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ε
o(ε2)

o(ε3)

X = {Xk}k�1 {0, 1, . . . ,m−
1} P = {pab} k � 1 pab =
PX(Xk = b|Xk−1 = a) a, b ∈ {0, 1, . . . ,m − 1}
∗
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E = {Ek}k�1 X P (Ei = l) = εl
l ∈ {0, 1, . . . ,m−1} ∑m−1

l=0 εl = 1 Z = {Zk}k�1

Zk = Xk ⊕ Ek, k � 1,

⊕ m

{Yk}k�1 S
{Yk}k�1

H(Y) = lim
n→∞

H(Y1, Y2, . . . , Yn)

n
,

Yt t H(Y1, Y2,
. . . , Yn) (Y1, Y2, . . . , Yn)
P (y1, y2, . . . , yn)

H(Y1, Y2, . . . , Yn) = −
∑
y1∈S

∑
y2∈S

· · ·
∑
yn∈S

P (y1, y2, . . . , yn) logP (y1, y2, . . . , yn)

= −EY1,Y2,...,Yn logP (Y1, Y2, . . . , Yn).

1
n logP (y1, y2, . . . , yn)

H(Y)

{Z}i�1

Υ = [ε1, ε2, . . . , εm−1].

{Zk}k�1
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H(Z) Z

εi

PZ(z
n
1 )
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H(Z) Υ = 0
pab

{Yk}k�1 Yi, Yi+1, . . . , Yj
j � i {Yk}k�1 Y j

i X E

P (Zn
1 , En) =

m−1∑
k=0

P (En)PX(Zn ⊕ En|Zn−1 ⊕ k)P (Zn−1
1 , En−1 = k).

Pn := [P (Zn
1 , En = 0), P (Zn

1 , En = 1), . . . , P (Zn
1 , En = m− 1)],

M(Zn−1, Zn) m × m
εj−1PX(Zn ⊕ (j − 1)|Zn−1 ⊕ (i − 1)) i j

Pn = Pn−1M(Zn−1, Zn), n > 1,

PZ(Z
n
1 ) = P1M(Z1, Z2) · · ·M(Zn−1, Zn)1

t,

1 = [1, 1, . . . , 1]1×m t
zn1 Zn

1

Mi = M(zi, zi+1)

Mi =

⎡⎢⎢⎢⎣
PX(zi+1|zi) 0 · · · 0
PX(zi+1|zi ⊕ 1) 0 · · · 0

PX(zi+1|zi ⊕m− 1) 0 · · · 0

⎤⎥⎥⎥⎦

+ ε1

⎡⎢⎢⎢⎣
−PX(zi+1|zi) PX(zi+1 ⊕ 1|zi) 0 · · · 0
−PX(zi+1|zi ⊕ 1) PX(zi+1 ⊕ 1|zi ⊕ 1) 0 · · · 0

−PX(zi+1|zi ⊕m− 1) PX(zi+1 ⊕ 1|zi ⊕m− 1) 0 · · · 0

⎤⎥⎥⎥⎦
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+ ε2

⎡⎢⎢⎢⎣
−PX(zi+1|zi) 0 PX(zi+1 ⊕ 2|zi) 0 · · · 0
−PX(zi+1|zi ⊕ 1) 0 PX(zi+1 ⊕ 2|zi ⊕ 1) 0 · · · 0

−PX(zi+1|zi ⊕m− 1) 0 PX(zi+1 ⊕ 2|zi ⊕m− 1) 0 · · · 0

⎤⎥⎥⎥⎦
+ · · ·

+ εm−1

⎡⎢⎢⎢⎣
−PX(zi+1|zi) 0 · · · 0 PX(zi+1 ⊕m− 1|zi)
−PX(zi+1|zi ⊕ 1) 0 · · · 0 PX(zi+1 ⊕m− 1|zi ⊕ 1)

−PX(zi+1|zi ⊕m− 1) 0 · · · 0 PX(zi+1 ⊕m− 1|zi ⊕m− 1)

⎤⎥⎥⎥⎦

:= M
(0)
i + ε1M

(1)
i + · · ·+ εm−1M

(m−1)
i , 1 � i � n− 1.

P1 = [PX(z1), 0, · · · , 0] + ε1[−PX(z1), PX(z1 ⊕ 1), 0, . . . , 0]

+ ε2[−PX(z1), 0, PX(z1 ⊕ 2), 0, . . . , 0] + · · ·+
+ εm−1[−PX(z1), 0, . . . , 0, PX(z1 ⊕m− 1)]

:= P
(0)
1 + ε1P

(1)
1 + · · ·+ εm−1P

(m−1)
1 ,

PZ(z
n
1 ) = P1M1M2 · · ·Mn−11

t

=

(
P

(0)
1 +

m−1∑
i=1

εiP
(i)
1

)
n−1∏
k=1

(
M

(0)
k +

m−1∑
i=1

εiM
(i)
k

)
1t.

Z

Rn(s,Υ) =
∑
zn1

P s
Z(z

n
1 ),
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s PZ

n {0, 1, . . . ,m− 1} Υ = 0

Rn(s, 0) =
∑
zn1

P s
X(zn1 ).

s
∂

∂s
Rn(s,Υ) =

∑
zn1

P s
Z(z

n
1 ) logPZ(z

n
1 )

∂

∂s
Rn(s, 0) =

∑
zn1

P s
X(zn1 ) logPX(zn1 ).

Hn(Z
n
1 ) = − ∂

∂s
Rn(s,Υ)|s=1,

Hn(X
n
1 ) = − ∂

∂s
Rn(s, 0)|s=1,

Hn(Y
n
1 ) {Yi}i�1

{Y1, Y2, . . . , Yn}.

Υ = 0

Rn(s,Υ) = Rn(s, 0, . . . , 0) +

m−1∑
k=1

εk
∂

∂εk
Rn(s,Υ)|Υ=0 + o(ε2max),

εmax = max{ε1, ε2, . . . , εm−1}.
s s = 1

Hn(Z
n
1 ) = Hn(X

n
1 )−

m−1∑
k=1

εk
∂2

∂s∂εk
Rn(s,Υ)|Υ=0,s=1 + o(ε2max),
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∂2

∂s∂εk
Rn(s,Υ)|Υ=0,s=1

∂

∂εk
Rn(s,Υ)|Υ=0 =

∑
zn1

sP s−1
Z (zn1 )

∂

∂εk
PZ(z

n
1 )|Υ=0.

∂
∂εk

Rn(s,Υ) Υ = 0

∂

∂εk
PZ(z

n
1 )|Υ=0 = P

(k)
1

n−1∏
j=1

M
(0)
j

+P
(0)
1

n−2∑
i=1

i−1∏
j=1

M
(0)
j M

(k)
i

n−1∏
j=i+1

M
(0)
j

+P
(0)
1

n−2∏
j=1

M
(0)
j M

(k)
n−1.

PZ(z
n
1 ) Υ = 0

∂

∂εk
PZ(z

n
1 )|Υ=0 = −nPX(zn1 ) + PX(z1 ⊕ k zn2 )

+

n−2∑
i=1

PX(zi1 zi+1 ⊕ k zni+2) + PX(zn−1
1 zn ⊕ k).

H(Z)
{Zi}i�1

H(Z) = lim
n→∞

1

n
Hn(Z

n
1 ).

pab > 0 a, b ∈ {0, 1, . . . ,m − 1}
Z

H(Z) = H(X )+
m−1∑
k=1

εkD(PX(z1z2z3)||PX(z1 z2⊕m−k z3))+o(ε2max),

D(PX(z1z2z3)||PX(z1 z2 ⊕m − k z3))
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PX(z1z2z3) PX(z1 z2 ⊕m− k z3)

D(PX(z1z2z3)||PX(z1 z2 ⊕m− k z3)) =
∑

z1z2z3

PX(z1z2z3)

× log
PX(z1z2z3)

PX(z1 z2 ⊕m− k z3)
.

P(s),Q1k(s),Q2k(s),Π(s)
Πk(s)

{P(s)}ij = psij , {Q1k(s)}ij = pijp
s−1
i j⊕m−k, {Q2k(s)}ij = pijp

s−1
i⊕m−k j ,

pij = PX(Xd = j|Xd−1 = i) d � 1 0 � i, j � m− 1

{Π(s)}i = psi , {Πk(s)}i = ps−1
i pi⊕k,

pi = PX(i) 0 � i � m− 1.
PZ(Z

n
1 ) = PX(Zn

1 ) Υ = 0

∂

∂εk
Rn(s,Υ)|Υ=0 =

∑
zn1

s[−nP s
X(zn1 ) + P s−1

X (zn1 )PX(z1 ⊕ k zn2 )

+

n−2∑
i=1

P s−1
X (zn1 )PX(zi1zi+1 ⊕ k zni+2)

+ P s−1
X (zn1 )PX(zn−1

1 zn ⊕ k)].

∂

∂εk
Rn(s,Υ)|Υ=0 = s[−nΠ(s)Pn−1(s) + Πk(s)Q2k(s)P

n−2(s)

+
n−2∑
i=1

Π(s)Pi−1(s)Q1k(s)Q2k(s)P
n−i−2(s)

+ Π(s)Pi−2(s)Q1k(s)]1
t,

∂

∂εk
Rn(s,Υ)|Υ=0 = s[(Πk(s)Q2k(s)−Π(s)P(s))Pn−2(s)

+ Π(s)

n−2∑
i=1

Pi−1(s)(Q1k(s)Q2k(s)−P2(s))Pn−i−2(s)

+ Π(s)Pn−2(s)(Q1k(s)−P(s))]1t.
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P(s)
s s = 1

lim
n→∞

1

n
· ∂2

∂ε∂s
Rn(s, ε)|ε=0,s=1 = Π(1)

∂

∂s
(Qk(s)−P2(s))|s=11

t + o(1).

(i, j) Qk(s)−P2(s) s s = 1

∂

∂s
{Qk(s)−P2(s)}ij |s=1 =

∂

∂s

m−1∑
r=0

(pirp
s−1
r j⊕m−kprjp

s−1
r⊕m−k j − psirp

s
rj)|s=1

=
m−1∑
r=0

pirprj
log pi r⊕m−kpr⊕m−k j

log pirprj
.

Π(1)
∂

∂s
(Qk(s)−P2(s))|s=11

t =

m−1∑
j=0

m−1∑
i=0

m−1∑
r=0

pipirprj
log pi r⊕m−kpr⊕m−k j

log pirprj
,

lim
n→∞

1

n
· ∂2

∂εk∂s
Rn(s,Υ)|Υ=0,s=1 =

∑
z1z2z3

P (z1z2z3)
logP (z1 z2 ⊕m− k z3)

logP (z1z2z3)

= −D(P (z1z2z3)||P (z1 z2 ⊕m− k z3)).

m = 2

{Zi}i�1

H(Z) = H(X ) + εD(PX(z1z2z3)||PX(z1z̄2z3)) + o(ε2),
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ε = P (Ei = 1) z̄ = z ⊕ 1
z

{Zi}i�1 ε = 0

Rn(s, ε) = Rn(s, 0) + ε
∂

∂ε
Rn(s, ε)|ε=0 +

ε2

2

∂2

∂ε2
Rn(s, ε)|ε=0

+ o(
ε3

6

∂3

∂ε3
Rn(s, ε

′)),

H(Zn
1 ) = H(Xn

1 )− ε
∂2

∂s∂ε
Rn(s, ε)|ε=0 − ε2

2
· ∂3

∂s∂ε2
Rn(s, ε)|ε=0

+ o(
ε3

6

∂4

∂s∂ε3
Rn(s, ε

′)).

∂

∂ε
Rn(s, ε)|ε=0 =

∑
zn1

sP s−1
Z (zn1 )

∂

∂ε
PZ(z

n
1 )|ε=0,

∂2

∂ε2
Rn(s, ε)|ε=0 =

∑
zn1

s(s− 1)P s−2
Z (zn1 )

(
∂

∂ε
PZ(z

n
1 )|ε=0

)2

+
∑
zn1

sP s−1
Z (zn1 )

∂2

∂ε2
PZ(z

n
1 )|ε=0.

∂

∂ε
PZ(z

n
1 )|ε=0 = −nPX(zn1 ) +

n∑
i=1

PX(zn1 ⊕ ei),

∂2

∂ε2
PZ(z

n
1 )|ε=0 = 2

[
n(n− 1)

2
PX(zn1 )− (n− 1)

n∑
i=1

PX(zn1 ⊕ ei)

+
n∑

i=1

n∑
j=i+1

PX(zn1 ⊕ ei ⊕ ej)

]
,

©
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ei i n
∂
∂εRn(s, ε)|ε=0

∂2

∂ε2
Rn(s, ε)|ε=0 s = 1

Π1(s) =
[
p1p

s−1
0 p0p

s−1
1

]
, Π1(s) =

[
p0p

s−1
1 p1p

s−1
0

]
,

Π2(s) =
[
p21p

s−2
0 p20p

s−2
1

]
, Π2(s) =

[
p20p

s−2
1 p21p

s−2
0

]
,

Q1(s) =

[
p00p

s−1
01 p01p

s−1
00

p10p
s−1
11 p11p

s−1
10

]
, Q2(s) =

[
p00p

s−1
10 p01p

s−1
11

p10p
s−1
00 p11p

s−1
01

]
,

Q
(2)
1 (s) =

[
p200p

s−2
01 p201p

s−2
00

p210p
s−2
11 P 2

11P
s−2
10

]
,Q

(2)
2 (s) =

[
p200p

s−2
10 p201p

s−2
11

p210p
s−2
00 P 2

11P
s−2
01

]
,

Q3(s) =

[
p00p

s−1
11 p01p

s−1
10

p10p
s−1
01 p11p

s−1
00

]
, Q4(s) =

[
p00p11p

s−2
01 p01p10p

s−2
00

p10p01p
s−2
11 P11P

2
00P

s−2
10

]
.

∂
∂εRn(s, ε)|ε=0

∂2

∂ε2
Rn(s, ε)|ε=0

P(s)

lim
n→∞

1

n
· ∂2

∂ε∂s
Rn(s, ε)|ε=0,s=1 = Π(1)

∂

∂s
(Q(s)−P2(s))|s=11

t + o(1),

lim
n→∞

1

n
· ∂3

∂ε2∂s
Rn(s, ε)|ε=0,s=1 = −2Π(1)

∂

∂s
(Q(s)−P2(s))|s=1

+Π(1)
∂

∂s
(Q1(s)Q3(s)Q2(s)−P3(s))|s=11

t

+Π(1)(Q
(2)
1 (1)Q

(2)
2 (1) + 2Q4(1))1

t + o(1).

∂
∂s(Q(s)−P2(s))|s=1⎡⎢⎢⎣

p200 log
p01p10
p200

+ p01p10 log
p200

p01p10
p00p01 log

p01p11
p00p01

+ p01p11 log
p00p01
p01p11

p10p00 log
p11p10
p10p00

+ p11p10 log
p10p00
p11p10

p10p01 log
p211

p10p01
+ p211 log

p10p01
p211

⎤⎥⎥⎦ .
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Π(1)
∂

∂s
(Q(s)−P2(s))|s=11

t =
∑

z1z2z3

PX(z1z2z3) log
PX(z1z2z3)

PX(z1z̄2z3)

= D(PX(z1z2z3)||PX(z1z̄2z3)).

M :=
∂

∂s
(Q1(s)Q3(s)Q2(s)−P3(s))|s=1,

M00 = p300 log
p01p11p10

p300
+ 2p00p01p10 log

p00p01p10
p00p10p01

+ p11p01p10 log
p300

p11p01p10
,

M01 = p200p01 log
p211p01
p200p01

+ p201p10 log
p00p01p10
p201p10

+ p00p01p11 log
p201p10

p00p01p11

+ p01p
2
11 log

p200p01
p01p211

,

M10 = p10p
2
00 log

p10p
2
11

p10p200
+ p00p10p11 log

p210p01
p00p10p11

+ p01p
2
10 log

p00p11p10
p01p210

+ p10p
2
11 log

p200p10
p10p211

,

M11 = p10p00p01 log
p311

p10p00p01
+ 2p11p10p01 log

p10p01p11
p11p10p01

+ p311 log
p01p10p00

p311
,

Π(1)
∂

∂s
(Q1(s)Q3(s)Q2(s)−P3(s))|s=11

t =
∑

z1z2z3z4

PX(z1z2z3z4)

× log
PX(z1z2z3z4)

PX(z1z̄2z̄3z4)

= D(PX(z1z2z3z4)||PX(z1z̄2z̄3z4)).
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pab > 0 a, b ∈ {0, 1}
Z

H(Z) = H(X ) + (ε− ε2)D(PX(z1z2z3)||PX(z1z2z3))

+
ε2

2
D(PX(z1z2z3z4)||PX(z1z2z3z4))

+
ε2

2
Π(1)(Q

(2)
1 (1)Q

(2)
2 (1) + 2Q4(1))1

t + o(ε3).
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P(s)
pab > 0 a, b ∈ {0, 1, . . . ,m− 1}

λ1(s)
λ1(s) > 0 λ1(s) > |λj(s)|

λj(s) l1(s)
r1(s) λ1(s)

l1(s)r
t
1(s) = 1

λ2(s), λ3(s), . . . , λm(s) P(s) λ1

λ1(s) > |λ2(s)| > |λ3(s)| > · · · > |λm(s)|
r1 l1
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Pk(s) = λk
1(s)(r

t
1(s)l1(s)) + o(|λ2|k).

P(1) λ1(1) = 1 |λ2| < 1

(rt1(s)l1(s)) m ×m
Qk(s) = Q1k(s)Q2k(s) Qk(1) = P2(1)

Q1k(1) = Q2k(1) = P(1) ∂
∂εRn(s, ε)|Υ=0

s s = 1
Qk(s)−P2(s) Q1k(s)−P(s) Q2k(s)−P(s)

s s = 1

lim
n→∞

1

n
· ∂2

∂εk∂s
Rn(s,Υ)|Υ=0,s=1 = Π(1)(rt1(1)l1(1))

∂

∂s

× (Qk(s)−P2(s))|s=1(r
t
1(1)l1(1))1

t + o(1).

P = P(1) l1(1) = Π(1)
r1(1) = [1, 1, . . . , 1]

Π(1)rt1(1) = l1(1)1
t = 1

lim
n→∞

1

n
· ∂2

∂εk∂s
Rn(s,Υ)|Υ=0,s=1 = Π(1)

∂

∂s
(Qk(s)−P2(s))|s=11

t+o(1).

Q1(s) Q2(s)

∂

∂ε
Rn(s, ε)|ε=0 = s(Π(s)Q2(s)−Π(s)P(s))Pn−21t

+ sΠ(s)
n−2∑
i=1

Pi−1(s)(Q1(s)Q2(s)−P2(s))Pn−i−2(s)1t

+ sΠ(s)Pn−2(s)(Q1(s)−P(s))1t,
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∂2

∂ε2
Rn(s, ε)|ε=0 = s(s− 1)[n2Π(s)Pn−1(s)− 2nΠ1(s)Q2(s)P

n−2(s)

− 2nΠ(s)Pn−2(s)Q1(s) + Π(s)Pn−2(s)Q
(2)
1 (s)

− 2n
n−1∑
i=2

Π(s)Pi−2(s)Q1(s)Q2(s)p
n−i−1(s)

+ Π2(s)Q
(2)
2 Pn−2(s)

+

n−1∑
i=2

Π(s)Pi−2(s)Q
(2)
1 (s)Q

(2)
2 (s)pn−i−1(s)

+ 2Π1(s)Q4(s)Q2(s)P
n−3(s)

+ 2
n−1∑
i=3

Π1(s)Q2(s)P
i−3(s)Q1(s)Q2(s)p

n−i−1(s)

+ 2
n−3∑
i=2

n−1∑
j=i+2

Π(s)Pi−2(s)Q1(s)Q2(s)p
j−i−2(s)

×Q1(s)Q2(s)p
n−j−1(s)

+ 2Π(s)Pn−3(s)Q1(s)Q4(s) + 2Π1(s)Q2(s)P
n−3(s)Q1(s)

+ 2

n−2∑
i=2

Π(s)Pi−2(s)Q1(s)Q4(s)Q2(s)p
n−i−2(s)

+ 2
n−2∑
i=2

Π(s)Pi−2(s)Q1(s)Q2(s)p
n−i−2(s)Q1(s)]1

t

+ 2s[
n(n− 1)

2
Π(s)Pn−1(s)− (n− 1)Π1(s)Q2(s)P

n−2(s)

+

n−2∑
i=2

Π(s)Pi−2(s)Q1(s)Q3(s)Q2(s)p
n−i−2(s)

− (n− 1)Π(s)Pn−2(s)Q1(s)

+
n−1∑
i=3

Π1(s)Q2(s)P
i−3(s)Q1(s)Q2(s)p

n−i−1(s)
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+Π(s)Pn−3(s)Q1(s)Q3(s)

+

n−2∑
i=2

Π(s)Pi−2(s)Q1(s)Q2(s)p
n−i−2(s)Q1(s)

+ Π1(s)Q3(s)Q2(s)P
n−3(s)

+

n−3∑
i=2

n−1∑
j=i+2

Π(s)Pi−2(s)Q1(s)Q2(s)p
j−i−2(s)

×Q1(s)Q2(s)p
n−j−1(s)

− (n− 1)
n−1∑
i=2

Π(s)Pi−2(s)Q1(s)Q2(s)P
n−i−1(s)

+ Π1(s)Q2(s)P
n−3(s)Q1(s)]1

t.

P(s)

lim
n→∞

1

n
· ∂2

∂ε∂s
Rn(s, ε)|ε=0,s=1 = Π(1)(rt1(1)l1(1))

∂

∂s

× (Q(s)−P2(s))|s=1(r
t
1(1)l1(1))1

t + o(1),

lim
n→∞

1

n
· ∂3

∂ε2∂s
Rn(s, ε)|ε=0,s=1 = −2Π(1)(rt1(1)l1(1))

∂

∂s

× (Q(s)−P2(s))|s=1(r
t
1(1)l1(1))1

t

+Π(1)(rt1(1)l1(1))(Q
(2)
1 (1)Q

(2)
2 (1)

+ 2Q4(1))(r
t
1(1)l1(1))1

t

+Π(1)(rt1(1)l1(1))
∂

∂s
(Q1(s)Q3(s)Q2(s)

−P3(s))|s=1(r
t
1(1)l1(1))1

t + o(1).
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