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ρ y x

ȳ ȳR
tR ȳCR

U = {U1, U2, . . . , UN} N y x
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x y

X̄ x
ȳ x̄ y x

n
U

S2
y = (N−1)−1

∑N

j=1
(yj − Ȳ )2, S2

x = (N−1)−1
∑N

j=1
(xj − X̄)2, f =

n

N

R =
Ȳ

X̄
, Sxy = (N − 1)−1

∑N

j=1
(xj − X̄)(yj − Ȳ ), C2

y =
S2
y

Ȳ 2
, C2

x =
S2
x

X̄2

ρ = Sxy/(SxSy)
y x

Ȳ
y

ȳR = ȳ

(
X̄

x̄

)
,

X̄ x

ȳ ȳR
Ȳ

ȳCR = ȳR

(
X̄

x̄

)
= ȳ

(
X̄2

x̄2

)
.

ȳCR ȳR

k

(
= ρ

Cy

Cx

)
>

3

2
.

x

zi = ηxi + λ, i = 1, 2, . . . , N
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x Ȳ

tR = ȳ
Z̄

z̄
= ȳ

(
ηX̄ + λ

ηx̄+ λ

)
,

z̄ = (ηx̄ + λ), Z̄ = (ηX̄ + λ) η( �= 0), λ
x

(Sx) (Cx) {β1(x)}
{β2(x)} Δ = (β2(x) − β1(x) − 1) (ρ)

tR

ȳ

var(ȳ) = MSE(ȳ) =
(1− f)

n
S2
y =

(1− f)

n
Ȳ 2C2

y .

ȳR ȳCR tR

MSE(ȳR) =
(1− f)

n

(
S2
y +R2S2

x − 2RρSxSy

)

MSE(ȳCR) =
(1− f)

n

(
S2
y + 4R2S2

x − 4RρSxSy

)
MSE(tR) =

(1− f)

n

(
S2
y +R∗2S2

xη
2 − 2ηR∗ρSxSy

)
R∗ = Ȳ /(ηX̄ + λ)

tCR

tCR ȳ ȳR
ȳCR tR

tCR
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ȳ tR

tCR =
tR(ηX̄ + λ)

ηx̄+ λ
,

tCR =
ȳ(ηX̄ + λ)2

(ηx̄+ λ)2
,

tCR(α) = ȳ

(
ηX̄ + λ

ηx̄+ λ

)α

,

α
α k{1+λ/(ηX̄)}

tCR

p

h(x̄1, x̄2, . . . , x̄p) = h(X̄1, X̄2, . . . , X̄p) +

p∑
j=1

dj(x̄j − X̄j) +Rp(X̄p, a)

dj =
∂h(a1, a2, . . . , ap)

∂aj

Rp(X̄p, a) =

p∑
j=1

p∑
i=1

1

2!
· ∂

2h(X̄1, X̄2, . . . , X̄p)

∂X̄i∂X̄j
(x̄j − X̄j)(x̄i − X̄i) +Op

Op

Rp(X̄p, a)

h(x̄, ȳ)− h(X̄, Ȳ ) ∼= ∂h(c, d)

∂c

∣∣∣∣
(X̄,Ȳ )

(x̄− X̄) +
∂h(c, d)

∂d

∣∣∣∣
(X̄,Ȳ )

(ȳ − Ȳ )
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h(x̄, ȳ) =
ȳ

(ηx̄+ λ)2
= R̂c and h(X̄, Ȳ ) =

Ȳ

(ηX̄ + λ)2
= Rc.

R̂c −Rc
∼= −2Ȳ η(ηX̄ + λ)

(ηX̄ + λ)4
(x̄− X̄) +

1

(ηX̄ + λ)2
(ȳ − Ȳ ).

(R̂c −Rc)
2 ∼= 4Ȳ 2η2(ηX̄ + λ)2

(ηX̄ + λ)8
(x̄− X̄)2 − 4Ȳ η(ηX̄ + λ)

(ηX̄ + λ)6
(x̄− X̄)(ȳ − Ȳ )

+
1

(ηX̄ + λ)4
(ȳ − Ȳ )2

(R̂c−Rc)
2 ∼= 1

(ηX̄ + λ)4
{
4η2R∗2(x̄− X̄)2−4ηR∗(x̄− X̄)(ȳ− Ȳ )+(ȳ− Ȳ )2

}
.

E(R̂c −Rc)
2 ∼= 1

(ηX̄ + λ)4

{
4η2R∗2V (x̄)− 4ηR∗cov(x̄, ȳ) + V (ȳ)

}
=

(1− f)

n(ηX̄ + λ)4

{
S2
y + 4η2R∗2S2

x − 4ηR∗ρSxSy

}
.

MSE(tCR) =
(1− f)

n

(
S2
y + 4η2R∗2S2

x − 4ηR∗ρSxSy

)
tCR

B(tCR) = E(tCR − Ȳ )

= E
{
R̂c(ηX̄ + λ)2 −Rc(ηX̄ + λ)2

}
= (ηX̄ + λ)2E(R̂c −Rc)

= (ηX̄ + λ)2B(R̂c)
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B(tCR) R̂c

R̂c

R̂c −Rc = h(x̄, ȳ)− h(X̄, Ȳ )

=

[
∂h(c, d)

∂c

∣∣∣∣
(X̄,Ȳ )

(x̄− X̄) +
∂h(c, d)

∂d

∣∣∣∣
(X̄,Ȳ )

(ȳ − Ȳ )

+
1

2!

{
∂2h(c, d)

∂c2

∣∣∣∣
(X̄,Ȳ )

(x̄− X̄)2

+2
∂2h(c, d)

∂d∂c

∣∣∣∣
(X̄,Ȳ )

(x̄− X̄)(ȳ − Ȳ ) +
∂2h(c, d)

∂d2

∣∣∣∣
(X̄,Ȳ )

(ȳ − Ȳ )2

}]
.

∂h(c, d)

∂c

∣∣∣∣
(X̄,Ȳ )

=
−2ηȲ

(ηX̄ + λ)3
,

∂h(c, d)

∂d

∣∣∣∣
(X̄,Ȳ )

=
1

(ηX̄ + λ)2
,

∂2h(c, d)

∂c2

∣∣∣∣
(X̄,Ȳ )

=
−6η2Ȳ

(ηX̄ + λ)4
,

∂2h(c, d)

∂d2

∣∣∣∣
(X̄,Ȳ )

= 0,

∂2h(c, d)

∂d∂c

∣∣∣∣
(X̄,Ȳ )

=
−2η

(ηX̄ + λ)3
.

(R̂c −Rc) = − 2ηȲ

(ηX̄ + λ)3
(x̄− X̄) +

1

(ηX̄ + λ)2
(ȳ − Ȳ ) +

1

2

{
6η2Ȳ

(ηX̄ + λ)2

× (x̄− X̄)2 − 4η

(ηX̄ + λ)3
(x̄− X̄)(ȳ − Ȳ )

}
.

R̂c

B(R̂c) =
(1− f)

n
· η

(ηX̄ + λ)3
(
3ηR∗S2

x − 2ρSxSy

)
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tCR

B(tCR) =
(1− f)

n
· η

(ηX̄ + λ)

(
3ηR∗S2

x − 2ρSxSy

)
.

tCR

k = 3/2{1 + λ/(ηX̄)}−1

TCR

MSE(ȳ)−MSE(tCR) =
4(1− f)

n
ηR∗S2

x(β − ηR∗)

=
4(1− f)

n
ηRR∗S2

x(k − θ) > 0 θ < k,

θ = ηX̄/(ηX̄ + λ) k = β/R

MSE(ȳR)−MSE(tCR) =
(1−f)

n (1− 2θ)(1 + 2θ − 2k)R2S2
x > 0

either 1
2 < θ < 1

2(2k − 1)
or 1

2(2k − 1) < θ < 1
2

}

min

{
1

2
,
1

2
(2k − 1)

}
< θ < max

{
1

2
,
1

2
(2k − 1)

}
,

MSE(ȳCR)−MSE(tCR) =
4(1−f)

n R2S2
x(1− θ)(1 + θ − k) > 0

either (k − 1) < θ < 1
or 1 < θ < (k − 1)

}

min{1, (k − 1)} < θ < max{1, (k − 1)}
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tR

η λ η λ

tR(1) = ȳ
(

X̄
x̄

)
tR(12) = ȳ

(
SxX̄+Cx
Sxx̄+Cx

)
Sx Cx

tR(2) = ȳ
(

X̄+Cx
x̄+Cx

)
Cx tR(13) = ȳ

(
SxX̄+β2(x)

Sxx̄+β2(x)

)
Sx β2(x)

tR(3) = ȳ
(

X̄+β2(x)

x̄+β2(x)

)
β2(x) tR(14) = ȳ

(
X̄β2(x)+Sx

x̄β2(x)+Sx

)
β2(x) Sx

tR(4) = ȳ
(

X̄+ρ
x̄+ρ

)
ρ tR(15) = ȳ

(
X̄Cx+Sx
x̄Cx+Sx

)
Cx Sx

tR(5) = ȳ
(

X̄+Sx
x̄+Sx

)
Sx tR(16) = ȳ

(
X̄ρ+Sx
x̄ρ+Sx

)
ρ Sx

tR(6) = ȳ
(

β2(x)X̄+Cx

β2(x)x̄+Cx

)
β2(x) Cx tR(17) = ȳ

(
SxX̄+ρ
Sxx̄+ρ

)
Sx ρ

tR(7) = ȳ
(

X̄Cx+β2(x)

x̄Cx+β2(x)

)
Cx β2(x) tR(18) = ȳ

(
X̄+X
x̄+X

)
X

tR(8) = ȳ
(

ρX̄+Cx
ρx̄+Cx

)
ρ Cx tR(19) = ȳ

(
CxX̄+X
Cxx̄+X

)
Cx X

tR(9) = ȳ
(

X̄Cx+ρ
x̄Cx+ρ

)
Cx ρ tR(20) = ȳ

(
β2(x)X̄+X

β2(x)x̄+X

)
β2(x) X

tR(10) = ȳ
(

X̄β2(x)+ρ

x̄β2(x)+ρ

)
β2(x) ρ tR(21) = ȳ

(
ρX̄+X
ρx̄+X

)
ρ X

tR(11) = ȳ
(

ρX̄+β2(x)

ρx̄+β2(x)

)
ρ β2(x)

X(= NX̄) x

MSE(tR)−MSE(tCR) =
(1− f)

n
θR2S2

x(2k−3θ) > 0
3

2
<

k

θ
.

tR
tCR

y =

x =
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tCR

η λ η λ

tCR(1) = ȳ
(

X̄
x̄

)2

tCR(12) = ȳ
(

SxX̄+Cx
Sxx̄+Cx

)2

Sx Cx

tCR(2) = ȳ
(

X̄+Cx
x̄+Cx

)2

Cx tCR(13) = ȳ
(

SxX̄+β2(x)

Sxx̄+β2(x)

)2

Sx β2(x)

tCR(3) = ȳ
(

X̄+β2(x)

x̄+β2(x)

)2

β2(x) tCR(14) = ȳ
(

X̄β2(x)+Sx

x̄β2(x)+Sx

)2

β2(x) Sx

tCR(4) = ȳ
(

X̄+ρ
x̄+ρ

)2

ρ tCR(15) = ȳ
(

X̄Cx+Sx
x̄Cx+Sx

)2

Cx Sx

tCR(5) = ȳ
(

X̄+Sx
x̄+Sx

)2

Sx tCR(16) = ȳ
(

X̄ρ+Sx
x̄ρ+Sx

)2

ρ Sx

tCR(6) = ȳ
(

β2(x)X̄+Cx

β2(x)x̄+Cx

)2

β2(x) Cx tCR(17) = ȳ
(

SxX̄+ρ
Sxx̄+ρ

)2

Sx ρ

tCR(7) = ȳ
(

X̄Cx+β2(x)

x̄Cx+β2(x)

)2

Cx β2(x) tCR(18) = ȳ
(

X̄+X
x̄+X

)2

X

tCR(8) = ȳ
(

ρX̄+Cx
ρx̄+Cx

)2

ρ Cx tCR(19) = ȳ
(

CxX̄+X
Cxx̄+X

)2

Cx X

tCR(9) = ȳ
(

X̄Cx+ρ
x̄Cx+ρ

)2

Cx ρ tCR(20) = ȳ
(

β2(x)X̄+X

β2(x)x̄+X

)2

β2(x) X

tCR(10) = ȳ
(

X̄β2(x)+ρ

x̄β2(x)+ρ

)2

β2(x) ρ tCR(21) = ȳ
(

ρX̄+X
ρx̄+X

)2

ρ X

tCR(11) = ȳ
(

ρX̄+β2(x)

ρx̄+β2(x)

)2

ρ β2(x)

N = 106, n = 20, Ȳ = 15.37, X̄ = 243.76, Sx = 491.89, Sy = 64.25,

ρ = 0.82, β2(x) = 25.71, k = 1.70.

tR(i) tCR(i) ȳ

PRE(tR(i), ȳ) =

{
1 +R2

(i)

(
S2
x

S2
y

)
η2i − 2R(i)

(
ρ
Sx

Sy

)
ηi

}−1

×100, (i = 1 21),

PRE(tCR(i), ȳ) =

{
1 + 4R2

(i)

(
S2
x

S2
y

)
η2i − 4R(i)

(
ρ
Sx

Sy

)
ηi

}−1

×100, (i = 1 21)
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ηi = 1 i = 1 5, 18;

η6 = η10 = η14 = η20 = β2(x), η7 = η9 = η15 = η19 = Cx,

η8 = η11 = η16 = η21 = ρ, η12 = η13 = η17 = Sx;

R(1) =
Ȳ

X̄
, R(2) =

Ȳ

X̄ + Cx
, R(3) =

Ȳ

X̄ + β2(x)
,

R(4) =
Ȳ

X̄ + ρ
, R(5) =

Ȳ

X̄ + Sx
, R(6) =

Ȳ

(β2(x)X̄ + Cx)
,

R(7) =
Ȳ

(X̄Cx + β2(x))
, R(8) =

Ȳ

(ρX̄ + Cx)
, R(9) =

Ȳ

(X̄Cx + ρ)
,

R(10) =
Ȳ

(X̄β2(x) + ρ)
, R(11) =

Ȳ

(ρX̄ + β2(x))
, R(12) =

Ȳ

(X̄Sx + Cx)
,

R(13) =
Ȳ

(X̄Sx + β2(x))
, R(14) =

Ȳ

(X̄β2(x) + Sx)
, R(15) =

Ȳ

(X̄Cx + Sx)
,

R(16) =
Ȳ

(ρX̄ + Cx)
, R(17) =

Ȳ

(X̄Sx + ρ)
, R(18) =

Ȳ

(X̄ +X)
,

R(19) =
Ȳ

(X̄Cx +X)
, R(20) =

Ȳ

(X̄β2(x) +X)
, R(21) =

Ȳ

(X̄ρ+X)
.
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tR(i) tCR(i) ȳ

PRE(., ȳ) k
θ(i)

PRE(., ȳ) k
θ(i)

tR(i) tCR(i)

tR(1)
∗ tCR(1)

tR(2) tCR(2)

tR(3) tCR(3)

tR(4) tCR(4)

tR(5) tCR(5)

tR(6) tCR(6)

tR(7) tCR(7)

tR(8) tCR(8)

tR(9) tCR(9)

tR(10) tCR(10)

tR(11) tCR(11)
∗

tR(12) tCR(12)

tR(13) tCR(13)

tR(14) tCR(14)

tR(15) tCR(15)

tR(16) tCR(16)

tR(17)
∗ tCR(17)

tR(18) tCR(18)

tR(19) tCR(19)

tR(20) tCR(20)

tR(21) tCR(21)

∗

tCR(i)

tR(i)

ȳ
tCR(11) tCR(14)
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