C)[ - t‘ & -
(© Statistical Research and Training Center IZ (5/ “L;Uj‘;d‘g

J. Statist. Res. Iran 6 (2009): 209-230 YYo—Yod Lav (V\WAA pliwes 5 52k ¥ sosled oF gusss 0l

Recurrence Relations for Moment
Generating Functions of Generalized
Order Statistics Based on Doubly
Truncated Class of Distributions

A. H. Abd Ellah,"* Abd El-Baset A. Ahmad?
and Mohammad A. Fawzy!

T Sohag University
¥ Taif University

Abstract. In this paper, we derived recurrence relations for joint moment
generating functions of nonadjacent generalized order statistics (GOS) of
random samples drawn from:doubly truncated class of continuous distribu-
tions. Recurrence relations for joint moments of nonadjacent GOS (ordi-
nary order statistics (OOS) and k-upper records (k-RVs) as special cases)
are obtained. Single and product moment generating functions (moments)
of nonadjacent (GOS are derived. Doubly truncated new modified Weibull
(Weibull, Extreme-value, exponential and Rayleigh), three Burr type XII
(Lomax) and inverse Weibull distributions, among others, arise as special
cases of this doubly truncated class. Two applications are introduced, the
first is the characterizations for members of the class based on recurrence re-
lations for moments of GOS, OOS and k-RVs. As the second application we
found Tables of single and product moments of OOS from doubly truncated
Lomax distribution.
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1 Introduction

Udo Kamps (1995) has introduced GOS as random variables having cer-
tain joint density function, which includes as a special case the joint density
functions of many models of ordered random variables such as ordinary or-
der statistics (OOS) (David, 1981; and Arnold, Balakrishnan and Nagaraja,
1992), sequential order statistics (SOS) (Cramer and Kamps, 1996), record
values, k-record values (k-RVs), and Pfeifer’s records (Nevzorov; 1987; and
Ahsanullah, 1995), Progressive Type-II censoring order statistics (PCOS)
(Balakrishnan and Asgharzadeh, 2005; and Sarhan, Ammar and Abuam-
moh, 2008). The structural similarities of these models are based on the
similarity of their joint density function. Therefore, all of these models are
contained in the model of GOS.

Our aim In this paper is derive recurrence relations for joint moment
generating functions of nonadjacent GOS of random samples drawn from
doubly truncated class of continuous distributions. Recurrence relations for
joint moments of nonadjacent GOS (OOS and upper k-RVs as special cases)
are obtained. Single and product moment generating functions (moments)
of nonadjacent GOS are derived.

Recently, new and more general research based on generalized order
statistics have been made by several authors. Statistical inference and char-
acterizations based on properties generalized order statistics have been es-
tablished by several authors. Such authors are Keseling (1999), Cramer
and Kamps (2000), Ahsanullah (2000) Habibullah and Ahsanullah (2000),
Pawlas and Szynal (2001), Ahmad and fawzy (2003), Saran and Pandey
(2003), Athar and Islam (2004), AL-Hussaini et al. (2005), Ahmad (2006,
2008), Ahmad and Abu-Shal (2006), among others. A large number of pub-
lications are concerned with recurrence relations of moments of OOS and
RVs, details survey of the OOS are given in Balakrishnan, Malik and Ahmed
(1988), Balakrishnan and Sultan (1998), Balakrishnan Ahsanullah (1995),
Ahmad (2001) and AL-Hussaini et al (2004).

Our aim in this paper is to drive recurrence relations for joint moment
generating functions of nonadjacent generalized order statistics of random
samples drawn from doubly truncated class of continuous distributions. Joint
moments of nonadjacent GOS are obtained from these relations. Specializa-
tion to single, product moment generating functions and moments of non-
adjacent GOS, OOS and RVs are obtained. Single and product moment
generating functions and moments of nonadjacent GOS, OOS and RVs are
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derived as special cases of this class.
Let X be a random variable (rv) has a class with distribution functions
(df ) which given by

F(z) = 1—{ah(z) + b},  a<a<p, (1)
and the corresponding probability density function (pdf) is given by
f(z) = —ach(z){ah(x) + b}, a<z<p, (2)

where a,b, ¢ # 0 are constants such that F(o) =0, F(B) = 1 and h(x) is a
monotonic differentiable arbitrary function of x in [e, 8] such that f(x) is a

pdf.
The corresponding survival function (sf) is given by

F(z) =1— F(x) = {ah(x) + b}%, a<z<p.

so, from (2), we can obtain

_{ah(z) + b} f(x)
(@) g —ach'(x) (3)

ol

The doubly truncated pdf fy(x), df Fy(x), and sf Fy(x), are given in general
forms, respectively, by

fd(iU)ZDf(ﬂf), Plgngla

Fd(:c) = DF(JJ) — PQ,

Fy(z) = Q2+ DF(z), (4)
where
D:QiP’ Q:F(Ql)’ P:F(P1)7 QQZD(Q—l), and P, =DP.
Substituting (3) in (4), we obtain
Tl — {ah(z) + b} fa(z)
Fy(z) = Q2 — wch (2) . (5)
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2 Recurrence Relation for Moment Generating
Functions of GOS from Doubly Truncated Dis-
tributions

Suppose that X,.,, ., 1 is the rth GOS, so if X1 m ik, Xommks - Xngnm ke
are n GOS from the df (5), where n > 1, m > —1, k > 1 are real numbers.
Then the joint doubly truncated pdf of X, ...k, Xrjmm ik is given for
1<rm <~ <rg<n, 7o =0, 741 =n+1 (see, Ahmad and Abu-Shal,
2006), by

/—1
Frivs @1,y 20) = O | [P @)} o F 1)}
i=0
4
= hin{F () }]" ”_1] X {Hf(wz)} {Fla)yr
i=1
(6)
for F~1(0+) <21 < -+ < 2, < F~1(1), where
Crpo1 i
Oltre) = 2 = [ i = ke (n=)(me+1), (7)
[T (rigs —7ri — 1) =0
i=0
and for 0 <t <1 -
1-t)m™
n(t) = {0 E
—In(l1—t) m=-1.
The joint moment generating function of Xilln ke Xil’n ko> FOT J1, -y 1 =
1, is'given by
M0 (e t) = B {exp (ZtiXi:',n,m,k> }
i=1
00 9] 9 ¢ )
— / / .. / exp thxi’
—o0 J I Tp—1 i=1
X fT‘h---ﬂ“é (331, . ,xg)dwz e da:l, (8)

and the joint moments are given by
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l
(J15--27¢) _ Ji

1=

1
00 00 ~ £
= / / e / H:L‘?fm,...,w(wl, ooy xp)dxy .. dxy.
—00 X1 X

=1 =1

Now we can a recurrence relation for joint moment generating functions
of nonadjacent GOS for the class (5) by the following theorem.

Theorem 1. Let X, .nmk,---» Xrpmmk be n GOS formed from a random

sample of size n drawn form the df (5). Suppose for jis...;je=1,1<r <
-« < rp < n, that the expectation

¢
- . ah(Xy, pmi) +b
E Je—1 £ X . 7,1y,
{ X ek exp (Zz; 7 ri,n,m,k) h,(Xrg,n,m,k:) )

is finite, then forry_y <rj <rep,m = =1, and k > 1 the following recurrence
relation

M(jl,...,jg) (tlg . 7t€) - M(jl,n.JZ) (tla . ,t() —

T1 ey 7o, 0,mLk T1yeeTy MMk

(J15--570) (J1,----de)
SQQ {Mrl,...,w,n—l,m,k—&—m(tl’ T 7t€) B Mrl,...,r;,n—l,m,k—f—m(tl’ T 7t6)}

. /-1
Lege Z
- E {\I[je (Xrg,n,m,k; t@) exXp ( th;«Z n.m k> } (’9)
ac’y’l"é 3Ty 1T,

=1

where

. ah(xrﬁ7nvmyk) + b
h/(xrevnvmvk)

, ) — el Je
\IIJZ ($T€7nvmvk’ tg) - xrg,n,m,k €xp (temrg,n,m,k)

(10)

rp—1 ]
c=cronmk) = [[L, vf=vi—-1=Fk+m)+(n—1—i)(m+1)

=1 "

and v, +m=y_1— 1.
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Proof. By replacing f and F in (6) by f; and Fy respectively, we can write
(8) as

) ) Q1 @1 @1 ¢ ;
Mﬁf?’,ri,@%,m,k(tl’ coste) = C(, 7“4)/]3 / = ./e exp (thfcf’)
1 1 Te—1 i=1
V4
X {Hfd(xz‘)} :
i=1
= han { Fa(;) ]!
Q1 Q1 Q1 d ;
I 2
P T1 Te—1 i=1
-1
x {Hfd(%')} :
i=1

— h{ By }] 7

-1
[{Fa(z)} " o { Falwii1)}
=0

{Fd(xg)}%l_lda:g ...dx

—2
HAEa(z)} " { Fu(isa)}
1=0

{Fa(ze)}™

X I(l‘g_l)d$g_1 A de’l, (11)

where

Q1 .
Hwe) = / exp (tea] ) [l {Fa(we)} = hond Falwe 1)} 717!

To—1

% {Falae)} e fa(xe) by

N /:2_1 exp (tz:cﬁﬁe) (o { Fa(20)} — hon{ Fg(g_1) Y]t me1 1

d{—Fq(zg)} e,

making use of integration by parts we can write I(z,_1) in the form

toi Q1 ) o
I(ze—1) = acg:if / xé“ exp (tw%) (M {Fa(z0)} — hon{Fg(xp_1)}] e e 1 1
Te Jxp—1

o i —1 [ )
mmmwmﬁ”r“/‘m¢MMMwm»

Te -1
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— hi{ Fa(we—) )" 2 F (o) Y=~ falwe) Yoo,

substituting I(xy_1) in (11), we obtain
o te7eC (L, Q1 Q1 @ ¢ N
Mﬁfl’”;ﬂgmk(tl, coty) = tejeC L re) / / / ! Yexp Ztix?
yeeey LTI, PYTZ P1 o To_1 P

-1
X H{Fd(xz)}m[hm{Fd(xz—i-l)} - hm{Fd(xi)}]riH—n—l
1=0

(T[ —Tp—1 — 1)0(5, T‘g)

-1
X {Fd(xg)}%f {Hfd<1'z)} dry....dx1 +

i=1 re
Q1 Q1 Q1 ¢ A :
X / / .. / exp Ztixf Hfd(xz’)
P Ja Lo i=1 i=0
-1
x {Fg(xg)} e H{Fd(Ii)}m[hm{Fd(fﬂiH)}
i=0
rip1—r;—1
— hm{Fd(xl)}] diL‘g e dxl. (12)
from (7) we can show that
(re =re-1 —DC(lry) Cri-1
Yr, D) . ’
[I(r —ric = DWrf =11 — 1)
i=1
where
Ty
JIkA
C*(€7T€) = —1 =0 ) 72* =% — 1.
[I(rig1 —ri—1)!
i=0
so (12) can be written as
o o tejeC (4, r0)
M) bt = MY () = S
Ty

Q1 Q1 Q1 . 4 ] /-1 o
x /P1 /x1 "'/Ie_l 7, exp (;tzl‘f> {Efd(xi)} {Fa(ze)} "
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H{Fd(xi)}m[hm{Fd(a:iH)} - hm{Fd(xi)}]”“_”_ll dxy...dzy, (13)

Making use of (5) we can write (13) in the form

_ t0je@aC(¢ 1)
Yry

Q1 Q1 : N5
></ / / Z Lexp <;tzle> {il_[lfd(xi)}

H{Fd ()} " [hm A Fa(zir1)} = hod Fa(a )}]Ti+17‘i1]

tfjfc(ga r@)
ac*yw

X/ /Q1 / 7y exp <th Jz) xe;rb
X {E[fd(mi)} (Fy(zg)} e

N hm{Fd(xi)}]T”lTil] dxy...dxq, (14)

(j ’.”,j ) (J " 7.] )
Mrl,l...,’l‘gfn,m,k’(tl’ e 7t€) - Mr 1 rel:n m, k‘(tl e ,t[)

X {Fd(xg)}%f_ld.%'g ...dxy —

H{Fd i)} [ A Fa(ziv1) }

from (8) in the last term we can write (14) in the form

tejeQ2C (¢, 1rp)
Tre

L e () { T

H{Fd(xl)} [ m{Fd($i+1)} — hm{Fd(xi)}]TiH—Ti—l]

1=0

MO ) — MU ) =

T1 yen s T 05T, MUK TlyeensTy MMk

rp—1 230 -1
X {Fd(x@)}’y 4 dxg . d.’I}l — EE [Xi“f,n,m,k
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ah( Xy, nm) + b

X exp E t; X — , 15
( m,n m k) h (Xrg,n,m,k) ( )
then by replacing n by n —1 and k by k+m in (13), and substituting in the

first term in the right hand side in (15), the recurrence relation (9) can be
obtained.

Theorem 2. The recurrence relation (9) is satisfied, if and ondy ifX has the
af (5).

Proof. If X has df (5), then recurrence relation (9) is satisfied from Theorem
1. On the other hand, if the recurrence relation (9)is satisfied, then by using
(6) and (13) in (9), we obtain

/ /Q1 / Jf L exp (gtzﬁ) jl:i{Fd(xi)}m[hm{Fd(%H)}

- hm{Fd(wi)}]”“Till {Hfd () }{Fd we) e

{ah(z,) + b}

[Fd(w) ~ Q2 ach’ (zy)

fd(xg):| dry...dxr1 =0.

Applying the extension of Miintz-Szasz theorem, see Hwang and Lin (1984),
we have
{ah(xy) + b}

Fy(ze) — Q2+ acl (z0) fa(

xp) = 0.

This leads to
{ah(z¢) + b}

Fa(we) = Q2 ~ ach’ (zy)

fa(ze).

whose solution is the df (5).

2.1 Remarks

1. If r,=ry_1+1, then

Q1 .
I(zp-1) _/ exp(texy) ){Fa(we)} e~ falwe) Yy,

-1
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by substituting I(xy_1) in (9), and by the same way in the above proof
we can obtain

(1 rd) _ (J1rmrde) teje
Mrl,...,rg,n,m,k(tl’ te ’tf) - g622‘]\41”1,...,w,nfl,m,k+m(tl’ te 7t€) - acy,
I3
/—1 '
x F {xpje (Zrgmm.k te) €XD (ZtiX£:7n7m7k> } . (16)
=1

2. By differentiating (9), with respect to t1,...,t; and putting t; = --- =
ty = 0, we obtain the following recurrence relation for the joint mo-
ments of nonadjacent GOS

(J15-5d¢) (J15-2de) _ Je .
'un,...,r[,n,m,k - #rl,...,r‘z,n,m,k - acys, E{\IJJE,WJI (Xreyn7m7k7 SRR
(J5e-+5de)
Xm,n,m,k)} + §Q2(I)r1,...,r4,n—1,m,k+m7 (17)
where
(J15--23¢) _ (Utyede) (J1ye-2e)
1y, Te,n—1lmk+m — lurl,...,rg,n—l,m,k:—l—m - lurl,...,rz,n—l,m,k—&-m’ (18)
and
/-1
0, . _ g1 Ji ah(wrévnvmvk) +0b
Jes--5J1 (le)nzmzk7 "\ 7x7‘1an’m’k) - ‘T'r'bn,m,k; xri,n7m7k,‘ h/( ) .
i1 Lrym,m,k

(19)

3..In the case of OOS [m =0, k=1, =n—i+1and { = #ﬁl],
relation (9) reduces to

nQ2
n—rp+1

X{M<J’h-~j0 (tr, ..., t) — MU0 (t17-~'at€)}

T1,ee,Tpin—1 T1yeeryn—1

. /-1
teje ;.
- EV. (Xt E t; X7 ,
ac(n —rg+1) { M( " ¢) exp <i:1 n.n) }
(20)

(J1s-d1) _
MU0 (4 tg) — MYV () =

T1 ey 70T T1yeenTyt
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and relation (17) reduces to

M("Jll,’,;ﬂ]/;z - Nijllw’r];{zl = _WE{\I/]‘Z,_.J& (Xopmy - s Tryin) }
nQ)2 1 yeerd
o LA (21)

where
Xn,...,rg;n,o,l = XTl,...,Tg:'r‘L'

(The recurrence relation (21) agrees with AL-Hussaini et al: (2004)
when h(z) = e *®) g =1,b=0and ¢ =1).

4. Inthecaseof krv [m = —1, k> 1,v =k and (1—k=1)17"] relation
(9) reduces to

M((illgﬁ)k) (t1,.. te) — M((gllij)k) (5 oy te) = Qo1 — k1)

(j ""7j ) (j 7"'7j )
X {M(rll,...,rf;kfl) (tl’ * N ’té) 4 M(ml,...,rg;kfl) (tl’ T ,tg)}

, -1
tege .
— i £ {‘I’je (X7 k)3 te) exp (th’X(Jm,k)> } ) (22)

i=1

and relation (17) reduces to

(G102 Grode)  _ __Je
Hire k)~ Bty = o BV A o by Xy 3]
FQul kT TR (23)
where

Xy e~k = X(n,m-,re,k)'

The recurrence relations for RVs was obtain if we put £ =1 in (23).

5. If weput j1 =---=4p1=0,5p =g, rp=7r,t1 =---=t,_1 =0 and
te =t,in (9) and (15) , respectively, we have

Mﬁ,]g,m,k(t) - Mﬁi)l,n,m,k(t) = £Q2 {Mggfl,m,ker(t) - Mvgjf)l,nfl,m,ker(t)}

tJ
E{¥, (X, it 24
acyy { ,7( rn,m,ks )}7 ( )
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and

) ) __J )
/‘Lr{n,m,k - lu’rjfl,n,m,k - acy, E{\Ijﬂ (Xr7n7m7k)} + gQQ@r?nfl,m,ker'
(25)

(Recurrence relation (25) agrees with (2.5) of Mahmoud and Al-Nagar
(2006) if ¢p(z) = 27)

and when h(x) = exp{—A(z)}, a = 1, b = 0 and ¢ =1, this result
agrees with one of Ahmad and Fawzy (2003) results.

6. f weput ji = -+ =4jro=0,js1 =€, jp = €791 =0, 79 =S5
tl == tg_g =0 tg_l = tl and tg = tQ, in (9) and (17), we obtain

M) () — MG, () = sQQ{Mﬁz’iz_l,m,Hm(tl,m)

(e) lae
- Mr,sl,nl,m,k+m(t1,t2)} -

acys
x E{Ue(Xsn,m,k; t2) exp(thf’n7m7k)}. (26)
€
H’E'e;E??L m k} - /J/’E‘egs—)l n,m k? b E{Qeva(Xsan?m)k’ Xr,n,m,k)}
1< b b R b b Y a/C’yS
Q) (27)

Recurrence relation (27) agrees with (3.4) of Mahmoud and Al-Nagar
(2006) if ¢p(zrxs) = xlat.

7. In thecase OOS, relations (25) and (27), reduce to

G)_ 0 _ _ J (X nQ2 L 0)
Hy:p = Hr_1:m CLC(TL —r+ 1)E{lll] (XTH)}+ (n —r 4 1) (I)r:nfb (28)
and
R — 1 D D
Mr,s:n :uﬁs—l;n ac(n — s+ 1) { e,e( sy rn)}
4 nQ2 () (29)

n—s+1 r,sm—1°
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8. 1In the case of k-RVs (25) and (27), reduce to

. . j ey (G
Mgy = 1 g = == BUY (X)) + Qa1 = k™) 70 (30)
and
() _ (ee) _ _E
'u(r,i,k) - ,u(r,zflyk) - _ﬂE{\PB,E(X(S,k’)?X(T,k))}
+Qa(1— k)l . (31)

2.2 Special Cases

1) The left-truncated case can be obtained when Q2 = 0, so relations (9)
and (17), reduce to

M(]l’“"“) (t,. .. t) — M(Jl’”””) (t, .. te) =~ £Je

T1 ey To, MLk T1yeensTy MMk

acyr,
1
E{\ij (m’l‘gﬂl,m,k’; tf) eXp <Zt1X£zzn7m7k> }, (32)
i=1
and
(j1,eeie) (J15--n¢) y Je
Nrjll,-..,rjee,n,m,k - wa...,r’zfm,m,k - »ac% E{\Iljév~~~»jl (X”‘e,n,m,kv )
¢
Xm,n,m,k)}' (33)

2) The right-truncated case can be obtained Q2 = %, so relations (9)

and (17), reduce to

L . : -1
MU G ) MO gy =D

'
71,570, 10,m,k T1yeensTy MMk Q

(jlv"':j@) (jlv“'vjf)
{Mrl,..,,rg,n—l,m,k—‘rm(tl’ B tg) - Mrl,...,rz,n—l,m,k—f—m(tl’ T ’té)

. -1
t .
- {%(Xw,n,m,k;td exp (E :tiXZE,n,m,k> } ) (34)

acyr, —
and
(J15-2d¢) (J15--50e) _ Je .
/’Lrly...7r£’n7m7k - 'uh,“.,rz,n,m,k - _acfyw E{\Iljé,...,]l (XTZ7n7m7k7 ey
J1se-nde)
Xrl,n,m,k)} +€ Q Cprl,...,rg,n—l,m,k-l—m'

(35)
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3 Applications

In this section, two applications of the previous results are introduced, the
first one is the characterizations of members of the class based on recur-
rence relations for moments of GOS, OOS and k-RVs for doubly truncated
modified Weibull (Weibull, Extreme-value, exponential), doubly truncated
inverse Weibull distributions and doubly truncated three-parameters Burr
type XII (Lomax and Rayleigh). In the second application we will find the
Tables of single and product moments of OOS arising from doubly truncated
Lomax distribution.

1. Doubly truncated new modified Weibull distribution

a =1,b =0,c =1 and h(z) = exp{—0aP exp(Ax)}, then the recurrence
relations (17), (25) and (27), reduce respectively, to

prend) L Gued) e g X ik EP(AX g nm )
T1yeesTe,mmMuk T1yeensTy MMk '77”5(9 p+ )‘X'rl,..‘,'rl,n,m,k
/—1 ‘
HX;":,n,m,k} + §Q2¢T’1,...,T’g,n71,m,k‘+m, (36)
=1
' XI7P exp(—AX, )
(4) () J B rn,m,k P rn,m,k P
Hoynom bk = ”r 1,n,m,k ,)79— D+ )‘Xr,n,m,k +£Q2 rm—1,m,k+m>
(37)
and
(e,e) (e,e) + € E X:,n,m,szs,q_mfjm,k exp(_)‘X&n,m,k)
:u'rsnmk_:urs 1,n,m,k '750 p+)\Xs,n,m,k
+ §Q2q>r,s,n—l,m,k’+m' (38)
The recurrence relations (21), (28) and (29), reduce to
O(n — e+ i, = 00 —re + D),
Z 1
. X,ﬂ1 rom €XP(=AXp1 . rpn)
+ ZE 2000y s X_]»L
! { p+ >\X7"1, LTeim H
n
MR @)
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] Xgn € AX i no
M(]) — /’L( 7) =+ J E} Xp( ) }+9( QZQT‘:nfla

=gy —r 4+ 1) P+ AXrn n—r+1)
(40)
and
€¢) — (675) € E X’f:nwi;’bp exp(_AxSZTL)
Hor,s:n lu‘r,s—l:n 9(77, — 54+ 1) P+ )\xs:n
no
D g 41
G(n—s—l—l)Q r,s:n—1 ( )
The recurrence relations (23), (30) and (31), reduce to
Je=p
M(jl,...,j() _ M(jl,...,jg) + ]f x(Tl, e k) eXp{ )\X 7'1’ 77"£7]€)} HX
(r1,-m1,k) (roserisk) Ok P+ Xy, i) (ri3k)
+Q2(1* )1 V'Z(I)Tl ..... re,k—=15 (42)

+Qa(1-k Y7 ®, 1, (43)

B _ 0 L ip Xiry exP{=AX ) }
p+ AX(r,k‘)

X(T ER k)X(r s;k) exp{ )\X (r,s; k)}
p+ A)((r,s;k:)

+0kQa(1 — k™)1 ®, 5. (44)

9’W§r s)k) = WWE??_L@ +ekb

I) - If we put A = 0, we obtain the recurrence relations for Weibull distri-
bution.

IT) If we put p = 0, we obtain the recurrence relations for Extreme-value
distribution.

2. Doubly truncated inverse Weibull distribution
a=—-1,b=1,c=1 and h(z) = exp[—0z~P], then the recurrence relations
(17), (25) and (27), reduce respectively, to

(J151d0) (J15--70) _Je Je+p
Horyorenam k™ Hoy g nm ke = m@pE X e,

g AEXPOXY )~ 1
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{—1

Ji
HXrivnvmvk

=1

+ gQQ(I)rl,...,rg,n—l,m,k—l-mu (45)

(4) ) J +
Mr]n m,k MTJ 1nmk E [Xi,nf)m,k{exp(eXr 'rIL)m k) - 1}}

Vr0p
+ §Q2®r,n71,m,k+m7 (46)
and
(e€) (ee)
Iu’rsanmk Mrsalnmk 'prE [Xrnkasnmk{eXp(engmk)_1}}
+ §Q2¢r,s,n—1,m,k+m- (47)

The recurrence relations (21), (28) and (29), reduce to

: Je _
AL~ e = Gt e 1) B (PO )~ 1)
n
II)(h ] w192 (48)
. . i _
Mr]:r)z — Iy = mE [X]JFP{GXP(@Xr:ﬁ) - 1}]
n
Q9P 49
+(TL—T‘—|—1)Q2 rin—1, ( )
and
e, (&) € e e+p
lj’r,s:n :u‘rs 1:n + Hp(n — s+ 1) [Xrn Tg.p {exp( ) - 1}]
n

— Q2P 1. 50
+n—s+1Q2 r,s:n—1 ( )

The recurrence relations (23), (30) and (31), reduce to

/-1
(j 7"'7‘7‘) PR (j 7"'7]) ]Z j + 3
Wﬁwﬁxr—mﬁwé,f+@%E s PPIOXGE o} = VT TXG
1=1
+Q2(1 - )1 T‘eq)rh ,’I”g,k 1 (51)
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@ _ 0 J i+ -
ik = B + ngkE |:X(]r;]f) [exp{0X 5y} — 1]]

+ Q1 =k 7D, (52)
and

(67 ) _ (67 ) € € + -
'u’(r,z,k;) - /‘(r;—m) + %E [X(r,s;k)X(Er,SF:k) [exp{eX(rfs;k)} B 1]]

+ Qa1 — k) TR, . (53)
3. Doubly truncated Burr Type XII distribution.

a=2,b=1,c=—0and h(z) = 2", then the recurrence relations (17), (25)
and (27), reduce respectively, to

N (J15ede) (41,+-130) o (Grsenderm)
(n%”ée - ]f)lu’m,...,rg,n,m,k o nyréeurl,...,rz,mmk = OJeHy) iiremn,m k

0070, Q@I

(54)
(nvre—j)ug%,m,k—77%9#931@,%1@ = Uj“gn_,zm),k+7795%Q2‘1’g7)1—1,m,k+m (55)
and
(0 — )l ok =0T s T O
+ UH’YS{QQ(I)E‘,Z;)L—Lm,k-&-m’ (56)

The recurrence relations (21), (28) and (29), reduce respectively, to

{00 — re 1) = Gebuir, = nd(n —re + D) = oo
+ ngnQ2q)(j17---7je)

T1,..,rpm—17

(57)
0 —r+1) = 3uld) —n(n—r+ u | = ol +1nQe0Y)_| (58)
and

{(n0(n — s +1) — el —nbn — s + DD, = oeplos™
+00nQx05), (59)
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The recurrence relations (23), (30) and (31), reduce respectively, to

(nok — jo)pl 1, — k1) = T gk Qy(1 — k)T

(T15000570,k) (r1,.57p5k) (r1,e-570,k)
(J15--de)
X B ) (60)

(nfk — j)ugi?k) - 779@8)_1,@ = Ujugi,;?) + n0kQ2(1 — k‘l)l_régi,)k_l) (61)

and

(nbk — 5>“Ei’§,)k) - nﬂkugii)_l’k) = Ueﬂgi:;;;]) +n0kQa(1 =k~ 1) 7"

X B (62)

When n = 1 in (54), (55), (56), (57), (58), (59), (60), (61) and (62), the

recurrence relations for the Lomax distribution are obtained.

3.1 Another Application

In this application we compute numerically the single moments of OOS from
doubly truncated Lomax distribution.

The recurrence relations of single and product moments of OOS from
doubly truncated Lomax distribution can be obtained as

[0(77/_ r+ ]-) - 1],“/7‘:71 = G(n—r—l— 1)Mr—1:n+0nQ2[Mr:n—1 _,Ufr—lzn—l] +o (63)
[e(n_s'f_l)_l]ur,s:n N e(n_3+1)ﬂr,s—1:n+0nQ2[Mr,s:n—l_Hr,s—lzn—1]+gur:n-
(64)

Suppose that : P =0.25, Q = 0.75 and then Q2 = (Q —1)/(Q — P) = —0.5.
We consider the following three cases of the parameter values:

i) If6@ =3 and o = 1, then the cdf of Lomax distribution is F'(z) =1 —
(1+2)73, so we can obtain Piand Q; from P = F(P;) and Q = F(Q1)
it is:

P, =0.1006 and @1 = 0.5874.

ii) If # = 3 and 0 = 2, then the cdf of Lomax distribution is F(x) =
1—(1+2)73, so we can find P; and @ as:

P =0.2012 and @Q; = 1.1748.
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iii) If # = 3 and o = 3, then the cdf of Lomax distribution is F(z) =
1—-(1+ %)_3, so we can obtain P; and @ as:

P; =0.301927 and @) = 1.7622.

and we will use the relations.

E(Xén) = Pl]’ n 2 0 and E(erzn—l) = {7 n 2 1.

(see Khan and Khan, 1987).

Table 1. The single moments of OOS from doubly truncatedLomax distribution.

r n Hrn
0=3, 0=1 0=3, 0=2 0=3,0=3

1 1 0.2859 0:5718 0.8576
1 2 0.2096 0.4192 0.6288
2 2 0.3622 0.7243 1.0865
1 3 0.1769 0.3538 0.5307
2 3 0.2750 0.5500 0.8250
3 3 0.4057 0.8115 1.2172
1 4 0.1591 0.3182 0.4772
2 4 0.2304 0.4608 0.6912
3 4 0.3196 0.6392 0.9588
4 4 0.4344 0.8689 1.3033
1 5 0.1479 0.2959 0.4438
2 5 0.2037 0.4073 0.6110
3 5 0.2705 0.5410 0.8115
4 5 0.3524 0.7047 1.0570
5 5 0.4549 0.9099 1.3649

Table 2: The product moments of OOS from doubly truncated Lomax distribution.

r S n ,U"r,szn
=3 0=1 0=3,0=2 0=3,0=3

1 2 2 0.0817 0.3269 0.7356
1 2 3 0.0527 0.2108 0.4743
1 3 3 0.0743 0.2975 0.6694
2 3 3 0.1180 0.4724 1.0631
1 2 4 0.0393 0.1575 0.3544
1 3 4 0.0530 0.2122 0.4775
1 4 4 0.0705 0.2820 0.6345
2 3 4 0.0790 0.3159 0.7109
2 4 4 0.1034 0.4137 0.9309
3 4 4 0.1449 0.5801 1.3052
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Note: It should be noted from Tables 1 and 2 that

i) The values of different moments are decreasing with increasing the
sample size n .

ii) The following relation
Zum =nE(X) =np1a (65)
i=1

is satisfied for all values of single moments in Table 1.

iii) The following relation

n—1 n n—1 n
Z Z Hijin = Z Z E(Xi:an:n) = n—(nQ_;l):u%:l (66)

i=1j=i+1 i=1j=i+1

is holds for all values of product moments in Table 2.
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