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RECIPROCAL DEGREE DISTANCE OF SOME GRAPH OPERATIONS
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ABSTRACT. The reciprocal degree distance (RDD), defined for a connected graph G as vertex-degree-

weighted sum of the reciprocal distances, that is, RDD(G) = Y %. The reciprocal degree
u,veV(G) y
distance is a weight version of the Harary index, just as the'degree distance is a weight version of the

Wiener index. In this paper, we present exact formulae for the reciprocal degree distance of join, tensor
product, strong product and wreath product of graphs in terms of other graph invariants including the
degree distance, Harary index, the first Zagreb index and first Zagreb coindex. Finally, we apply some of
our results to compute the reciprocal degree distance of fan graph, wheel graph, open fence and closed

fence graphs.

1. Introduction

All the graphs considered in this paper are simple and connected. For vertices u,v € V(G), the
distance between wand v in G, denoted by dg(u,v), is the length of a shortest (u,v)-path in G and let
dg(v) be the degree of a vertex v € V(G). For two simple graphs G and H their tensor product, denoted
by G x H, has vertex set V(G) x V(H) in which (g1, h1) and (go, h2) are adjacent whenever g;gs is an
edge in G and hiho is an edge in H. Note that if G and H are connected graphs, then G x H is connected
only if at least one of the graph is nonbipartite. The strong product of graphs G and H, denoted by
G X H, is the graph with vertex set V(G) x V(H) = {(u,v) : u € V(G),v € V(H)} and (u,z)(v,y)
is an edge whenever (i) u = v and zy € E(H), or (ii) wv € E(G) and = = y, or (iii) wv € E(G)
and zy € F(H). Similarly, the wreath product of the graphs G and H, denoted by G o H, has vertex
set V(G) x V(H) in which (g1, h1)(g2, h2) is an edge whenever gg92 is an edge in G or, g1 = g2 and
hiho is an edge in H, see Fig.1. The tensor product of graphs has been extensively studied in relation
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to the areas such as graph colorings, graph recognition, decompositions of graphs, design theory, see
[T, 21, 3, [12] [16].
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Fig.1. Tensor, strong and wreath product of C5 and Ps

A sum G + H of two graphs G and H with disjoint vertex sets V(G) and V(H) is the graph on the
vertex set V(G)UV (H) and the edge set E(G)UE(H)U{uv | u € V(G), v € V(H)}. Hence, the sum of
two graphs is obtained by connecting each vertex of one graph to each vertex of the other graph, while
keeping all edges of both graphs. The sum of two graphs is sometimes also called a join, and is denoted
by GVH.

A topological index of a graph is a real number related to the graph; it does not depend on labeling
or pictorial representation of a graph. In theoretical chemistry, molecular structure descriptors (also
called topological indices) are used for modeling physicochemical, pharmacologic, toxicologic, biological
and other properties of chemical compounds [9]. There exist several types of such indices, especially
those based on vertex and edge distances. One of the most intensively studied topological indices is the
Wiener index; for other related topological indices see [22].

Let G be a connected graph. Then Wiener index of G is defined as W(G) = 3 > da(u,v)
u,v € V(Q)
with the summation going over all pairs of distinct vertices of G. Similarly, the Harary index of G is
defined as H(G) =3 >
u,ve V(G)
Dobrynin and Kochetova [5] and Gutman [8] independently proposed a vertex-degree-weighted version

1
da (u,v) )

of Wiener index called degree distance or Schultz molecular topological index, which is defined for a

connected graph G as DD(G) = &+ Y (da(u) + dg(v))da(u,v), where de(u) is the degree of the
u,veV(G)
vertex u in GG. Note that the degree distance is a degree-weight version of the Wiener index. Hua and

Zhang [11] introduced a new graph invariant named reciprocal degree distance, which can be seen as a

degree-weight version of Harary index, that is, RDD(G) = 5 Y. %.
u,veV(G) ’

The Harary index of a graph G was introduced independently by Plavsic et al. [20] and by Ivanciuc
et al. [I3] in 1993. Its applications and mathematical properties are well studied in [4, [7, 23| I5]. Zhou
et al. [24] have obtained the lower and upper bounds of the Harary index of a connected graph. Very
recently, Xu et al. [2I] have obtained lower and upper bounds for the Harary index of a connected
graph in relation to x(G), chromatic number of G and w(G), clique number of G. and characterized

the extremal graphs that attain the lower and upper bounds of Harary index. Also, Feng et. al. [7]
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have given a sharp upper bound for the Harary indices of graphs based on the matching number, that
is, the size of a maximum matching. Various topological indices on tensor product, Cartesian product
and strong product have been studied various authors, see [17, 18| 19} 14, [10]. Hua and Zhang [11] have
obtained lower and upper bounds for the reciprocal degree distance of graph in terms of other graph
invariants including the degree distance, Harary index, the first Zagreb index, the first Zagreb coindex,

pendent vertices, independence number, chromatic number and vertex-, and edge-connectivity.

The first Zagreb index and first Zagerb coindez are defined as M1(G) = Y. dg(u)? and M;(G) =
ueV(G)
Y. (dg(u) 4+ dg(v)). In fact, one can rewrite the first Zagreb index as M;(G) = > (dg(u) +
wE(G) weE(G)
da(v)). The Zagreb indices are found to have appilications in QSPR and QSAR studies as well, see [6].

Denoted by F,, C, and K, the path, cycle and complete graphs on n vertices, respectively. We call
(3 a triangle. In this paper, we present exact formulae for the reciprocal degree distance of join, tensor
product, strong product and wreath product of graphs in terms of other graph invariants including the
degree distance, Harary index, the first Zagreb index and first Zagreb coindex. Finally, we apply some
of our results to compute the reciprocal degree distance of fan graph, wheel graph, open fence and closed

fence graphs.

2. Reciprocal degree distance of G + H

In this section, we compute the reciprocal degree distance of join of two connected graphs.

Theorem 2.1. Let G and H be graphs with n and m wvertices, respectively. Then RDD(G + H) =
M(G) + My (H) + 3(M1(G) + M1(H)) + 3(n|E(H)| + m |B(G)|) + Z2(3n + 3m — 2).
Proof. Set V(G) = {ui,ua,...,up} and V(H) = {v1,v2,...,v,}. By definition of the join of two graphs,
one can see that,

dg(z) +|V(H)], if z € V(G)

dy(z) + |V(G)], ifz € V(H)

dgyu(r) =

0, ifu=wv
and dgyu(u,v) = < 1, if wv € E(G) or wv € E(H) or (u € V(G) and v € V(H))

2, otherwise.
Therefore,
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1 dam(v) + deu(v)

RDD(G+ H) = ) WEVZ(G+H) dgip(u,v)
_ %( Z (dG(u)—l—m+dG(U)+m)+% Z (da(u) + m+ da(v) + m)
weE(G) wgE(G)
+00 (At @) en) £y 3D () 0t du(o) )
wwEB(H) weE(H)
. (do(w) +m + dig (1) +n))

ueV(Q), veV(H)

—i—%(?m +3m —2).

Using Theorem [2.1] we have the following corollary.

Corollary 2.2. Let G be graph on n vertices. Then RDD(G +K,,) = M1(G) + 1M1 (G) +3m |E(G)| +
n (2(m —1)2+3n(m—1) +n(3n + 3m — 2))

One can observe that M;(Cy,) = 4n, n > 3; My(P1) = 0, M1(P,) = 4n — 6, n > 1 and M (K,,) =
n(n — 1)2. Similarly, M (K,) = 0, M1(P,) = 2(n —2)? and M;(C,,) = 2n(n — 3).

Using M;(Cy,),M;(Py,),M;(P,) and M;(Cy) and Corollary we compute the formulae for recipro-
cal degree distance of fan and wheel graphs, P, + K; and C,, + K1, see Figs. 2a and 2b.

Fig. 2a. Fan graph P, + K,

Fig.2b. Wheel graph C,, + K7

Example 1.
(i) RDD(P, + K1) = 3(5n* + Tn — 10).
(i1) RDD(C,, + K1) = £(5n2 + 9n).

3. Reciprocal degree distance of tensor product of graphs

In this section, we compute the reciprocal degree distance of G x K.
The proof of the following lemma follows easily from the properties and structure of G x K,. The

lemma is used in the proof of the main theorem of this section.
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Lemma 3.1. Let G be a connected graph on n > 2 wvertices. For any pair of vertices xij, Typ €
V(Gx K,),r>3
(1) If vivg € E(G), then

L if j # p,
daxr, (Tij, Trp) = § 2, if j = p and vivy, is on a triangle of G,

3, if j = p and v;vg is not on a triangle of G.

(ZZ) [f V; Uk Qé E(G), then dG’XKT (xij; xkp) = d(;(vi, Uk).
(lZZ) dGXKT (xij, xip) = 2.

Theorem 3.2. Let G be a connected graph with n > 2 vertices and m édges. Then RDD(G x K,) =

r(r—1)| rRDD(G) — MlT(G) — % X (d(w)+d(u)) + (r—1)m |, where r>3.
u;ug € Ko

Proof. Set V(G) = {u1,us,...,up} and V(K,) = {vi,v2,...,v,}. Let z;; denote the vertex (u;,v;) of

G x K,. The degree of the vertex z;; in G x K, is dg(u;)dg, (v;), that is, doxk, (zij) = (r — 1)da(us).

By the definition of reciprocal degree distance

1 d . d
RDD(G x K,) = 3 Z GXKC;(xU)"i_“GXKT(JUkp)
Zij, Tpp € V(GXK7) GXKT('%J’ka)
Pt 1 r—1
= nz TZ dexi, (24) & doxr, (Tip) nz TZ doxk, (Tij) + daxx, (2kj)
i=04,p=0 e, (2ig, Tip) i, k=0j=0 daxx, (Tij, Trj)
J#p itk
— 1
+ 38, Buselon) + doxsc (o)
dexr, (Tij, Tkp)
i,k=04,p=0 X Kr\Lij, 79
ik i %
1
(3.1) : §{A1+A2+A3},

where A; to As are the sums of the above terms, in order.

We shall calculate A; to As of (3.1]) separately.
nl = 1 deKr(mzj)'f'deKr(l’lP)
(A1) First we compute >, >

170‘7 p= 0 dGXKr(ijvxzp)

J#p
n—1 r—1 — —
7 (5 j : Z : -1 1
Z Z dGXKr Ty ] + dGXKT(w p) — T ) + dG(u )( )7 by Lemma 31
0 0 dGXKT (1'1]7'7;117) — — 2
1=0j,p= -
Ji#p J¢p
(3.2) = 2r(r—1)*m

r—1 n—1

dox ey (%ig) +de ey (Thg)
(A2) Next we compute jZ::Oi kzio R e
itk
Let By = {uv € E(G)|w is on a C3 in G} and Ey = E(G) — Ej.
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n—1

Z daxk, (ij) + daxk, (Tk;)
daxk, (Tij, Thj)

i, k=0
itk

_ ( nz_: Zkz__:o Z )(dcxm l’zg)-f—dc;xK,(xk]))

deK (xljaxkj)

i, k= i, k=0
ik itk ik
wiup@E(G)  uwiur€E1r  u;up€Es
_( F el rdotm)r =) | §F de(ur=1) + do(u)(r =1
i k=0 da (i, ur) i k=0 2
itk itk
urEE(G) ujuk €LY
n—1
-1 +d -1
Z (r )—'?: a () (r = )>, by Lemma|3.1
i, k=0
£k
u;ug € Ea
n—1 n—1 n—1
dg (u )+dG ) + de (up) da(ui) + de(ur)
- -1 Soli) + dGluk) 4_*444+ delui) + deuk)
i,kz::O dG(u“ Zkz:o k?) 7.kz_:O dG(Ui,Uk)
i £k 17£k z;ék
w,upEE(G) u;uy €Hy wiug €FEo
T dalw) tdolm) _, N dglu) +dgloi)
, 2 3
i, k=0 i, k=0
i £ k oy
u;ug €Eq u;u €Ha
n—1 n—1
_ da (ug) + da(ur) da (ui) + da(ug)
= (r—l){2RDD(G)— ‘Z N s > :
i, k=0 i, k=0
ik ik
w;up€EE(G) ujuk€FEy

(33) = (rl){2RDD(G)—M1(G) nz_: dG(ngc(w)}’
i,il;:kO
u;ug € Fa

Now summing (3.3]) over j = 0,1,...,7 — 1, we get,

r—1 n—1 n—1
doxk, (xij) + doxk, (Tk;) do(u;) + da(ur)
sy | ¥ : - — r(r—1){2RDD(G) - My(G) — Y Cel TGl A
ol o daxk, (Tij, Thj) =0 3
ik ik
uiug €FEo

nd " dox, (@) e x i, (@)
(A3) Next we compute > ) L2 w2 CX Ry hep
ikzo\inzo dex iy (Tij Tkp)

i#k J#p
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n=1 r—1 n—1 r—1
dox ki, (vij) + daxr, (Tk da(u;)(r — 1) +dg(ug)(r — 1
> fempupoete) o 37 5 CRE I by Lemma
i,k=04,p=0, GX Ky \Lij) Lhp i,k=04,p=0, G\, Yk
#k j#p itk j#p
n—1
da(u +dG(Uk)
= r—12
I;O uuk)
(3.5) = 2r(r—1)2RDD(G).

Using (3.1) and the sums Aj,As and Ag in (3.2)),(3.4) and (3.5)), respectively, we have,

6

ujug € Eo

RDD(G x K,) = r(r—1) (rRDD(G) _ %Ml(G) — L S llow) + do(u) + (r — 1)m>.

Using Theorem we have the following corollaries.

Corollary 3.3. Let G be a connected. graph on n > 2 vertices with m edges. If each edge of G is on a
Cs, then RDD(G x K,) =r(r—1) (TRDD(G) —IML(G) + (r — 1)m>, where r > 3.

Corollary 3.4. If G is a connected triangle free graph on n > 2 vertices and m edges, then RDD(G X
K,))=r(r—1) (mpp(c) — My (G) + (r — 1)m

4. Reciprocal degree distance of strong product of graphs
In this section, we obtain the reciprocal degree distance of G X K.

Theorem 4.1. Let G be a connected graph with n vertices and m edges. Then RDD(G X K, ) =
r(rQRDD(G) +2r(r — 1)H(G) + 2r(r — V)ym + n(r — 1)2).

Proof. Set V(G) = {u1,ua,...,un} and V(K,) = {vi,v2,...,v}. Let x;; denote the vertex (u;,v;) of
GXK,. The degree of the vertex z;; in GR K, is dg(u;) +dk, (vj) +da(ui)dk, (v)), that is dexk, (i) =
rdg(u;) + (r — 1). One can see that for any pair of vertices z;;, x, € V(G X K,), derk, (Tij, Tip) = 1

and d(;g[(r (acij, l"kp) = dg(ui, uk)


www.sid.ir

20 Trans. Comb. 2 no. 4 (2013) 13-24 K. Pattabiraman and M. Vijayaragavan

By the definition of reciprocal degree distance

dork, (7ij) + dexk, (Trp)
dark, (Tij, Tip)

1
RDD(GRK,) = o >
a:ij,kaEV(GgKr)

1 1 —1 —1
_ nz TZ dG&KT xl_] +dG|XK,« »sz + nz TZ dGlXKT ng +dG@K (xkj)
i=0j.p=0 dGEKT (332]7$zp) ik=0j=0 dG&K7 (xljv xk])
J#p i
- 1
+ Z TZ dG’@KT ng +dG®KT($kp)
dawr, (Tij, Tp)
i,k=03j,p=0 r\a Thp
i£k j#p
1
(41) = §{A1+A2—|—A3},

where Ay, As and As are the sums of the terms of the above expression, in order.
We shall obtain A; to As of (4.1]), separately.

G’&Kr ng +dG&KT(xzp)
derr, (Tijs Tip)

Ay

' M

7P

J#p
n—1 r—1

(2dg(ui) + 2(7’ — 1) + 2(7' - 1)dG’(ui)>

M

=0 j,p=
#p

(4.2) = 4r(r — )m 4 2ar(r ~ 1)?

r n—1

Ay = ]z_:loz
.

GXK, xzy +dG®KT($kj)
dG&KT ($’L]7 xk])

r—

k
#k
1 n-1
71=00ik=
#k
n—

d
0

da(w;) + (r — Vdg(u;) + da(ug) + (r — )dg(ug) + 2(r — 1)
0

da(uq, u)
r—1 1 r—1 n—1
dG 2(r—1)
-y Y w5 5 2ol
j=04,k=0 j=04,k=0 ’
i#k i#£k
(4.3) = 2r°RDD(G) + 4r(r — 1)H(G).
- r—1
dexk, (Tij) + dexk, (v
Ay — Z Z e Kd j = GxK)( kp)
i k=0j,p=0, GRK, \Lijs Lkp
itk j#p
n—1 n—1
de:(wi) + de(ug) 1
9 G (U Uk 2
= r“(r—1 +2r(r —1
( )ik:z_:o de (ui, ug) =) ikz_:o de (ui, ug)
itk itk

(4.4) = 2r%(r —1)RDD(G) + 4r(r — 1)2H(G).
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Using (4.2)), (4.3) and (4.4) in (4.1)), we have
RDD(GRK,) = r(r2RDD(G) +2r(r — 1)H(G) + 2r(r — 1)m + n(r — 1)2).

O

By direct calculations we obtain expressions for the values of the Harary indices of P, and C),.

n

2
n(Z%)—lniseven

H(P) =n( 3 D —nand HC) =1
= n( 22: %) n is odd.
=1

The following are the reciprocal degree distance for complete graph, path and ¢ycle on n vertices by

direct calculations: .
RDD(K,) = n(n —1)%, RDD(P,) = H(P,) + 4( > l.) — 3 and RDD(Gy) = 4H(C,,).

7
=1

As an application we present formulae for reciprocal degree distance of open and closed fences, P,XK K>

and C,, X K>, see Fig. 3.

Fig. 3. Closed and open Fence graphs

By using Theorem RDD(C,) and H(C),), we obtain the exact reciprocal degree distance of the
following graphs.
Example 2.

1
(i) RDD(anKQ):m( .>_6n_%_

n

M=
S =
~—
+
w
[\
A/~
M7
.=

—_
+
i
g
S
SN——
|
i
o
=]
5
@
<
@
B

(ii) RDD(C,, K K5) =

5. Reciprocal degree distance of G o G’

In this section, we obtain the reciprocal degree distance of the wreath product of graphs.
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Theorem 5.1. Let G and G’ be two connected graphs with ni and no vertices, respectively. Then
RDD(G o G') = n3RDD(G) + 2H(G) (2 |E(G")| + My(G') + Ml(c:')) + na |E(G)] <ng 1 2|E(G)] -

no) + 5 (200(G) + M(G)).

Proof. Let V(G) = {u1,ug,...,upn, } and let V(G’) = {vi,v2,...,vn, }. Let x;; denote the vertex (u;, v;)
of G o G'. The degree of the vertex z;; in G o G’ is nadg(u;) + der(vj). By the definition of reciprocal

degree distance

RDD(GoG')

(5.1)

Z dgoc (Tij) + dgocr (Tke)
dGoc (Tij, Tre)

1
2
Tij ,IkZEV(GOGI)

ny— 1'IL2 1

K. Pattabiraman and M. Vijayaragavan

11 ng—1
! nz nzz daocr (4ij) + daocr (zie) I Z Z daogr(zij) + daocr (Tkj)
dcocy (xl]7 ZEk])

1—0],6 0 dgoc (Tij, Tie) i k=0j—=0
Jj# z;ék:
ny— 1 no— 1
+ Z Z dGoG/ xlj +dGoG’(xkE)
d Tii, X
i k=0j,0=0 GOG’( R ké)
i;ék YEX4

1
= §{A1 + A + Az},

where A; to Ag are the sums of the above terms, in order

We shall calculate the terms A; to As of above expression separately.

ni—1 ngo—1

Z Z daocr (i) + daoci(@ie)

dGOG’ Z’U, xzf)

i=0 j,£=0
J#L

ny— lng 1

Z Z 2nodg(u;) Fdar(vy) + der (ve)

de (’U], W)

i=0 j,=0
Jj#e

ni—1 na—1 ni—1 na—1

2noda (u der (v5) + der (ve)
Z Z dG/ ’Uj ’Up Z Z dcj/ ’UJ,U[)

i=0 j,0=0 1=0j,£=0
jF£L VER4
1 1
2. ) do(uw) [ D st Y
g osorCB(G) der (vj,ve) vy ve D) der (vj,ve)

n;—1 dlvj-‘rd"U d,vj—|—d/v
5 ( 5 Gfig}(vj;; 0y GEZG?(%Z)( e>)

i=0 \wjueE(G) v;jveEE(G")

dny |E(G ( > da(v)+ Y. ;(lE(G’N—dG'(%‘)—l))

v; EV(G) v; EV(GY)

+1Z( Y erley) +dotw)+ Y dG’(””;dG/(W)),

i=0 \wvcE(G") v;0 € E(G")
since each row
1, if vju, € E(G)
2, if vjue ¢ E(G").
2ny |E(G)| (03 + 2| B(G")] = n2) + 11 (2M:1(G") + M1 (G")).

induces a copy of G' and dgoc (i, i) = {
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ni—1 no— 1
(zij) + d(ziy)
4 = 3y ) )
i, k=0;j=0 dGocr (i, Tkj)
z;ék

ny— 17’L2 1

_ Z Z na(d(w;) + d(ug)) + 2d(vj)

de (ui, uk)

)

iwk=075=0
z;ék

since the distance between a pair of vertices
in a column is same as the distance between the corresponding

vertices of other column

ny— 1'!7,21 —

ny(d(u;) + d(uy)) 2d(v;)

= + —_—

DD TN DA Y = ey
z;ék ik

(5.3) = 2n3 RDD(G) +8|E(G")| H(G).

nllngl

Az = Z Z d% ) o)

Lii, T
i,k=037,£=0 GOG/ i kZ)
z;ék: VEZA

ni—1 ns—1

B nad(u;) + d(v;) + nad(uk) + d(ve)
B Z Z da (i, uk)

b

i,k=035,=0
itk AL
since dgocr (@i, Tre) = da(wis uy) for all j and k and further the distance

between the corresponding vertices of the layers is counted in A,

ni—1 no—1 ni—1 no—1

na(d(u;) + d(ug)) v;) +d(ve)
- Z Z de(ug, ug) Z Z dcj;ul,uk ’

i k=04,¢=0 i,wk=04,£=0
z;ék: VE24 1757‘? J#L
(5.4) — 2m3(ns — 1)RDD(G) + 4 H(G)(M1(G') + T, (G")).

Using , and in , we have,

RDD(GoGl) "= n%RDD(G)+2H(G)<2\E(G’)\+M1(G’)+H1(G’))

03 |B(G)] (nd +2|B(G)| = n2) + 2 (2001(G") + FT (@)
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