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Effect of Non-Normality on Sampling Plan Using Yule’s
Model

J. R. Singh and Mujahida Sayyed’

Vikram University

Abstract. In this paper, the effect of non-normality on sampling plan
using Yule’s model (second order auto regressive model {AR (2)}) rep-
resented by the Edgeworth series is studied for known o . The effect of
using the normal theory sampling plan in a non-normal situation using
Yule’s model is studied by obtaining the distorted errors of the first and
second kind. As one will be interested in having a suitable sampling
plan under Yule’s model for non-normal variables the values of n and
k are determined.

Keywords. Sampling plan; autoregressive process; edgeworth series;
autocorrelation.

1 Introduection

In the recent years many researches have carried out the problems of sampling
inspection plan due to their large applications in industries for statistical
measurements. In single sampling by variable all items from the sample and
all items from the remainder of rejected lot is inspected by variable. In this
direction, Srivastava (1961) has studied the effect of non-normality on the
sampling inspection plan by variables. Montgomery (1985) has presented a
study of the effect of non-normality on variable sampling plan. Recently,
Balamurali et al. (2008) and Guenther (1977) have studied the variable
sampling plans with different effects.

In general the normal theory is most appraisable for spherical symmetry
that provides the excellent theoretical result under normality. However, ex-
perience with real life data reveals that parent populations occurring in many
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substantive fields generally do not behave in a normal fashion. Thus to face
out this problem we consider the effect of non-normality on sampling plan.
Haridy and El-Shabrawy (1996) have discussed the problem of economic de-
sign of cumulative sum chart to maintain current control using non-normal
mean process. Akkaya and Tiku (2001) have estimated parameters using
autoregressive model in non-normal situation. Balamurali and Jun (2007)
have studied the multiple dependent state sampling plans for lot acceptance
based on measurement data.

Along with this, many studies show the effect of non-normality and auto-
correlation on the behaviour of sampling plan (MacGregor and Harris, 1993,
Amin et al., 1997, Huitema and Mckean, 2007, Shu et-al., 2002, Faltin et al.,
1997, Gilbert et al., 1997, Tseng and Adams, 1994, Zhang, 1966, Singh and
Singh, 1982). More recently, Castagliola and Tsung(2005) have discussed
the autocorrelated SPC for non-normal situations. Zou. et al. (2008) have
studied the problem of research monitoring autocorrelated processes using
variable sampling schemes. Aminzadeh (2009) has presented the sequential
and non-sequential acceptance sampling plans for autocorrelated processes
using ARMA (p, ¢) models.

The above studies motivate us to investigate further problems in this
field. Thus in the present paper, we have investigated the effect of non-
normality on sampling plan using Yule’s model for known o. The present
paper is distributed in four sections.

2 Model Specification and the Plan Under Yule’s
Model for Normal Variables

Let us define the process whose control will be investigated by

Tt = :U’+€ta (1)

where 4 is constant, & is a stationary time series with zero mean and standard
deviation . But now assume that the & follows a second order autoregressive
scheme. In other words we express

& = &1 + w0 + ey, t=1,2,...,n (2)
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where

(i) e ~N(0,02)

2
.. o t=r1
) cov(ey, er) = 3
(i) cov(zi,zr) {O o (3)
The variance of Yule’s model is given by
1— 2
0% = < 0‘2) e (4)
l+a/) (1—a) —a?

Following Box and Jenkins (1976) it can be shown that for stationarity,
the roots of the characteristic equation of the process in (2)

¢(B) =0, (5)
where
¢ (B)y=1— ;B — ayB*
must lies outside the unit circle, which implies that the parameters «; and

a9 must satisfy the following conditions:

as +ap <1
ag —ap <1
—-1l<a <l (6)

Now if G and G are the roots of the characteristic equation of the process
given by equation (5) then

a1+ y/ad + dag
a1+ y/ad +day
Gy = 5 (8)

when the correlation is present in the data, we have for the distribution of
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the sample mean Z, its mean and variance given by

E(z) = p,
o2

var(z) = — Agp (a1, a2, n)
n

o2

=TT (say), ©)

where Ay (a1, 2, ) depends on the nature of the roots G and G and for
different situations is given as follows:

(i) If Gy and Gy are real and distinct then we have,

Gi(1-G3)
(G1 — Gz)(l + G1G2)
B Go(1 =G?)
(G 2Gr)1 +1G1G2) Gz, n)

= Ara(oq, agyn)y (10)

Aap (a1, 02,m) = A(G1,n)

where i+@ 20(1-a6m
+ _ mn
MG 5 1-G n (1-G)*

(i) If G; and Gy are real and equal then we have,

L(1+G)  2G(1-GY)
Aap (Q1y 02, )= <1—G>  n(1-G)?
(1+6)*(1—G") —n(1 = G*)(1+G")
) {H (1+G?)(1-an) }
= A\ (al,ag,n). (11)

(iii)  If G1 and Gy are complex conjugate then we have,

2d
Aap (a1, 9,m) =Y (d, u) + ;{W(d,u,n) + Z(d,u,n)}
= Acc (a17a27n) (12>
where
1 —d*+2d(1 —d?) cosu

Y (d,u) =
() = T @0+ & = 2deosu)’
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2d(1 + d?)sinu — (1 + d*) sin 2u — d" ™ sin(n — 2)u
(1+d?)(1+d?> —2dcosu)?sinu ’

2d" 3 sin(n — 1)u — 2d" sin (n + 1)u + d" sin(n + 2)u

(1+d?)(1+ d? —2dcosu)?sinu ’

W(d,u,n) =

Z(d,u,n) =
d2 = —Q,

— cos— (L
U = COS (2d>

We now examine the effect of the autocorrelation onsthe usual test crite-
rion of single sampling plan described below:

and

Accept the lot if T+kog<U
Reject the lot, otherwise;

for a given set of values of the producer’s risk'a; consumer’s risk 3, Acceptable
Quality Level (AQL) p; and Lot Tolerance Proportion Defective (LTPD) po,
the values of n and k are determined by the formulae

K, +1Ks \>
n:(—+ B) , (13)
Kpl_KPQ

_ KOész + KﬂKpl
Ka =+ Kﬁ ’

where K, , K,,, K, and Kz are determined by the equation

7\/12?@@ (- t;) dt = 0 (15)
Ky

for different choices of fraction defective 6. If 6 is the proportion defective in
the lot, we know that

k

(14)

= K. (16)

Since the statistics Z under model (1) and (2) is asymptotically normally
distributed with mean p and variance (02 /n)Agp (a1, a2, n), the statistics z +
ko would also be asymptotically normally distributed with mean p+ ko and
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variance (02 /n)Agp(1, g, n).

The OC function L, corresponding to a fraction defective p is found as
follows. Under the assumption of normality, a lot having p percent defective
items will be accepted, if

Z+ko <U=p+ Kyo,

where K, is given by equation (16) for # = p. The expression for probability
of acceptance
L,=Pr(z+ko < p+ Kyo),

is derived by recalling the normality of the statistic (Z + ko). The above
probability after some simplification works out to be

_ Vi )
Lp—cb{ s, k>} (a7)

where .
2
o(t) = / 71_2—7Texp (—%) dz

3 Known o Plan Under Yule’s Model for Non-
Normal Situations

Let the quality characteristic x follows the first four terms of an Edgeworth
series, under-Yule’s model

2
)i { o(0) - LoV @) + SoM(0) + oV far. 19

The distribution of sample mean is given by,

AT MT? T2
ste)in = {o() - 309 + 0@ + B 6@ a9
where
X X _ 12
T = o ) x_O'T/\/ﬁ’ ¢<$)—m€
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o) (x) = (%)r ¢(x), and A3 and A4 are skewness and kurtosis respectively.

The OC function of the plan is given by
L'(p)=Pr(z+ko <U|p=4)
where
p=U—- K;a,

KI’, being the upper 100 p percent point of the standardized Edgeworthian
population i.e., Kz/> is given by

Ky,
[ o) - 2600+ 2600 + Bodgbamsa oo
6 24 72 D

For a given p, the value of KI’, may be obtained by the method

A A Ao
Ky = Ky + (K5 = 1) + S~ 3K,) - 25 (2K) —5K,) . (21)

Using the distribution of .z from equation (19), the OC function of the
known o plan is obtained as

AT T2 \2T?
I 8L (2) AL (3) 3 (5)
L= e 5o + 5000 + o0, @)
where
vn
The equations for determining the value of the plan parameters n and k
are
L'p)=1-a, (23)
and
L'(p2) = 8. (24)

Explicit expression for n and k can not be obtained in the non-normal
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and Yule’s model case. The equations (23) and (24) can however, be solved
numerically. If ng and kg are the initial solutions then the improved solution
can be obtained as ng+dng and ky + dkg where dng and dk( are the solutions
of linear equations

A(p1)dng — B(p1)oko =1 —a— C(p1) (25)
and
A(p2)dng — B(p2)dko = B — C(p2) (26)
where
T2 AT
Alp) = g 200 — 25 (a0 — 0}
2
XY
)\2 T2
+ 75; {zo¢><6>(z0) —2¢(5)(z0)}}, (27)
A 2
o) = Y {Hel) "0 o) + G0 ) + )
(28)
AT T2 \2T?
= {oten) - 50 en) + 10O en) + 6O | (29
and
2= Y (K )

The required value of n and k can be obtained by taking the normal
theory values as the initial solution and repeating the process of iteration for
equations (25) and (26) till the desired accuracy is obtained.
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4 Discussion of Numerical Results and Conclu-
sions

For the purpose of illustrating the effect of non-normality and Yule’s model
on the error of the first and second kind and the plan parameters n and k,
we have determined the values of these quantities for p; = 0.05, py = 0. 30,
a = 0.05, g = 0.10, with different values of A3, Ay and for different roots
using Yule’s model.

Table 1 shows the actual errors of the first and second kind when normal
theory known o plan is used under Yule’s model and non-normal condition. It
is evident from the Table 1 that, for leptokurtic, platykurtic population under
the root of (real and distinct, real and equal) the error of first and second
kind increases while in the case of complex conjugate errors are coincides
approximately the same result as in error free case. This‘shows that non-
normality and Yule’s model effect seriously on the errors.

Table 2 shows the value of n and k for Yule’s model under non-normal
situation. The values of n are rounded up and the values of k are given up
to four decimal places which is correct up to the third places of decimal. It
can be seen from the table that for leptokurtic, platykurtic population the
value of n and k increase for different roots while for negative skewness the
value of n and k decrease.

Therefore, it may be inferred that the use of normal and independent
sampling plan in non-normal and Yule’s model is not valid. Even when there
is slight departure from independencies and normality, it is advisable to take
into account the dependence and non-normality of the parent population
while choosing the sampling plan parameters n and k.

Acknowledgement

Authors are grateful to the editor and referees for many insightful suggestions
that significantly improved the quality of this paper.

J. Statist. Res. Iran 5 (2008): 193-205


www.sid.ir

© 2008, SRTC Iran

Effect of Non-Normality on Sampling Plan Using Yule’s Model

8620 86T 64T 8060 [§443 TO8T” 0570 V8T 0981 b
67€0° s6e1 T1er 981T" 008¢” 964¢ 2090 0661 LGVT =
0€v0° S08T 8191 16¢ £vee <190 8L4¢T" vl m.H.
1160° ey ever 96LE" 8¢4c Gge0 awoe 9erT” “
L3L0 6891 L3291 0LeT” 886" 9192 6560 1692 €661 o
8420 osT €9€T” 9L60 LLLE awe 0870 €e1T ey N
L1807 68T Te9T" €LET [{UEs 9eIT 1wl
6620 €691 TLIT TE60° 1¢€e [aail 61T
0vLo® LE91 6291° 0v8e” €260 60L8° £€02 0
9420 6E91" 0LET” L0ve 8LV0 ate ey
oorg toxxy (0 ‘x4‘87) (0‘.‘g’) eoxgromg  (0‘L‘87) (0‘s‘gr) eexgromg  (0‘L'8)  (0‘sfs)
8620 P10 TL6E” 6961 80L0° L6L0° Pe6v 62Ve’ 0570 6650 S197° 692" ¢z
67€0° [aai'l o981 00e1” 981T" orer LTLE 8017 2090 VL0 624c 0118 5o
0€70° 8190 8GaE" €08T" TE60° [0 Ciais G190 660 808" o1
T160° c0v0° 16T PLET 8601 8666 Uigsi G6G0° 1690° 612G
LTL0 1480 Prées gt 0LeT” Leer L6€1" 6560 10T 6£66 098¢ o
8420 0L€0° GeLT Lyar 9,60 9LIT LLIV 0870 8€90° 8626 00€T” :
LL80" 1901 VE6T |TCT €LaT €Ley 9e1IT 8LeT’ yeLe 9665 o-
6€20° €Te0” 86T STLT TE60° €eor” asn0° GRG0 60,6 SIVe
0vL0® 0960 160€" 9LaT" 88ET 8LYT 06 0057 €L60° 1611 L18¢ 0
9420 9ren crog” €91 cL60 IV ovry” 86TV 8L¥0 9090 846T
(L9'—‘87) (L91—‘8") (L‘9°‘e") (L9'—8) (291°—‘8) (L9°‘e") (L9:—‘8) (L9t1'—‘87) (L‘9°‘¢") T X
R § aye8nluo) Tenby JounsIq 291 ajye8nluo) Tenbry JounsIq EERE agesSnluo) Tenby jounIsIq
Joxayy xaduro) pue [eayg pue [eay Joxayg xapduroy pue [eayg pue [eay J0a1g xapduro pue peay pue [eay +— ¢y
g g 0

202

08°0="2‘Go'0="1d ‘010 =¢ ‘G0°0 = © [Ppow s,p[x Iopun ue[d O UMOUY 10 (soUIIOpUN) & PUR 0 JO SonRA T O[qe]T,



www.sid.ir

203

J. R. Singh and M. Sayyed

0516 ¥2LO'T £EET'T L968° 1689° 9L6L ££06° 6901°T 9290°T .
4 41 8 6 o1 11 9 8 8 -
G£96° 2918°C Q1T G656° Gz90'T £062°T L8T6° 0LET'T 00T°T o1
g €1 R 01 8 11 L 8 R
61€0°T L8L5°€ GTLO'T T100°T 89L0°T aatat 2e10'T 8002 POLT'T o
9 € 8 T 8 8 L 6 6
L00€°T el €re01 29Il PIIET PLEO'T 9EVT'T /V2T'T o
91 o1 T 8 11 8 8 6 -
Treo'T 860<°C 10681 28001 7960°T 0980'T PE10'T 180€°T €960°T 0
9 91 01 T 8 L 6 6
ooag doaxyg « (0<2‘8°) . (0‘L¢¢’) eoxgaoarg  (0°.4°‘87)  (0‘Lgr)  Pvug touy (o‘2¢8)  (0°s¢g?)
016" LTGL €51 16611 L698° 0846" 0S€0°T GPR6" £€06° L668° 8610°T €TITT oz
G g 8 8 6 L 6 6 9 g 8 6 -
G896 2906° Yool 9T G656° 666" 28L0°L L880°T L8V6° 826" er't Trot1 o1
G g 8 R o1 L 6 6 L 9 6 6 *
61€0°T 796" 1650°T EP6T'T 11001 ¢G0T POTT'T 6711 ce10'T 8L00'T 16201 69121 o
9 9 8 8 1 8 01 6 L L 8 6 :
£L50°T PRE0'T L9ET'T REEET €720’ 1890°T G060°T 97021 PLEO'T G890°T 0£02°T GL]V'T o
9 L 6 6 11 6 6 6 8 8 6 o1 :
are0'T $100'T [ataa 081€'T 2€00'T PIG0'T aePT'T CGOI'T PSI0T £070°T GE8T'T £EVe’T 0
9 L 6 6 11 6 o1 6 L 8 6 6
(L9'—‘8") (91— ‘8") (‘9 ‘¢") (2¢9'—*8") (91— ‘8") (‘9" ‘¢") (L9:—8") (1'91"—‘8") (.‘9°‘¢") Trx
EERE] 9jesnluoy renby joursI(q EERE ajednluo) renby journsI(q EERE | agesnluo) Tenbgy ounsIq
J0a15] xo[duro) pue [eay pue [eey Joaagq xo[duwo) pue [eay pue eay RCeREcc ] xo[dwo) pue peay pue [eay <+ ¢y
g G- ]

0e0=2 ‘gp'0="d‘01'0=¢ ‘G0 = © [opout s,o[X Iopun ue[d O UMOUY I0J y pue (SIAFAYUI) U Jo sonfe) ‘g eI

193-205

J. Statist. Res. Iran 5 (2008)


www.sid.ir

204 Effect of Non-Normality on Sampling Plan Using Yule’s Model

References

Akkaya, A. and Tiku, M.L. (2001).Estimating parameters in autoregressive models in non-
normal situations: asymmetric innovations. Communications in Statistics - Theory and Meth-
ods, 30, 517 — 536.

Aminzadeh, M.S. (2009). Sequential and non-sequential acceptance sampling plans for auto-
correlated processes using ARMA (p,q) models. Computational Statistics, 24, 95-111.

Amin, R.W.; Schmid, W.; and Frank, O. (1997). The effect of autocorrelation'on the R chart
and the S?-chart, Sankhya, 59, 229-254.

Balmurali, S.; Gob, R. and Jun, C.H. (2008). Variable Sampling Schemes in. International
Standards. Encyclopedia of Statistics in Quality and Reliability, Wiley, New York.

Balmurali, S. and Jun, C.H. (2007). Multiple dependent state sampling plans for lot accep-
tance based on measurement data. European Journal of Operational Research, 180, 1221-
1230.

Box, G.E.P. and Jenkins, G.M. (1976). Time Series Analysis Forecasting and Control. Revised
Edition, Holden-Day, San-Francisco.

Castagliola, P. and Tsung, F. (2005). Autocorrelated SPC for non-normal situations. Quality
and Reliability Engineering Internationaly 21, 131-161.

Faltin, F.W. ; Mastrangelo, C.M. ; Runger, G.C. and Ryan, T.P. (1997) . Considerations in
the monitoring of autocorrelated .and independent data. Journal of Quality Technology, 29,
131-133.

Gilbert, K.C.; Kirby, K. and Hild, C.R. (1997). Charting autocorrelated data: Guidelines for
practitioners. Quality Engineering; 9, 367-382.

Guenther,W.C. (1977). Variables sampling plans for the poisson and the binomial. Statistica
Neerlandica, 26, 113 = .120.

Haridy, A.M.A. and El-Shabrawy, A.Z. (1996). The economic design of cumulative sum charts
used to maintain current control of non-normal process mean. Computers and Industrial
Engineering, 31, 783-790.

Huitema, B.E. and McKean, J.W. (2007). An improved portmanteau test for auto correlated
errors in interrupted time series regression models. Behavior Research Methods, 39, 343-349.

MacGregor, J.F. and Harris, T.J. (1993). The exponentially weighted moving variance. Jour-
nal of Quality Technology, 106-118.

Montgomery, D.C. (1985). The effect of non-normality on variable sampling plans. Naval
Research Logistics Quarterly, 32, 27 — 33.

Shu, L.; Apley, D.W. and Tsung, F. (2002). Autocorrelated process monitoring using triggered
CUSCORE charts. Quality and Reliability Engineering International, 18, 411-421.

© 2008, SRTC Iran


www.sid.ir

J. R. Singh and M. Sayyed 205

Singh, H.R. and Singh, J.R. (1982). Variable sampling plan under second order autoregressive
model. Indian Association of Products, Quality and Reliability Transaction, 7, 97-104.

Srivastava, A.B.L. (1961). Variable sampling inspection for non-normal samples. Journal of
Science and Engineering research, 5, 145-152.

Tseng, S. and Adams, B.M. (1994). Monitoring autocorrelated processes with an exponentially
weighted moving average forecast. Journal of Statistical Computation and Simulation, 50,
187-195.

Zhang, N.F. (1996). Estimating process capability indices for autocorrelated processes. Pro-
ceeding of the section on Quality and Productivity of American Statistical Society, 49-54.

Zou, C.; Wang, Z. and Tsung, F. (2008). Research monitoring auto correlated processes using
variable sampling schemes at fixed-times. Quality and Reliability Engineering International,
24, 55-69.

J. R. Singh Mujahida Sayyed

School of Studies in Statistics, School of Studies in Statistics,
Vikram University, Vikram University,
Ujjain-456010, Ujjain-456010,

M.P., India. M.P., India.

e-mail: mujahida.sayyed@rediffmail.com

J. Statist. Res. Iran 5 (2008): 193-205


www.sid.ir

