U, -~ 4 44 -
(© Statistical Research and Training Center ({U’/ “U’ Uﬁid"{!

J. Statist. Res. Iran 7 (2010): 1-10 Yoo) Lo AYAS oLl 5 5l ) onsled oY (095 i74uCs2
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Abstract. Using the concept of system signature introduced by Samaniego
(1985), Kochar et al. (1999) compared the lifetimes of the systems in which
the lifetimes of the components are independent and identically distributed
(ii.d.) random variables. Their results are extended to the systems with
exchangeable components by Navarro et al. (2005). This paper gives some
alternative proofs to obtain their results. Particularly in view of the haz-
ard rate ordering, we compare two systems with different structures and
components, which extends Theorem 8 in Navarro et al. (2005). We also
compare two systems with different structures and components in view of
the likelihood ratio ordering. Some illustrative examples are mentioned.
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1 Imtroduction

A system consist of n components is said to be coherent if every component
of the system is relevant and the system is monotone (see the definition and a
thorough study of coherent systems in Barlow and Proschan, 1975). Let the
nonnegative and absolutely continuous random variables X1,..., X, and T =
#(X1,...,X,) be the component lifetimes, and the lifetime of the system,
respectively. We note that T € {X(1.),..., X ()} With probability one,
where X(;.,) represents the ith order statistics of component lifetimes, i =
1,2,...,n. Regarding stochastic ordering of order statistics, several authors
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have obtained various results (see for example Navarro (2008), Ma (1998),
Boland et al. (1998) and Boland et al. (1994)). Most of their results are
useful for studying of the aging properties and reliability analysis of those
coherent systems which have exactly an order statistic equivalent for their
lifetimes. For example T is X(,_j41.,) when the system has a k-out-of-
n structure. For some aging properties of such systems see e.g. Asadi and
Bayramoglu (2005, 2006), Li and Zhao (2006) and Khanjari (2008). By using
the concept of system’s signature, a coherent system which has no k-out-of-
n structure, can be studied via the k-out-of-n systems. Hence this concept
plays an important role in the reliability studies of the coherent systems.
Samaniego (1985) defined the signature of a coherent system of order n as
the probability vector p = (p1,...,pn) where

When X;’s are independent and identically distributed (i.i.d.), he showed
that a coherent system is in fact a mixture of k-out-of-n systems with weights
p;’s, that is

P(T >:t) sz ) > ). (2)

Using this Kochar et al. (1999) ebtained some ordering properties of coherent
systems with i.i.d. components whose signatures are ordered. Navarro et
al. (2005) extended their results to coherent systems with exchangeable
components.

This article considers some alternative methods to obtain their results
as well. We obtain the conditions that can be used to compare the systems
with different structures and components in view of the hazard rate ordering
and likelihood ratio ordering. These extend some results in Navarro et al.
(2005).

2 Main Results

In this section we compare the lifetimes of the coherent systems in view
of the usual stochastic ordering, hazard rate ordering and likelihood ratio
ordering. For a comprehensive study on stochastic ordering see Shaked and
Shanthikumar (1994).
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Let X;, T = (Z)(Xl, ooy Xn), X(zn) and p; = P(T = X(zn))v 1=1,...,n
are defined as in Section 1.

In the following theorem we show that two events { X(;.,,) > t} and { Xz, <
X, < -+ < X, } are independent, where {7y,...,m,} is a permutation of
positive integers {1,...,n}.

Theorem 1. Suppose X1,..., X, are nonnegative and absolutely continuous
and exchangeable random wvariables, (that is the joint distribution of any
permutation of X;’s is the same) and let X(;.,), i = 1,...,n be ith order
statistic and 7 is an arbitary permutation of numbers {1,...,m}.. Then for
t > 0 two events { X () >t} and { Xz, < Xg, <.« < X} are independent.

Proof. In view of exchangeability assumption it is'enough to show that
P(X1 < X < < X, X(iig) > 1) = P( Xy > ) P(X1 < Xo <+ < X)),
We have

P(X(imy >t) = P(X1>t,..., Xp > 1) +0P (X <t,Xo > t,..., X, > )

+ <Z>P(X1<t,X2<t,X3>t,...,Xn>t)+---

+ (if1>P(X1<t,X2<t,...,Xi_1<t,Xi>t,
Xiv1 >t,..., X, > 1)
=n{Pt< X1 <Xa<---<X,)
+PX1<t<Xo<---<Xp)
+PX1<Xo<t<Xg<--<Xp)+---
+P(Xi<Xo<- <X <t<X;<---<Xp)}
=nlP(X1 < Xo <+ < Xy, X(jn) > 1)

Therefore
P(X1 < Xo < < Xy, X(jin) > 1) = %P(X(m) > ).
So
P(X1 < Xo < < Xy, X(jip) > 1) = P(X1 < Xg <+ < Xpp) P(X (i) > 1).

Hence the proof is completed. ]
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Theorem 1 is not true in non i.i.d. case. See the following example.

Example 1. Suppose X; and X, are two independent random variables
which are uniformly distributed on (0,1) and (0,2), respectively. For 0 <
t < 11it is easy to see that P(X; < X») = 2 and P(X) > t) = ’527%
whereas P(t < X1 < X3) = tzf#. That is for 7 = {1,2} and i = 1, two
events {X(1.9) >t} and {X; < Xa} are not independent.

In the following lemma we now establish a fundamental property of a
system’s signature.

Lemma 1. Let Xq,...,X, be the exchangeable components lifetimes of a
coherent system of order n, and let T be the system lifetime. Then

P(T > t) E:M (X(imy > 1)

n
_ZP’Z<) X1<t Xj<t,Xj+1>t,...,Xn>t).
=1 7=0 J
(3)

Proof. By using Theorem 1‘and in view of Lemma 1 in Navarro and Rychlik
(2007) and Lemma 3.1 in Navarro et al. (2008), the proof of the lemma
follows and hence is omitted. O

Remark 1. In iid.d. case when X;’s are independent and have a common
distribution function F' and survival function F' = 1 — F', the equation (3)
reduces to

n i—1
P A sz o >0 =303 (1) FORE@O

i=1 =0

Now by using Lemma 1, we compare system lifetimes in view of the
usual stochastic ordering. For two system lifetimes T and Ts, T1 <g 1o
(i.e. Ty is smaller than T% in usual stochastic ordering) if and only if F}(t) =
P(Ty > t) < F(t) = P(Ty > t), t > 0. For two discrete distributions
p; = (p11,-..,p1n) and py = (p21,...,p2n) on the integers {1,...,n}, we
write p; <gt py if and only if D7 p1; <30 poi for j=1,...,n

Navarro et al. (2005) showed that if p; and p, be the signatures of
two coherent systems of order n with exchangeable components, also 17 =
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61(X1,...,Xy,) and Ty = ¢2(Y1,...,Y,) be their respective lifetimes such
that (X1,...,X,) <o (Y1,...,Y,) and p; <s py then T7 <4 To. In special
case when T = ¢1(X1,...,X,) and Ty = ¢o(X1,..., X,,) and p; <4 py then
T} <st To. This extends Theorem 3 in Kochar et al. (1999) which is proved
in i.i.d. case.

The following lemma compares two systems with different components.

Lemma 2. Let p; and p, be the signatures of the two.systems of order
n with exchangeable components, and let Ty = ¢1(Xq,...3X,) and Tr =
G2(Y1, .., Vo). If Xiiny <st Y(in), i = 1,...,n and py st o then Ty <g To.

Proof. It is known that if p; <g po then > 4 g(0)p1a< D1 g(i)pa; for
any increasing function g(i). Let g(i) = P(X(;) >'t) and since P(X(;.,) >
t) < P(Y(j;n) > t) we have

n
Tl > t Zplz (i) >t Zp2zP(X(1n) > t)
1=1

me Zn) >t)=P(Ty > t)

that is 77 <4 15. ]

Remark 2. Using a different approach the result of Theorem 1 has been
proved in Lemma 1 of Navarro and Rychlik (2007). We also note that the
conditions X.,) <st Y(im), ¢ = 1,...,n which are used in Lemma 2 are
more weak than the condition (X1,...,X,) <g (Y1,...,Y,) which is used in
Theorem 4 of Navarro et al. (2005).

We now examine the comparing of system lifetimes in view of the hazard
rate ordering which is a stronger ordering than the usual stochastic ordering.
Ty <ppr T3 (i.e. Ty is smaller than T3 in the hazard rate ordering) if and only
if the ratio Fy(t)/Fy(t) is nondecreasing for t < F; '(1), where Fy and Fj
are survival functions of T7 and T, respectively. It is equivalent to say that
rr(t) = fi(t)/Fi(t) = ro,(t) = fao(t)/Fa(t) for all t > 0, where rr,(t) and
fi(t) are hazard function and probability density function of T;, respectively.
For two signatures p; = (p11,...,pin) and py = (p21,...,Pp2,n) We say that
Py <pr Py if and only if 371 - po;/ 37 p1; is nondecreasing in j.

Navarro et al. (2005) showed that if p; and p, be the signatures of the two
systems of order n with exchangeable components, and 71 = ¢1(X1,..., Xy)
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and Ty = ¢2(X1,..., X,) be their respective lifetimes such that X(;.,) <pr
X(it1m), 1 =1,...,n— 1 and p; <p, Py then Ty < To. We note that if the
components of the systems are not common, this result may not hold even
if the components of each system are i.i.d. and two systems have the same
structure. See the following example.

Example 2. Suppose 71 = max{X;, min(Xs, X3)} and 7> = max{Y7, min
(Y2,Y3)} where X;’s are independent with distribution function F(z) =1 —
F(z) = 2,0 < x < 1 and Y;’s are independent with distribution function
G(z) = 1—-G(z) = 22,0 < z < 1. We note that F < G or equivalently
X; <pr Y for all ¢ and j, (i, = 1,2,3). Hence using Theorem 4.4 in
Boland et al. (1998) we have X(;.3) <n, Y(;:3) for i'= 1,2;3. We also have

p; =Py = (0, ?,), é) and for 0 < z < 1 it is easy to see that

P(T1 >z)=1-F@)(1—-F})=2*-22241=(01—-2)1 +z—2%).
P(Ty>xz)=1-G(x)(1—-G*x)) =2% 20"+ 1= (1 — 2?1 + 2? — 2*).

Although P(Ty > z) > P(Ty > z) that is T, <s Tb but h(z) = 22228 —

P(Ti>z)
% is not nondecreasing in« as h(1) = 2< h(0.9), hence T7 %,

Ts.

Example 2 shows that the similar result given in Lemma 2, for comparing
of the systems lifetimes in view of the usual stochastic ordering, is not hold
in view of the hazard rate ordering. In this case we need to add a stronger
condition which is.given in the next lemma.

Lemma 3. Let Ty = ¢1(X1,...,Xy) and Ty = ¢2(Y1,...,Y,) be two coherent
systems with exchangeable components. If X () <pr Y(jm) for all i,j =
1, B (7 then T1 <hr TQ.

Proof. Let p; = (p11,.--,pin) and py = (p21,. .., Pp2n) be the signatures of
the systems and suppose f(;.,)(t) and F(i:n) (t) are probability density and
survival fanctions of X(;.,,) and g(;.n)(t) and G ;.. (t) are those of Y{;.,,), i =
1,...,n. In view of Lemma 1 we have

P(Ty>t) D 2P (Yim) > 1) 3oy p2iGim)(t)

P(Tl > t) Z?zl plzP(X(zn) > t) Z?:l pliF(i:n) (t) .

On differentiating both sides of the above equation with respect to ¢t we have

S i1 Prif i) (1) iy P2iGlim) (8) = Dty P1iF(in) (8) D07y P2iG(iem) (1)
{P(Tl > t)}2 .

h(t) =

B'(t) =
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The numerator can be written as follow

>N prip2i{ Fin) G iny () = Flasmy (D)9 (1)}

i=1 j=1

where all terms in summations are nonnegative as C_?(j:n)(t) /F, (izn) (t) is nonde-
creasing in ¢ since X ;) <nr Y(jm) for all 4, j = 1,...,n. Therefore h'(t) >0
and hence h(t) is nondecreasing that is T <p, T5. This completes the proof
of the lemma. O

Remark 3. Lemma 3 extends Theorem 8 in Navarro et al. (2005). The
structures of the systems are not needed to be the same. We also note that
if Ty = ¢(X1,...,X,) and Ty = ¢(Yi,...,Y,) such that (Xi,...,X,) =
(Y1,...,Y,) then p; = p, and hence T} 2 T>. Also if X;’s, are i.i.d. with
distribution function F' and Y;’s, are i.i.d. . with distribution function G again
p; = py and if F' <y G then T <4 Th. But as we have seen in Example
2, F' <p, G dose not necessary imply that 77 <, T», unless the conditions
of Lemma 3 hold that is X(;.,) <pp Y(jn) for all i and j or equivalently
Xnm) <wr Y(1m)- Also in Example 2; the conditions of Lemma 3 are not
hold as X(3;3) ?(hr Y(Lg).

Finally we examine the comparison of system lifetimes in view of the
likelihood ratiocordering which is a stronger ordering than the hazard rate
ordering. T1 < To (i.e. T} is smaller than 75 in likelihood ratio ordering)
if and only if the ratio fo(x)/f1(z) is nondecreasing in x, where f; and fo
are the probability density functions of 77 and T5, respectively. It is well
known that 77 <j. Tb implies that 17 <p, T and 17 <p, 1o implies that
Ty <sD». For two signatures p; = (p11,...,p1n) and py = (P21, ..., P2n) We
say p; < Py if and only if po;/p1; is nondecreasing in i.

Navarro et al. (2005) showed that if p; and p, be the signatures of the two
systems of order n with exchangeable components, and 71 = ¢1(X1,..., X,)
and Ty = ¢2(X1,...,Xp) be their respective lifetimes such that X,y <
X(it1m), = 1,...,n— 1 and p; <j py then Ty <4y To.

Remark 4. We note that the above result holds true if we replace Th =
¢2(X1, ceey Xn) by T2 = ¢2(Y1, e ,Yn) when (Xl, e ,Xn) g (Yl, NN ,Yn)
In this case the condition X;.,,) <ir X(j41:n) is not required. But in general
if the systems consists different components this result may not hold. See
the following example.
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Example 3. Suppose 77 = min(X;, X2) and T = min(Y7, Y2) where X;’s
are independent and uniformly distributed on (0, 1), and Y;’s are independent
and have exponential distribution with mean 1. For 0 < ¢ < 1 we have
P(Ty >t) = (1—1t)? and P(Ty > t) = e 2. Hence the density functions of
Ty and Ty are fi(t) =2(1 —1),0 <t < 1 and fa(t) = 2¢72*,0 < t. Although

ﬁg%ig = (f_?&)2 is nondecreasing in t that is T} <p, T5 but fQEtg e g

decreasing on (0, %

) and is increasing on (5, 1). Therefore Ty &y, To.

It is well known that if X;’s are i.i.d. then X(;.,,) S X(ij1m) for @ =
1,...,n — 1. Boland et al. (1994) showed that if X;’s are independent
but not necessary identically distributed then X;.n) <pr X(if1:) for @ =
1,...,n — 1. For n = 2 they also constructed. a counterexample and showed
that X(1.9) £ X(2:0). Hence if X;’s are independent and not identically
distributed then the above mentioned results may not hold.

We now compare two systems with different structures and components.
By using similar argument given in the proof of Lemma 3, it can be easily
shown that if 71 = ¢1(X1,..., X)), To = ¢2(Y1,...,Y,) and Xin) <ir Y(jn)
forall i and j (4,5 =1,...,n) then

f2 (t) N Z?Zl P2ig(i:n) (t)
fl (t) Z?:l plif(i:n) (t)

is nondecreasing in.t.as g(;.n) (t)/ f(i:n) (t) is nondecreasing in ¢ since X .,y <ir
Y(jm) for all ¢ and j. That is 71 <, 15 regardless the systems signatures are
ordered or not.

3 Conclusion Remarks

We considered the stochastic orderings among coherent systems of the same
order and consisting of components with exchangeable lifetimes. The ap-
proach used here is different with that of given by Kochar et al. (1999) and
by Navarro et al. (2005). Particularly in view of the hazard rate ordering,
we compared two systems with different structures and components. We also
compared two systems with different structures and components in view of
the likelihood ratio ordering. The conditions that can be used to compare
the systems with different structures and components, in view of the hazard
rate ordering and likelihood ratio ordering, are obtained. These extend some
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results in Navarro et al. (2005).
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