] +n(n — D[] A"
=1

by using Arithmetic and Geometric mean inequality and Theorem [2.2] .

Hence,

EI(G) 2\ 2mi (@) +na(0)? +n5(c)?) + nn — 1p), where, p =[]\
=1
We have

E(@) = I
=1

IN

n
Z |\i|2 v/n ,on employing Holder’s inequality.
i=1

= V2n(n1(a)? + n2(b)2 4 ns3(c)?)

Hence, \/2[n1(a)2 + n2(b)? 4+ n3(c)?] + n(n — 1)p% < E(G) < v/2n(n1(a)? + na(b)? + ns(c)?). O
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Theorem 2.4. Let G be a binary labeled graph. If the energy Ey(G) is rational,
then Ei(G) = trace(A;(G))( mod 2).

Proof. Let A1, Mg, ..., Ay (r € {1,2,...,n}) be positive, and the remaining eigenvalues be non-positive.
Then,

E(G) = Y A
=1

= M+Xt+ X)) - Mg Ao+ M)
= 2(A1+ Ao+ -+ A) = trace(4A)(G))

since A1, Ag, ..., Ay are algebraic integers, so is their sum.
Hence (A1 + Ao + -+ -+ A;) must be an integer if E;(G) is rational. Therefore, E;(G) = trace(A;(G))(
mod 2). O

Theorem 2.5. Let G be a binary labeled graph of order m. Let \y > Ao > -+ > A\, be the label

eigenvalues of G. Then A1 < [Z[nl(azH"Q(b273+"3(02)](”*1)]%.

Proof. For a labeled graph G, we have

(2.1) znyi = 0
=1

(2.2) SN = 2[m(a®) + na(b?) +na(c?)],
=1

where n1,ny and n3 denote number of edges incident to vertices in G whose labels are (0,0), (1,1) and

(0,1) respectively.

From equation(2.1)),
n
M=-> X\
i=2
Therefore,
n
(2.3) A< ) A
i=2

(2.4) From equation , Z N = 2[ni(a®) + no(b?) + n3(c?)] — M}
=2
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n

By Cauchy Schwartz inequality, [ZP"HQ
i=2

n 1 n
By employing equation (2.3) we get, ; 2> m(; IAi])?
: 2 2 2 2
From equation(2.4), 2[n;i(a®) + na(b?) + nz(c?)] — A\
Therefore, 2[ny(a®) + na(b*) + n3(c?)]
M

Thus, A;

IN

Y

v

v

IN

IN

P. G. Bhat and S. D’Souza

A1+ ﬁ)
2(n1(a®) + na(b?) + n3(c?))(n — 1)

)
>

2(n1(a®) 4 12 (b%) + ns(c?)(n — 1)

Nl

(

n

3. Label Energies of Some families of graphs

Theorem 3.1. For n > 2, the characteristic polynomial of labeled complete graph K, is
P(AY(EKR),\) = (A +a)™ YA+ b)"= T2 = (a(m — 1) + b(n — m — 1)A + ab(mn —m? + 1) — (n —

m)(ab + mc?)] and label energy of complete graph is

59

E(K,)=a(m—1)+bn—m—1)++/(alm—1) +b(n —m —1))2 + 4(ab(mn — m2 + 1) — (n — m)(ab + mc?)),

where m vertices are labeled zero, n-m wvertices are labeled one and 0 < m < n.

Proof. Let vy,v2,+.., vy, vertices of K, be labeled zero and vy, 11, Upmy2, ..., v, be labeled 1. Then

[0 a a a ¢ c ¢ c ¢ |
a 0 a a a ¢ c ¢ c c
a a a a O c c c c

A(Ky) =

c ¢ ¢ c c b b
c ¢ ¢ c ¢ b 0

¢ ¢ ¢ c ¢c b b b b 0 |

The characteristic polynomial of Ay)(K,) is
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A —a —a —-a —a —c¢ —c¢ —cC —c —c

—-a A —a —-a —a —c¢ —c¢ —cC —c —c

S(A(K),A) = —-a —a —a -a AN —c¢ —c¢ -—c —c —c
Anh 2l = —c —c —c —-c —c X —=b -0 -b —-b
—c —c —c¢ —c —c —-b M\ b -b b

—c —c -—c —c —c —-b —-b -b -b A

A+ a) —ad], —cdmxn_m
76‘]7711—m><m [()‘ + b)I - b‘]]n*m

where J denotes the matrix with all entries equal to unity. If A is a-non-singular square matrix, then

A B

= |A||C < BTA7 !B
BT ¢

Thus,
I
A+ a)™ X —a(m —1)]
c2m(n —m)
A m—1

—a
= A +a)" T A+ b) IV = (a(m — 1) + b(n —m — 1))A+ab(m — 1)(n —m — 1) — 2

(ALK ), ) = [(A+ a)T = ) [(A+ 0T = b )y, — (=T (—ed M)

=A+a)™ '\ —a(m—1)diag((X —bm —m — 1) — A+ AL, A+ D)

m(n —m)]

Spectrum of A;(K,,) is given by

—a m—1

-b n—(m+1)
a(m=1)+b(n—m—1)+/(a(m—1)+b(n—m—1))2+4(ab(m—1)(n—m—1)—c2m(n—m)) 1
a(m—1)+b(n—m—1)—\/(a(m—l)+b(n—75—1))2+4(ab(m—1)(n—m—1)—c2m(n—m)) 1

2

Hence,
Ei(K,) = a(m=1)+b(n—m—1)++/(a(m — 1) + b(n — m — 1))2 + 4(ab(mn — m2 + 1) — (n — m)(ab + mc?)). O

Corollary 3.1.1. Suppose a =1, b =2 and c = 3, then Ej(K,) = 14m — 8 is an integer when n =
3m — 1.

Proof. By substituting n = 3m — 1 in the expression of F;(K,) for a = 1, b = 2 and ¢ = 3 in Theorem
3.1, we obtain Ej(K,) =5m —5++v81m2 —54m + 9 =5m — 5+ 9m — 3 = 14m — 8. O

Remark 3.2. Fora=1,b=2 and c = 3, E|(K,) increases monotonically and linearly with m, if m <

|21 |, The mazimum value of Ej(K,) is attained for | ™| and thereafter it decreases monotonically.
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Label energy
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FIGURE 2. The dependence of Ej(K,) on m forn=15and 0<m <n

Theorem 3.3. Let m vertices of star graph S, including the central vertex be labeled zero and the

remaining vertices n —m be labeled one. Then Ej(Sy) = 2+/a2(m — 1)+ c2(n — m),
0<m<n.

Proof. Let vy be the central vertex of S,,. Let vy, ve, ..., v, vertices be labeled zero and vy, 1, vmai2,...,0n
vertices be labeled one. Then
[0 a «a a a 1
a 0 0 0 0
a 0 0 0 0 0 e 0
A(Sy) = a 0 0 0 00O 00
a. 00 0 00O 00
c 0 0 0 0 0 O 0 0
¢c 0 0 0 00O 00
| ¢ 0 0 0 00O 0 0 |
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The characteristic polynomial is

A —a —a -+ —a —a —¢c —c¢ -+ —C¢ —C
—a A 0 0 0 0
—a 0 A o 0 0 0 0 0
— 0 0 A 0 0 0 0 0
AL, — A(Sa) = | °
—a 0 O 0O X 0 0 0 0
—c 0 0 0 0 Xx 0 0 0
—-c 0 0 0O 0 0 A 0 0
— 0 0 0 0 0 0 0 A
Thus,
_ A =m)
A, — A(S))| = AN™2(A2 = a2(m — 1)) MLy — Diag(—2t =) .
AL = ()| = N30 = a(m — 1) ing (5 — gy 0.0, 0)

=N 2N\ —a*(m — 1)) — AN —m)) A
= N2\ = (a®*(m — 1) + *(n —m))

Spectrum of A;(S,) is

0 Vaz(m —1) +c2(n —m)  —/a2(m — 1) + c2(n —m)
n—2 1 1

and F;(S,) = 2y/a2(m — 1) + c2(n — m) O

Corollary 3.3.1. Let m vertices of star graph Sy, mcluding the central verter be labeled one and the

remaining vertices n — m be labeled zero. Then Ej(Sy,) = 2\/62 — 1)+ c2(n—m),
0<m<n.
Proof. By replacing a by b in the matrix of A;(S,) in Theorem 3.3, the proof follows. U

Corollary 3.3.2. The label energy of star graph E(A;(Sy)) = 2cv/n — 1 is mazimum when central

vertex has label zero(one)and the remaining vertices have label one(zero) and ¢ > max{a,b}.
Proof. By substituting m = 1 in the Theorem (Corollary 3.3.1)), the proof follows. O

Corollary 3.3.3. The label energy of path graph E(A;(P,)) = cE(P,) is mazimum when the vertices

are labeled 0,1 alternatively and ¢ > max{a,b}.

Corollary 3.3.4. The label energy of cycle graph of even order E(A;(Cy)) = cE(Cy) is mazimum

when the vertices are labeled 0,1 alternatively and ¢ > max{a,b}.

Theorem 3.4. The multiplicity of the label eigenvalues —a and —b of a labeled complete graph K, is
the degree of the vertex of the induced subgraph K,, whose vertices are labeled zero and K, _,, whose

vertices are labeled one respectively.
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Proof. We have ¢(A;(K,),\) = (A +a)™ Y (A + )"~ (MFTD[A2 — (a(m — 1) +b(n — m — 1))\ + ab(mn —

m? + 1) — (n — m)(ab + mc?)], where m denotes the number of vertices with zero labels.

a, if (I(vi),1(vs)) = (0,0)
A(Km) = (li) = oo

0, if 1=
Therefore, ¢(A;(Km),\) = (A + a)™ (XA — a(m — 1)) which implies —a is the label eigenvalue with
multiplicity m — 1, the degree of the vertex in K,,. Also

Hence, ¢(Aj(Kn_m),A) = (A +b)""™ Y\ —b(n —m — 1)) which implies ~b-s the label eigenvalue
with multiplicity n — m — 1,the degree of the vertex in K,,_,,. O

Theorem 3.5. The characteristic polynomial of binary labeled complete bipartite graph K(r,s) with
m1 < r,mg < s, the number of zeros in the vertex set of order r, s respectively, is given by
H(A (K (1,5)),A) = N H=4 N —{((r — m1)b? +m1c?) (5 —ma) Fma((r —my)c® +mia?)IN2 +mima(r —

m1)(s — ma)(c? — ab)?]

Proof. Let the labels of r + s vertices be 000...0111...1 and 000...0111...1.
—_——— N—_—— ——

my r—m1 ma s—my
0’,’ BT‘XS
Al (K(’l“, 3)) N BT 0
sXT s (r+s)x(r+s)
where
a a a a ¢ c c c
a a a a c c c c
a a a a ¢ ¢ c ¢
B=1la a a a ¢ c c c
c ¢ ¢ c
c ¢ ¢ c b
c ¢ ¢ c b b b b

The characteristic polynomial of A;(K(r,s)) is

A, -B

M — A (K(r,s))| =
M- A =]
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where BTB — [(r —m1)c? + m1a®] Ty xms ‘ [(r = ma)be + acmi] Ty, x (s—ms) ]

[(r — ml)b2 + mlCZ]J(s—mg)x(s—mg)

(= )b+ 0}y

Hence, |\ — A;(K(r,s))| = |\,

M, — (-BT) x IX X (—B)‘

:Ar
A

= \""*|NI, — BT B|

)\QIS—BTB‘

Using elementary row and column operations successively, we get

ma[(r —mi1)c® +mia?] 0 - 0 (s—ma)[(r—mi)be+acmy] 0 --- 0
0 0 --- 0 0
B"B = 0 0 -+ 0 0 0 - 0
ma([(r —mi)bc+acmi] 0 -+ 0 (s—=m2)[(r — my)b? +mic?] 0
i 0 0 0 0 0 0

Thus, |A\*I; — BT B|

A2 —mal(r —mi)e2 +mia?] 0 -0 0 —(s —ma2)[(r — m1)bc + acmy] 0
0 A2 0 0
- 0 N ® ¥ 0
—ma[(r — mq)be + aem] 0 - 0 [ A= (s—m)[(r—m1)b?>+mic®] 0
0 o --- 0 0 A?
0 0 - 0 0 0 - A2

_ )\2m2—2[)\2 _N mQ[(r — m1)02 + m1a2ﬂ

ma[(r —m1)be + acmi)?(s — ma) o

X )

. 2 _ _ 2 21 _
diag(A* — (s — ma)[(r — m1)b” + mic”] N2 = mal(r — ) + myad]

— /\2m2—2[)\2 _ mg[(’l“ _ m1)62 + m1a2])]/\2(5_mr1)

ma((r —mq)be + acmy)?(s — my)
A2 — ma((r — mq)c® + mya?)

[)\2 — (s —=ma)((r — ml)b2 + mlc2) —

_ A25—4{[A2 _ (8 — mQ)((T — m1)62 + mlcQ)]
A2 — ma((r — m1)c® + mia®)] — ma(s — ma)((r — ma)be + acmq)?}
Thus, [A — Ai(K (r,8))] = N 74X = {(s = ma)((r = ma)b + mu®) + ma((r = mi)e® +mia®) A’

+mima(r —my)(s — my)(c? — ab)?]
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Theorem 3.6. Forn > 4, the characteristic polynomial of binary labeled double star graph S(m,n) is,
d(A;(S(m,n)),\) = X4\ — (2[(m +n) — (m1 +ma)] + a®(m1 +ma — 2) + 1)A? + (P (m —mq) +
a?(my1—1))(c2(n—ma) +a?(ma—1))], where my , ma (m1 < m and ma < n) are the number of vertices

with zero label including the central vertices.

Proof. Let (v1,v2,...,Umy, Umq+1, - - - s Um—1,Um) be labeled as (0,0,...,0,1,...,1,0) and

(Um+1, Umt2s -+« « s Umags Umat1s - - - s Umtn—1, Um+n) be labeled as (0,0,...,0,1,...,1,1),where v,, and v, 41
are the central vertices.

Then, the label matrix of S(m,n) is

A;(S,, B
A(S(mm)) — | AilSm) |
BT | A(Sy)
Where, B = [b;;] is the m x n matrix with zero elements except by, m+1 = @. The characteristic
polynomial of A4;(S(m,n)) is
0 O --- 0 0 --- —a
0 —a
0 0 —a 0
0 —a
A —c
0 —c 0
0 0 0 0 O — 0 0 0 0 0
Ai(S(m,n)), \) =
A DY) —-a —“a —a —a —c A —a 0 0 0 0
0 0 —a AN —a —a —c —c —c
0 0 0 —a X 0 0 0 0
0 —a A0 0
—c 0 A
—c 0
0 —c 0 A

Ame Ban

BT CTLXTL

nxm

=|Al|C — BTA7'B|

¢(Al<s(mv TL)), )‘) =
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Where
0 —a
0 A —a
l[Al=1 0 0 O --- X 0 ... 0 —a
0 —c
-4 —a —a -+ —a —¢ -+ —C¢ A

= |Diag(A 4+ /c2(m — m1) 4+ a2(m1 — 1), \, A, ..., M A — /2 (m — my) + a2(my — 1))
= )\m*Q[)\Q — (02(m —my) + a2(m1 —1))]

Similarly, |C] = \*72(\2 — (¢2(n — mg) + a®(mg — 1)))

H(A(S(m,n)),\) = X722 — (2(m — mq) + a*(my — 1)))|Diag(A + /(m — ma) + a2(ma — 1), A,..., A\
1
A2\ = ((m—my) + a2(my — 1))]
= X202 (& m — ) + a2(my — 1)))|Diag(’? — (¢A(n — ma) + a2(ms — 1) A .. A1)
) a?\?
= Diag(s5 iy B 1y %)
= XA (2 —mg) + 0%y — 1) — (A m) + (s — 1)) — 0N

= NPT (B ) — (my + mo)] + a(my +ma — 2) + a?)A\?

—V/(n —my) +a2(my — 1)) Diag(a?,0,0,...,0)|

+ (*(m —my) +a*(my =1))(c2(n —mz) + a*(ma — 1))]

Corollary 3.6.1. If the central vertices of S(m,n) are labeled one, then
P(S(m,n), ) = XTRADNT = (?[(m + n) — (m1 + ma]) + b2(m1 + ma — 2) + b?)A2 + (2(m — mq) +
b2(my1 —1))(c?(n —mz) + b*(mg — 1)), where my, mo denote the number of vertices including the central

vertices which are labeled one in the vertex sets of order m, n respectively.

Corollary 3.6.2. If the central vertices are labeled 0,1 or vice-versa, then
G(S(m,n), A) = XA — ([(m + n) = (m1 +mo)] +a?(m1 — 1) + 0% (ma — 1) + )N + (*(m —
my) +a?(my — 1)) (c2(n — mg) + b*(mg — 1))],where mq, ma denote the number of vertices including the

central vertices which are labeled zero, one in the vertexr sets of order m, n respectively.

Acknowledgments
We wish to thank Prof. E. Sampathkumar and Prof. Ivan Gutman for their valuable suggestions and
help while preparing this paper. Also We express our deep sense of gratitude and appreciation to the

referees for their advice in improving this paper.


www.sid.ir

Trans. Comb. 2 no. 3 (2013) 53-67 P. G. Bhat and S. D’Souza 67

EORCONE NN

[10]

[11]

[12]

[13]

[14]
[15]

REFERENCES

R. Balakrishnan, The energy of a graph, Linear Algebra Appl., 387 (2004) 287-295

R. B. Bapat, Graphs and matrices, Springer - Hindustan Book Agency, London, 2011.

R. B. Bapat and S. Pati, Energy of a graph is never an odd integer, Bull. Kerala Math. Assoc., 1 (2004) 129-132. 555
C. Adiga, A. Bayad, I. Gutman and S. A. Srinivas, The minimum covering energy of a graph, Kragujevac J. Sci., 34
(2012) 39-56.

C. Adiga and M. Smitha, On maximum degree energy of a graph, Int. J. Contemp. Math. Sci., 4 (2009) 385-396.
F. Harary, Graph Theory, Narosa Publishing House, 1989.

I. Gutman, The energy of a graph, Ber. Math. Stat. Sekt. Forschungsz. Graz., 103 (1978) 1-22.

I. Gutman and B. Zhou, Laplacian energy of a graph, Linear Algebra Appl., 414 (2006) 29-37.

I. Gutman, The energy of a graph, old and new results, in: A. Betten, A. kohnert, R. Laue, A. Wassermann and
(Eds.), Algebraic combinatorics and applications, Springer-Verlag, Berlin, 196-211,2001,

G. Indulal, I. Gutman and A. Vijayakumar, On distance energy of graphs, MATCH Commun. Math. Comput. Chem.,
60 (2008) 461-472.

P. G. Bhat and D. Nayak C., Balanced Labeling and balance index set of one point union of two complete graphs,
International Journal of Computer Applications, 52 no. 13 (2012) 1-5.

B. J. McClelland, Properties of the latent roots of a matrix, the estimation of electron energies, J. Chem. Phys., 54
(1971) 640-643.

S. Pirzada and I. Gutman, Energy of a graph is never the square root of an odd integer, Appl. Anal. Discrete Math.,
2 (2008) 118-121.

B. Zhou, The energy of a graph, MATCH Commun. Math. Comput. Chem., 51 (2004) 111-118.

B. Zhou, On the energy of a graph, Kragujevac J. Sci., 26 (2004) 5-12.

Pradeep G. Bhat
Department of Mathematics, Manipal University, PIN 576104, Manipal, India

Email: pg.bhat@manipal.edu

Sabitha D’Souza
Department of Mathematics, Manipal University, PIN 576104, Manipal, India

Email: sabithachetan@gmail.com


www.sid.ir

