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ABSTRACT

In the first part of the present paper, a numerical method called spectra finite element
method (SFEM) is presented, which is able to simulate wave scattering phenomena in plates.
Combining excellent characteristics of classical finite element method (FEM) and spectral
elements, SFEM not only exhibits flexibility and-ease of formulation, which is a FEM
character, but also exploiting high order spectral elements leads to a significant superiority
over FEM from the viewpoints of solution precision and computation costs. The excellent
characteristic of SFEM s its diagonal mass matrix because of the choice of the Lagrange
interpolation function supported on Legendre-Gauss-Lobatto (LGL) points in conjunction
with LGL integration rule. Therefore numerical calculations can be significantly efficient in
comparison with the classical FEM. In this paper, a SFEM-based code is represented and
verified, and then some wave propagation problems in elastic solid domains are solved using
this code to show the capabilities of SFEM in solving elastodynamic problems. The
problems are solved using different spectral elements, and then solution accuracy and
computational costs in different solutions are compared to analytica and/or numerical
solutions available in the literature. In the second part of this paper, the result of this part as
forward solution is used for detection of through-thickness crack in plates.
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1. INTRODUCTION

Elastodynamics covers a broad range of phenomena in engineering and physical problems,
in which general form of wave equations with suitable boundary conditions (BCs) should be
solved. During the last decades, numerical methods have provided robust and effective
forums to challenge wave propagation phenomenon among which, finite difference method
(FDM) [1], finite element method (FEM) [2-6], and boundary element method (BEM) [7-
15] are most popular.
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High-order methods on the other hand, have attracted high interest in the last years, to
improve computational efficiency and reduce computation costs needed for an
elastodynamic simulation. Regardless of the method, the approximated solution is described
in terms of high-order polynomia basis. High-order methods are aways associated with not
only high accuracy and computational efficiency but aso some well-known drawbacks. For
instance, FDM are not very well suited for describing very complex geometries and
heterogeneous media. Moreover, boundary conditions are difficult to implement in FDM.
Last but not least, classica high-order FEMs are known to generate high-order spurious
modes [16].

To overcome these problems, spectral finite element method (SFEM) has been
developed. Recently, two different kinds of SFEM have been proposed for analysis of wave
propagation, namely, fast Fourier transform (FFT)-based SFEM and orthogonal
polynomias-based SFEM. The latter one, which employs orthogonal polynomials, is much
more suitable for analyzing wave propagation in domains with complex geometry. SFEM
gain the best of both worlds by hybridizing spectral and finite element methods. The domain
is subdivided into elements, as in FEs, to gain the flexibility and matrix sparsity of FEs. At
the same time, the degree of the polynomial in each sub-domain is sufficiently high to retain
the high accuracy and low storage of spectral methods.

When it comes to mention the differences between FEM and SFEM, the magjor difference
is that spectral analysis consists of selection of specific basis functions and the collocation
points. Orthogona basis functions are used as approximation functions and such selection of
approximation functions in conjunction with specific numerical integrating schemes used in
SFEM, leads to a diagonal mass matrix which'is a great advantage over FEM. Fourier series,
Chebyshev and Legendre polynomias are the commonly used basis functions. In this
research, Legendre polynomials have been chosen as basis functions, and as will be
discussed, the roots of the first derivative of a Legendre polynomia of order N would
contribute in the collocation points set.

SFEM which was originaly introduced in computational fluid mechanics [17] is
currently being implemented in. continuum-based elastodynamics problems [18-21]. More
recently, the SFEM.-was used to simulate wave propagation in both sound and damaged
structures. For example, wave propagation in one-dimensional (1D) structures, such as rod
and beam, were investigated by Sridhar et al. [16] and Kudela et al. [22]. Sridhar et al. [16]
also presented various comparisons between situations where FEs and SFEs were used to
solve the same problems and it was brought out that SFEM is significantly more efficient
than classica FEM from the viewpoints of time and memory costs. Results of numerical
simulation of the transverse elastic wave propagation in a composite plate were presented by
Kudela et al. [23]. A two-dimensional (2D) spectral membrane finite element-based model
was developed by Zak et al. [24], and was used for the analysis of wave propagation in a
cracked isotropic panel.

As SFEM has shown a promising performance in solving problems in which eastic wave
propagation plays an important role, the am of the present paper is to show how this method
could be formulated and coded in the most efficient way to smulate wave scattering phenomena
in plates, with less computationd effort while obtaining the highest resolution. As illustrated in
the second part of this paper, a solution of wave scattering phenomena of highest resolution play
acritica role as forward solution for detection of through-thickness crack in plates.
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2. FORMULATION OF 2D SPECTRAL FINITE ELEMENTS

The following presentation is assumed for isotropic, homogeneous, and small-displacement
linear elastic behavior of materiads. The Legendre polynomials-based 2D spectral finite
element (SFE) discretization proceeds as what follows. The doman W is firstly
decomposed into a number of non-overlapping quadrilaterals,W,, as in classical FEM.

These elements are subsequently mapped into a reference domain L =[- 1,1]*, a square in
2D, using an invertible local mapping f. On the reference domain L , a set of basis functions
consisting of Legendre polynomials of degree, n,, are introduced. Subseguently, a set of

nodes are defined (denoted by x, T [- 11], i =1,2,K,n, +1) which are the Legendre-Gauss-
Lobatto (LGL) points. The LGL points are the (n, +1) roots of

(1-x*)L¢(x)=0 D)

where L (x) is the first derivative of the Legendre polynomial-of order n,. The definition

of element nodes results in an irregular distribution of nodes, as shown in Figure 1, which is
different from classical FEs with uniformly spaced nodes within elements or on the element
boundaries.

(@) (b) (©
Figure 1. Various spectral éements with a certain degree of Lagrange polynomials: (a) n, =3,
() n=50)n =7

Any quantity such as f may be interpolated on element’s domain using the following
relation

n+ln +1

f(x0n))=& N6, =& & o (on) (), @

n=1 i=1 j=1

where n_ indicates the total number of nodes in one spectral element, and f; is the value of
interpolated quantity f at collocation point (x;,h ;)
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f, = f(x(x.h))) ©)

and N, (x,h) isthe nth node’s shape function as

N,(xh) =ht 6Ot (h) (4)

in which h'(x) and h®() denote the nth node’s shape functions in x and h natural

coordinates directions, respectively. Moreover, the LGL shape functions used in this
research are in the following form

(6- &)~ SIL(S- & )8 - Gr) (S~ Gw)

T B LG )G LI &0

©)

In an elastodynamic problem, the dynamic equilibrium equations (6) should be satisfied
during the time of analysis [20]

[MIG+[Cla+[KJi=F , F=-F=F, (6)

where [M], [C], and [K] are the global mass, damping, and stiffness matrices, respectively.

In addition, IIZt and l':ext are the discrete representations of forcing terms for external traction

and body force, respectivc?ly. In a wave propagation analysis, the damping term of the
system of equations, [C]é, could be neglected [25]. Thus, the dynamic equilibrium
equations could be written in the form of Equation (7)

[M]G+[K]0+ F, +F,, =0, )

in which global mass and stiffness matrices may be represented in the following forms

[M]=4[M°] . [K]=4 [K"] )
e=1 e=1
and load vectors are
rogr. r D
Ft = a Ft ! Fext = a Feit (9)

where [M°], [K*], léte,and Fe

ext

respectively have the same definitions as global variables

[M], [K], F,,and F

_.» a the element level e. Elemental mass and stiffness matrices may be
written as
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M= G INTINIW, - [K°]= GBI'[Cl[Elaw, (10)

Furthermore, the load vectors could be represented as

Iéte —. dN]TtldGe , Iéeit = dN]T 'i: dWe (11)
G, We

The above integrals should be integrated using LGL numerical integrating scheme which
uses spectra collocation points as sampling points. Each collocation point is associated with
aspectral integrating weight represented by

_ 2
" n(n (L, )

, 1=12,K,n +1 (12)

X

where L, isthe Legendre polynomial of order n,.
The second-order ordinary differential equation (7) may be solved using central
difference time integration scheme, which is conditionally stable. When Dt £ Dt, @',

the central difference time integration scheme is stable, where L .. is the minimum distance

between two adjacent nodes and c is the ' wave velocity in elastic medium. While using
central difference time integration scheme, the global stiffness matrix does not need to be
actually assembled [25]. Therefore, the required computations could be performed on the
elementa level. Another major point of this scheme is that as the order of SFES increases,
the minimum distance between SFES’ nodes decreases very fast. In other words, the critical
time increment is significantly decreased, so there should be a balance between the mesh
size and the order of SFEs to avoid unnecessary growth in computation time. More details in
this regard may be found in [20].

3. NUMERICAL EXAMPLES

The above methodology has been implemented in a 2D time-domain SFEM code. In this
code written in FORTRAN environment, a library of spectral quadrilateral elements with
various orders is provided. In this research, GID as a freeware for pre-processing
purposes is linked to the SFEM code (see Figure 2). Furthermore, TECPLOT is used to
show the results of analyses in post-processing steps. The detailed flow-chart of the
developed software using FORTRAN code, GID, and TECPLOT may be observed in
Figure 3.
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Figure 2. A sample mesh shown using GID: (@) rectangular domain with an embedded crack, (b)
detailed view of cracked zone
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Figure 3. The detailed flow-chart of the developed SFEM software
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In order to validate the nature and general behavior of the developed software, three
numerica examples are considered. A plane stress condition is assumed for all the
examples. Numerical results are compared with those obtained by exact analytical solutions
[26] and/or by classical FEM to assess the stability and the accuracy of the present method.
No physical damping (i.e., pure elastic materia behavior) is considered in al the SFEM
analyses. All quantities are measured in Sl units.

3.1 Rectangular bar subjected to heaviside loading

In the first example, verification of the developed software especially in comparison with
analytical solutions is the main target. A rectangular bar (see Figure 4a), whose length L is
twice its width W, is fixed at its left end with traction free on its top and bottom sides. The
Poisson’s ratio is considered zero to impose 1D condition. The right end side of bar is
uniformly subjected to a Heaviside step function representing a suddenly applied load
(P, =1) as shown in Figure 4b. The material constants are as follows: the Y oung's modulus

E=1, and the mass density r =1. These material ‘properties yield the maximum

propagation velocity of stress waves c=1. To show the convergence of the SEM, two
different meshes are used and the results are compared to the analytical solutions. Each
mesh includes only two sguare elements with a specific degree of Lagrange polynomials.
The first mesh is constructed using 36-nodes elements and the second mesh uses 441-nodes
elements. In fact, the second mesh may represent an extreme of SFEM precision.

. »

> P(t
::P(t) ()

=

+
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N
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(@) (b)

Figure4. Thefirst example. Rectangular bar subjected to prescribed loading: (a) geometry and
boundary conditions, (b) Heaviside loading

The time histories of horizontal displacement at point A and horizontal stress at point B
(see Figure 4a) are investigated. The numerical results by SFEM are compared with those of
analytical solution. Figure 5 depicts the horizontal displacement of point A, for the
Heaviside step function loading. As it is obvious from this figure, both types of spectral
elements give very good results and that the higher-order elements give the better results.
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Figure 5. Horizontal displacement at point A due to the Heaviside loading, (a) 36-nodes
elements, (b) 441-nodes elements

The horizontal stress histories at point B, for the Heaviside step function loading is
shown in Figure 6. Good agreement between the SFEM results and the analytical solution
can be observed, especialy with higher-order elements. The SFEM results experience small
oscillations around the analytical solutions at moments when the stress jumps. This type of
oscillations are caused by the sudden application of the step load, and also observed in other
numerical studies such as boundary element method (BEM) [7], domain boundary element
method (D-BEM) [10], and hybrid BEM-FEM approach [27,28].
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Figure 6. Horizontal stress at point B due to the Heaviside loading, (a) 36-nodes elements, (b)
441-nodes dements

As it is shown in Figure 6, the horizontal stress at point B obtained using 441-nodes
(n +1=21) eements is much more accurate than that of 36-nodes (n, +1=6) elements.
However, it should be noted that as mentioned previously, employing such high-order
elements causes Dt to decrease rapidly and thus the computations require much more time.

In this case, a Dt =0.01sec was used for the first analysis (36-nodes elements) and the
computations lasted for about 8 seconds, while the solution for the second mesh (441-nodes
elements) was not converged unless Dt was chosen as0.002sec. The computations time
for the second analysis was about 700 seconds (about 11 minutes).

3.2 Wave propagation in an aluminum plate

In the second example, a 2D square aluminum plate is considered to demonstrate the
accuracy of SFEM in modeling more realistic structures. Wave propagation in this
uncracked plate will be simulated, and then a crack will be embedded in the plate as the third
example. The geometry of the isotropic aluminum plate is presented in Figure 7a. The plate
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has the following dimensions and material properties: length 1000 mm, width 1000 mm,
thickness 1 mm, Y oung’s modulus E = 72.9 GPa, Poisson's ratio v = 0.33, and mass density
r = 2700 kg/m®. Using the mechanical properties of the plate, the primary and secondary
wave velocities may be easily calculated as ¢, =5432.3m/sand ¢, = 3144.2m/s.

In order to divide the plate into SFEs, a regular structured mesh including 40><40
elements of 36-nodes of 25=<25 mm? is employed. This SFE mesh has a total number of
degrees of freedom (DOFs) equal to 80802. All four edges of the plate are free while its four
vertices are constrained in both directions. An excitation signa in the form of a force pulse

signal of 100N amplitude has been applied at point A. Figure 8 presents this signa in both
time and frequency domains.

P 1000.0 L y 1000.0 "
L~ Vortical Criack
N i 3000 - o
—— ame.o — fing.o 1000.0

Tix cibaticm © it b Eeema

Toint DPrint

A0 LAY, 4750
- b " ™ B "
()

(b
Figure 7. Geometry, loading, and boundary conditions of the aluminum plate of the second and

third examples (length unit is in millimeters): (a) uncracked plate, (b) cracked plate
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250

In order to verify the developed SFEM code for 2D problems, the results of SFEM are
compared to the results obtained using classical FEM. To this end, various meshes with
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different densities are constructed and analyzed using commerciadl ABAQUS software.
These meshes consist of quadrilateral 4-nodes elements whose dimensions are 5x<5,
2.5%2.5, 1.667>1.667, and 0.833><0.833 mm?, respectively. The mentioned meshes involve
80802, 321602, 722402, and 2884802 DOFs, respectively. These DOFs are amost 1, 4, 9,
and 36 times of DOFs used in SFEM mesh of the present research.

The results of analyses for both SFEM and classical FEM approaches for horizontal
displacements at points A and B (see Figure 7) are drawn in Figure 9. From this figure, one
may observe that very fine meshes of FEs give excelent results. In other words,
computational costs of classica FEM is by far much more than SFEM while obtaining the
same accuracy.
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Figure 9. Horizontal displacements at points A and B obtained by SFEM and classical FEM

In order to show the high-resolution characteristic of obtained results by SFEM, Figure
10 depicts horizontal displacement contours for the entire aluminum plate in nine different
time steps, plotted by TECPLOT software.
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Figure 10. Horizontal displacement contours of aluminum plate plotted in nine different time
stepsof (@) t=0.04ms, (b)t=0.08ms, (c)t=0.12ms, (d)t=0.16ms, (e t=02ms, (f)t=
0.24ms, (g)t=0.28ms, (h)t=0.32ms, (i) t=0.36 ms

3.3 Wave scattering in a cracked aluminum plate

In the third and final example, we study the previous plate damaged by a single crack loaded
by the same loading, in order to check the accuracy of SFEM in the anaysis of wave
scattering phenomenon. All assumptions of this example are the same as the previous one.
The only difference is that a crack of length 100 mm is located within the plate as shown in
Figure 7b. Again, the same parameters have been measured. Similar to preceding example,
contours presented in Figure 11 show the wave propagation in the cracked plate. It can be
seen that the simulation successfully displays the effect of the crack as could be observed in
the form of wave scattering.

WWW.SID.ir
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Figure 11. Horizontal displacement contours of cracked aluminum plate plotted in four different
time steps

To get better sense on the wave scattering due to the presence of the crack, the time
variation of horizontal displacement measured at points A and B in both cases of uncracked
(the 2™ example) and cracked (the 3 example) plates are shown in Figure 12. Although the
effect of the presence of the crack might not be clearly visible in Figure 12, however, when
the differences of two signals are calculated, the influence of the crack comes out. This
differential waveform as a forward solution will be used in a new algorithm to detect an
existing crack in the plate as an inverse solution of crack detection problem. See the second
part of the present paper for more details.

WWW.SID.ir
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Figure 12. Thetime histories of horizontal displacement at points A and B of the aluminum plate
for both cases of (a) uncracked and (b) cracked conditions
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4. DISCUSSIONS AND CONCLUDING REMARKS

In this paper, detailed introduction of SFEM for modeling transient wave scattering problems
in domains made of isotropic materials has been presented. It has been shown that SFEM
offers special features over classicdl FEM which makes it a more powerful and flexible tool
dealing with large scale wave propagation problems. Choosing different SFES, one may obtain
different levels of accuracy. Solving the same problem with different SFEs suggests that the
precision of solution grows exponentially while increasing the SFES' order. This exponentia
increase in precision makes SFEM able to give a converged solution using less DOFs
compared to classica FEM. On the other hand it should be noted that when the order of SFEs
grows, the minimum length between nodes decreases too, which leads to a smaller critica
time increment. Consequently, to make an advance in computational costs (i.e., computation
time and memory), an appropriate SFE order should be chosen. This SFE order should
establish a balance between spectral convergence rate and spectral critical time increment.

There are some important hints when coding SFEM. Taking these notes into
consideration makes a SFEM code faster and much accurate; the first of which is to take the
advantage of diagonal mass matrix. The second important point is that if central difference
method is used for time integration, there is no need to the globa stiffness matrix. Therefore,
the formulation of the method could be developed on elemental level which leads to a great
machine memory saving.

Transient analyses of three examples have been ‘successfully carried out using the
developed code of SFEM. In these examples, various dynamic behaviors, geometries,
materials properties, boundary conditions, and transient load functions have been selected to
illustrate the applicability and generality of this method. One may note that al examples
have been successfully modeled with a few numbers of DOFs, preserving very high
accuracy comparing with other analytical and numerical solutions.

As dready discussed, considering the applicability and generaity of SFEM in wave
scattering problems, application of the results of this approach for solving the inverse problem
of crack detection problem in plates is presented in the second part of the present paper [29].
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