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Abstract. In this paper, we discuss a generalization of Balakrishnan skew-
normal distribution with two parameters that contains the skew-normal, the
Balakrishnan skew-normal and the two-parameter generalized skew-normal
distributions as special cases. Furthermore, we establish some useful prop-
erties and two extensions of this distribution.
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1 Introduction

Azzalini (1985)/introduced the skew-normal class as one being able to reflect
varying degrees of skewnees, which is mathematically tractable and which
includes the normal distribution as a special case.

A random variable Z has a standard skew-normal distribution with pa-
rameter A € R, denoted by Z ~ SN (), if its pdf is

f(zX) =20(2)®(A\z)  z€R,

where ¢(+) and ®(-) are the pdf and cdf of the standard normal distribution,
respectively. This distribution and its generalizations have been studied by
some researchers. For example, Arellano-Valle et al. (2004), Arnold and
Beaver (2002), Azzalini (1986), Azzalini and Dalla valle (1996), Branco and
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Dey (2001) and Henze (1986). Balakrishnan (2002), in discussion, proposed
a generalization of standard skew-normal distribution as follows:

A random variable Z has a Balakrishnan skew-normal distribution with
parameter A\ € R, denoted by Z ~ BSN,()), if its pdf is

1
) = e PO zeR
where n is a non-negative integer number and if V,Uy,...;U, w N(0,1),

then ¢, (\) is given by

en(N) = /+OO 0(2) [@(A2)]"dz = E[®"(A\V)] = Pr(Uy < A\V,..., U, < AV).

—0o0

In special cases (see Gupta and Gupta, 2004, or Jamalzadeh et al., 2008),
by using the orthant probability expression, we have

co(N) = %tan_1 (\/ 1+ 2)\2> .

This distribution has been studied and generalized by several authors,
for example, Gupta and Gupta (2004), Sharafi and Behboodian (2008). Re-
cently, Yadegari et al. (2008) introduced a new generalization of the Balakr-
ishnan skew-normal distribution by explaining some important properties of
this distribution..They introduced the generalized distribution as follows:

A random variable Z has a generalized Balakrishnan skew-normal dis-
tribution with parameter A € R, denoted by GBSN,,, (A), if its density
is

1
Cnm(A)

where cpm(N) = S, (7) (—1)° fj;o [®(A2)]" T ¢(2)dz, and n,m are non-
negative integer numbers.

Also, Jamalizadeh et al. (2008) introduced a new class of two parameter
skew-normal distribution as follows:

A random variable Z has a two-parameter skew-normal distribution with
parameters A1, A2 € R, denoted by GSN (A1, A2), if its pdf is

fom (23 A) =

[e(A2)]" [1 = @(A2)]" p(2)  z€R, (1)

2

f(z3 A1, \) = o(2)P(A12)P(N22) z € R.

-1 —A1A2
cos ——=
<~/1+,\§w/1+A§>
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For the special case of this density function, if Ay = Ay = A, then
GSN (A, A) = BSNz(A). In this paper we introduce a new distribution named
a two-parameter Balakrishnan skew-normal distribution, denoted by
TBSNpm (M, A2); SN(A), BSNp(A), GBSNy 1 (A), and GSN (A1, A2) are
special cases of this distribution.

The paper is arranged as follows. In the next section, we present the def-
inition and some simple properties of TBSNy, ;, (A1, A2). In Section 3, some
important theorems concerning several useful properties are given: The mo-
ment generating function and some important theorems about the moments
of this distribution are derived in Section 4. Finally, two extensions of this
distribution are introduced.

2 A Two-parameter Balakrishnan Skew-normal Dis-
tribution

In this section, we present the definition and some simple properties of
TBSNym (A1, A2) .

Definition 1 A random variable Z has a two-parameter Balakrishnan skew-
normal distribution with parameters A1, A2 € R, denoted by TBSN,, ,n, (A1, A2),
if its pdf is

1

n,m §)\7)\ — W O
Fan(23 0 MG S S)

p(2) [P(M2)]" [@(X22)]"  z€R,  (2)

where ¢, m (A1, A2) = E{[2(AMX)]" [@(AX)]"}, X ~ N(0,1), and n, m are

non-negative integer numbers.

Now, we show how ¢;, 1, (A1, A2) can be calculated by orthant probability.
In fact an orthant probability is the probability P(X; > 0,...,X,, > 0)
with Xq,..., X, ~ N, (0,X), where ¥ is an n x n diagonal matrix with
diagonal elements 1 and non-diagonal elements p;; (See, for example, Kotz
and Johnson, 1985, and Kots et al., 2000).

I X, Vi,....Vi,U,...,Un “ N(0,1), then we have

MX -V MX =V, X -U; XX —U, X A
s goes NNn—i—m 07 AT QO

VI VTN V1A TN
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where ¥ is an n X n diagonal matrix with diagonal elements 1 and non-

2
diagonal elements 111)\2, Q is an m x m diagonal matrix with diagonal ele-
1

ments 1 and non-diagonal elements and A is an n X m matrix whose

A3
fEDYE
A1A2
all elements are T Then
oA A2) = E{@OX)]" [@(0X)]™}
X -V X =V, XX — U1
=Pr| ——>0,..., > 0, > 0,
<\/1+>\§ V14 A V14 A3
XX — U, )
— >0.

Therefore, ¢y m(A1, A2) is an orthant probability. For large n, m there is
no closed form for ¢y (A1, A2) but one can find some approximate values
(see Steck, 1962, and Kotz and Johnson, 1985).

We cite some simple properties of TBS Ny, m, (A1, A2) in the next theorem.

Theorem 1. Let Z ~ TBSNy, ; (A1, \2). Then,
1 TBSNLl ()\1, 0) = SN()\l) and TBSNLl (0, )\2) = SN()\Q),'

2) TBSNym (A A) = BS Ny (M)

4) TBSN11 (A1, A2) = GSN(A1, Ao);

(1)
(2)
(3) TBSNym (A1, 0) = BSN,, (A1) and TBSN, m (0, X2) = BSN,, (As);
(4)
(5)

TBSN,m (Ay=A) = GBSN,,.m (A) and
TBS Ny (—A,A) = GBSNpn (A);

(6) TBSNmm (0, 0) = TBSN()’(] (}\1, )\2) = N(O, 1),’

(7) —Z ~ TBSNTL’m (—)\1, —)\2),‘

(8) Let Zy,...,Zy, ud N(0,1) and Zy., < Zop < -+ < Zpp be the corre-
sponding order statistics, then Zj., ~ TBSN;_1p—; (1,—1).

Proof. The proof is simple.
Figure 1 shows the shape of TBSN,, ,, (A1, A2) for some values of n, m,
A1, and Ao.
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3 Some Important Properties of TBSN,, ,,, (A1, A2)

In this Section, we derive the some properties of TBSN,, , (A1, A2) distribu-
tion.

Theorem 2. (Representation Theorem) If X, Vi,... .V, U1,...,Unp id N(0,1),

Vi = max (Vi,...,V4), and Uy, = max (Uy, ..., Up,), then

X‘ (Vn:n <X, Unm < )\QX) ~ TBSNn,m ()\1, /\2) . (3)

Proof. If W = X| (Vi < M1 X, Upem < A2X), then we have

Figure 1. Some shapes of TBS Ny, m (A1, A2) : TBSNi,1(—2,4) (solid line), TBSN2,1(—2,7)
(dotted line), TBSN22(3,5) (dashed line).
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Pr (Vnn < )\1X> Un:m < >\2X‘X = I’) 30(:1:)
Pr (Vo < MX, Unim < X2 X))

 Pr(Vi < M, Upie < A2z) ()
o PI' (Vnn < )\1X7 Um:m < AQX)
_[e0ua)]" [@(Nea)]™ o(x)

Pr (Vnn < )\1X7 Um:m < )‘2X> .

fw(z) =

Also
“+00
Pr (Vi < M X, U < Ao X) = / Pr (Vi < M@y Unpan, < \ox) @(x)dx

+o0
= / Pl"(Vl <Az, ..., Vi< iz, Up < Aoz,

—0o0

vy U < Nm)p(x)dz

+oo
_ / [@(\2)]" (@)™ o()da

= Cn,m()\la )\2)
Therefore, X| (Vin < M X, U < A2 X)) ~ TBSN,, 1, (A1, A2) and the proof
is completed.

Theorem 3. The density fnm(2; A1, A2) introduced in Definition 1, is strongly
unimodal.

Proof. To prove that. f,, m(2; A1, A2) is strongly unimodal, it is enough to
show that f,, m(2; A1,A2) is a logconcave function of z, for all z € R. Thus

we have
a2 ©(A12) p(A12)
. ‘AL ) = —nA2 A
17 og frum(2; A1, A2) n 1o (A2) 1%+ O (A\12)
/\22’) 90()‘22>
2 2l A ~1<0.
2E (Na2) [ 273 (a2) =

Since p(t) +t®(t) > 0, for all t € R (see Azzalini, 1986) then the above
expression is negative.

Theorem 4. If Z ~ TBSNy_1.m—1 (A1, \2) and Y1, Y3 "4 N(0,1) are inde-
pendent, then

Z| (Y1 < MZ,Yy < )\22) ~ TBSNTL’m ()\1,)\2) . (4)
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Proof. If X = Z| (Y1 < M Z,Y; < \oZ), then we have the followings

Pr (Z <z,Y1<MZ, Y5 < )\QZ)

Pr(X g - )
(X <2) Pr(Y: < MZ, Yz < \oZ)

xr
1
Pr(Z<z, Y1 < MZ,Ys < A2 —/
( ! 12,Y2 < X2) oo Cn—1,m—1(A1, A2)

p(2) [2(M2)]" [2(A22)]™ dz,
and

too 1 n m
¢(2) [2(A12)]" [D(A22)]" dz

Pl“(Yi <>\1Z,YV2<>\2Z):/ P 1()\1 )\2)

_ Cn,m(>\17 )\2)
Cn—1,m—1(A1, A2)"

Therefore,

Pr(X<1:):/x !

e P R [P 2] dz

By taking derivative from the above expression with respect to x, we have

1

nm (T3 A1,A2) = —
f, (x ! 2) Cn,m()\la)\2)

() [@(Az)]" [@(Agz)]™

and the proof is'completed.

4 Moments of TBSN,, », (A1, A2)

In this section, we give the moment generating function (mgf) of Z ~
TBSNpm (A, A2). The mgf of Z% has a closed form for even moments of
TBSN,,m (M1, A\2). Furthermore, we present F(Z*) for any k € N.

Theorem 5. The moment generating function of Z ~ TBSNy, m (A1, A2) is

My (1) = —2 B ([0 (X +0)" @00 (X + )™}, (5)
cn,m()\la >\2)

where X ~ N(0,1).
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Proof. The proof is simple.

Theorem 6. Let k € N. If Z ~ TBSNy, n, (A1, \2), then

k A1 AQ
(1 )\2 -5 Cn—1m < VE )\2)
E(Zk) =(k-1) E(Zk_z) n nAq ( + 1) ' 2 itz

V2r Cnm (A1, A2)
A (1 )\2)‘% Cn,m— 1<\/)‘—1—2,\/>‘_2_2>
1+A 14X
X E(kal)_’_ TN A9 + 2 . + + E(kal)’
var ngn (M1, A2)
where
A1 )\2
UNTBSNn—l,m A

(Jlﬂ% v +A%)

and

V ~ TBS N | —, 22
VAREVIRVARPY

are independent.

Proof.

400 1 - i i
E(Zk)—/;OO mzk 12()0(2) [(I)()\lz)] [@()\Qz)] dz

— +o00
- s [ e iy @)

n +o0
i cnm(AAjAz)/ Flo(2)p(M2) [2(Ai2)]" T [@(Ae2)]™ d2

m +o0
' MAAQM |0 RO (B0 iz
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— +0oo
- %(:(Alllz)/ 720(2) [2(A12)]" [@(A22)]™

_k n—1
N nAp (L+A]) 2 [*e o | M
Cn,m(>\17 )\2) V2T J o 1+ )\%

Pl |

e A (i
V2m Cn,m()‘lv/\Q)
ok Cnml( i )
« B(U*) mA (L+A3) 2 ™ VI3 V144 BVE)
V2r Cn,m()‘b)@)

Corollary 1 If Z ~ TBSN,, , (A1, A2), then

Y C”“”( D 1+A2>
1/271'(1+)\%) Cnm (A

C 1
e 1<\/T 1+,\2)

m>\2
+
S (1102 enm(A1

Theorem 7. If Z ~ TBSN,, ., (A1, A2), then

/\

A1 A2
CTZ m ( ? )
V12t /12t
M 1-2t)" .
(1) = Tt (6)

1\)\»—‘

)
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2 +oo 2
My (1) = B (¢77) = M / ) PO )] ds

1 +oo 1 —l(l—Qt)z2 n .
T o) ) Vo [@(A2)]" [@(Aez)]" dz

At )] o

o (3 )
:(1_275)_% n,m 1-2t7 V/1-2t
Cn,m()\la)\2)

By Theorem 7, we can calculate the even moments of TBSN,, ,,, (A1, A2).

o~

5 Some Extensions of TBSN,.m, (A1, A2)

In this section, we introduce two extensions of TBSN,, ,, (A1, A2).

Definition 2 A location-scale two-parameter Balakrishnan skew-normal dis-
tribution is defined as that of X' ='pu + 07, where Z ~ TBSN;, m (A1, A2),
u € R and o > 0. Its density is given by

untes0) =i e () o (W)

X [@(Azw_“)r zeR. (7)

g

Definition 3 A random vector Z has a multivariate two vector parameters
Balakrishnan skew-normal distribution with «, 8 vector parameters, denoted
by TBSNT’im (A1, A2), if its pdf is

Frm(7:06,8,9) = “ou(2.0) [2(a"2)]" [#(87)]"  seRF (9)

T T T
where z ) ) al= (ala s Olk) ) IBT = (/817 s Bk) and ‘Pk(,Q)
is the density of multivariate normal distribution with k& x k correlation ma-
trix Q = (psj). Since fpm(z; o, B3,8) is a density function, thus we have

¢ = Bx { [®(a?X)]" [cp(ﬁTX)]m}, where X ~Nj, (0,0).

N
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