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Some Results on Necessary Conditions for Two
Quasidifferentiable Optimization Problems”
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Two main results of necessary conditions of optimality for two kinds of prob-
lems, bilevel optimization and quasidifferentiable MPEC, are presented via
Demyanov sum of quasidifferentials. The result that Lagrange multipliers are
independent of the choices of quasidifferentials and supergradients is given.
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1 - Introduction
We consider the following two classes of problems,

(P) min #(x) = f(x, v (x),--- ,vm(z))

where f : R**"™ — R' is quasidifferentiable, x € R",y; € R*, and
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and
min  f(zx,y)
(Py) st 2i(wy) <0, j=1.-,m,
y= (Y1, ,Um)" € S(z) =[], Si(x),
where f,2; : R® X -R% Koo X R'"™ — RLj=1,.--,r, are quasidifferentiable, » €

R",y; € 5;(x) C R%, and

i Ginhik €C%, i=1,v- mj=1 phk=pi+1,-+,q

Gi'{"".sﬂr'} = {gilfm* if:} U -_tjl'.'p,{.-’l'f_-;fﬁ”?—.

Hi(z, 4:) = (higpoeny (e, 9), -+ hig (2, 93)) 7,

Si(z) = argmax{p;(x,u) | Gilz, 1) < 0, Hi(x, ;) =0},i=1,--- ,m.

A function f : B" — R'issaid to be quasidifferentiable at z in the sense of Demyanov

and Rubinov (1980}, if f is directionally differentiable at x € R" and there exists a pair
of compact convex sets, @ f(x), f(x) € R", such that

f(z;d) = max (v,d)+ min (w,d), ¥Yde R";
vEdfiz) weEd f{z)

see [2]. Df(x) = [@f(x),f (x)] is called a quasidifferential of f at x, df(x) and Of(z)
are called subdifferential and superdifferential of f at «, respectively. Elements of a subd-
ifferential and a superdifferential are called subgradients and supergradients, respectively.
The following assumptions will be used in this paper for ensuring the quasidiffentia-
bility of v;(-),# = 1,--- ,m, at 2" and the validity of optimality conditions. Define:

Yi(z) = Argmax{y;(z, i) | Gi(z,5) < 0, Hi(z,ys) =0}, i=1,---.m.

Assumption 1.1. (Uniform Boundedness ) Y(x) is uniformly bounded in some neigh-
borhood of 2"; i. e., there exists a neighborhood N, of ¥ and a bounded set T; € R* such
that Y;(x) C T}, forany x € N,.

Assumption 1.2. (M-F Constraint Qualification ) For every y!' € Y,(2"), the lower prob-
lem,
max ;i (. yi)

1
st. Gilz,3) =0, Hz,1:) =0, i=1,---,m, ()

satisfies M-F constraint qualification:
I. The vectors V,hi; (2", 4),j = pi + 1, -+ , ¢, are linearly independent.
2. There exists a w; & R* satisfying,
wi Vy0i(x,4f) <0, Vi€ {v|gu(e®y) =0w=1,--.p}, (@

w! V,hii(2%,99) =0, j=p+1,---,q. (3)
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Assumption 1.3. (Second Order Sufficient Conditions) For any o, € A,(«", ") and d #
0 satisfying the following conditions,

V0 (2% ") Td =0, VYje J(ey)={j|la;>0,j=1,---,p}, (4)
V,hii(2% ) 'd=0, j=p+1,-- ,q (5)
one has, .
d"V2,Li(z°% ), ay)d > 0, (6)
where,
vyLT(:r'}1y?‘ I’.l'} =0
Ai(2",y)) = ¢ a e R a; 2 0, J=1yw e #y 7
a;gi(2% ) =0,  j=1,-.,p
Pi Ji
Li(z.yox) = gilmu) + > ongu+ D awha, (8)
k=1 k=p;+1
O = (s O Ol * Og)- (9)

Here, co(” denotes the convex hull of C. In the next section, necessary conditions
for problem (P, ), i.e., for a class of quasidifferentiable bilevel optimization, are given,
and necessary conditions for problem (P3), i.e., for a class of quasidifferentiable MPEC
problems, are presented in Section 3.

2 - The Case of (P,))

For every ' € Y;(z"), the set of Lagrange multiplier vectors of lower level problem
is nonempty if and only if M-F constraint qualification holds at 47; see |6, 10]. Moreover,
the following theorem holds.

Theorem 2.1. [1,7,8, 11,12, 13| Suppose that the M-F constraint qualification and sec-
ond order sufficient conditions hold for every 4’ € Yi(x"). Then, v,(-) is (local) Lips-
chitzian, directionally differentiable and

vi(2%d) = sup infaea, oy d VeLi(2% yis ). (1
wEY ()
Iffor evervi, i =1,--- ,m, Yi(z°) is finite, i.e., Yi(z°) = {y!.--- 4"}, then (1) can
be written as:
vi(x";d) = max{{d.€) |e € C!} — max{{d, e} | e € C?}, (2)

i.e., v(-) is quasidifferentiable at 2°, and |C}, —C?| is a quasidifferential of v; at 1°,
where,
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Ol =co(Uty (X, 4BY).  C:=X0, B
Bf = —CD{U,,EA[,a,H[].{?IL;I{J.‘H,y:-_.-‘.lr)}]. Vi=1,+ 5
yf € R%, Yi=1,--+.,0. O

In the remainder of the paper, we assume that for every i, i = 1,--- ,m, Y;(«") is
finite. Consider problem (P,). Since v(-) is Lipschitzian, it is uniformly directionally
differentiable. By the quasidifferential calculus of composition functions [3], one has that
@ is quasidifferentiable at ", and [08(x"), 90(x")] is formulated by:

90(z%) = {w|w= (W, -, o)+ X" WO+ ) — VBN —0"Op,

= h"[]}. . :‘uhr+m:|] € f_jfiy‘}}i )‘:' S ("f!_l_m 1y € _Ciz—u}.‘

(") = {w|w= (T, - 7))+ T [uD (N + ) + 0N+ 0" ),

i=n+1
0= (uil}1 e !ﬂ'i-i-m]} = af{y"‘}.}u.- c C|1--;|rpu‘l = _CF—-H}'
v<v<v, v <0,v" 20, 1% = (2% 0, (20), - - ,um(2®))T,
E{f] e () T4UN i) = 4l 4 .,,r{r']‘ i=1.-+-.1.

Let A, B © R" be convex compact. The Demyanov difference of A and B, our basic
operation here, is defined by:

A-B = cleo{ V5" (h| A) — V6" (h| B) | h € T},

where, T' = {h € R"|Vé*(-| A)(h) and V&*(- | B)(h) exist}. The form of Demyanov
difference, df(x)—(—df(x)), will play the main role and is also denoted by 7 f(x).

Lemma 2.1. [4] Let f : R" — R' be quasidifferentiable. If +" € argmin,cpn f(x), then
0 € atf(z"). O

The following theorem can be obtained in terms of Lemma 2.1.

Theorem 2.2. Suppose Assumptions 1.2 and 3 hold, and fori, i = 1.--- ,m, Y;(a") is

finite. If 2° is a minimizer of (Py), then 0 € 8+0(x"). O
In what follows, assume that ¢ is a maximal function, i. e.,
min #(x) = max{vy(x), -+ ,vm(x)} 3)
s.t. vilx) = max{pi(z,u) | Gi(z,3) <0, H(z,u:) =0}, i=1,---,m.

One has from the quasidifferential calculus of maximal functions that the quasidiffer-
ential of #(-) at 2" is given by:

30(2") = co U (CL + Z c?),

ke R(z?) ieR{=z)\{k}

0(x°) = — Z o5

iER{z")
where, R(2?) = {i € 1:m|0(z") = v(a")}.
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Lemma 2.2. [3] Let A, B C R" be convex compact. Then, (A + B)—B = A O

Lemma2.3. Let A;. B C R".i = 1.--- .m, be convex compact. Then, co(|J", A)=-BC
co | Ji,(Ai—B).

Proof: straightforward. O

Theorem 2.3. Suppose Assumptions 1,2 and 3 hold, and for i, i = 1,--- ,m, Y;(z") is
finite. If 2" is a minimizer of (3), then there exists a finite number of o € Ay(x",y},) C

Az ) I =1, B, k € R(z) and Mo, 1, k) = 0, such that
3 Mev, LK)V Li(2°, 4k, @) = 0.
ae ."lq.[:'“iyi Jol=1,eee g ke R{xD)

Proof: One has from Theorem 2.2 that 0 € 9*0(2"). Compute 90(x"),

at0(z) = 96(a")=(—06("))
= CO[ULFH{I“J{CE + Zaektzmﬁ} irz}];':z;ei:r:"] CE}
Cc l‘.‘.ﬂ{{ i Z:ER::}HR}C } Z,gm:n}f‘z“ e R{ r" } (Lemma 2.3}
= m{(.-" ~C%|k € R(2")} (Lemma 2.2)

while,

{-'Iﬁlr;{-lﬂf = 0 U: JZu;H Bp} Eﬁk
€ co Uﬁk Zp;&ﬂ BJ._ fljﬂi} (Lemma2.3)
= colJ*,(0-BY) (Lemma2.2)

Gk ol
—co [, By

I

As a consequence, one has:
0€ co{—colU™, Bi|k € R(z")}

= CD{Uﬂ* {Une.-‘l[:“ ?;i}{v LR{T" yi: ﬂ-}} |k € R(;rﬂ]}
= cof{ VL2, r,r,. a)|la € Alx yi'} l=1,---, 0, k€ R(z")},

that is, there exists a finite number of Ao, [, k) = 0, such that

Z Ma, L, k)Y Li(2° gk, a) = 0,

asAp(z®yl)d=1, G ke R(Z")

where, Ay(2", ) is a finite subset of A(z", y} ). m



Some Kesults on Necessary Conditions 35

For (Py), if @& = 1,--+ ,m, are strictly concave, g;;,i = 1, ,m,j = 1,--- ,p,
are convex, My, i = 1,--- ,m k= p; +1,--+ ., are affine, and Slate constraint qualifi-
cation holds, then (1) holds and the solution of lower level problem (1) is unique, that is,
Yi(2") = {4} see [9]. Therefore, one has:

vi(z%d) = inf, 4, (20 yn,cﬂv Li(z", 4!, a). (4)

In other words, v, is superdifferentiable at 2°, and Ju,(2") = co{V,.L(z", 4!, a)|a €
Ai(«", y!)}. By the quasidifferential calculus of composition functions, the quasidiffer-
ential of #(-) at 2" is formulated as:

ﬂgl:l.['“} - {.“_, | w = [."-_"[”~ . |[":|} + zn+m pli) — 'L-‘”“:I}‘ui.

i=n+l

(v, 0™ € Af(y7), i € Bin),
(%) = {w|w= @M, 7))+ T (0@ + ")y,
(™, o ulP+™)) € Bf (°), u; € Bi_,},
where,
v <v<o, v <0,v" 20, 4" = (2° (29, -, vm(2®)7,
v = ol — ) F) = & 4 @
Bi_p =co{V.Li_n(z°, 4 ,a) |a € A« y )}
Similarly, if f is a maximal function, then we have the following theorem.

Theorem 2.4. Assume that @;,1 = 1,--- ., are strictly concave, g,;,t = 1,-++- ,m,j =
1,--- .p, are convex, hy.i = 1,--- ;m,k = p; + 1,--- .qi, are affine, and Slate con-
straint qualification holds. If 2" is a minimizer of (3), then there exists a finite number of
Ma, k) = 0, such that

» Mav, k)V . Li(2% 42, @) = 0,

a& Ao(x ug ) ke R(=")
where, Ay(x°, yi)) is a finite subset of A(x°, y},), and Yi(2") = {y}
Proof: By Theorem 2.2 one has that 0 € 976(+"). We only need to compute &7 6(z"),
a0(a")

— 90(2°) = (=B0(a"))

= 00[Uren(oy (@06(2°) = Xicriap iy P02 = (— Lieniany Ove(2°))
C co{(Quk(z) — Efm{:]m}i_}ﬂa{ﬂ'“}]l;

(— ZLER{:D]{']”-' )|k € R(z")} (Lemma2.3)

co{ vy (2°) = (= (%)) | k € R(z°)} (Lemma 2.2)
= co{ V. L(x" yl,a) | k € R(z"),a € Ai(«% y)}.

m

Il
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Hence, it follows from the definition of convex hull that there exists a finite number of
Aler, k) = 0, such that

¥ Mo, k) V. Li(2°, o}, 0) =0,
u{:'.l'!ul:.r“.ygj.ki: Fﬂ.r“}

where, Ag(x", y) is a finite subset of A(27, 4}, and Yi.(2") = {4}}. O

3 - The Case of (P,)

Here, we consider problem (P ), which is equivalent to the following problem,

min f(z,y)
st ) g0y J=Tmemyh,
vilr) < gilz, ), i=1,-+-,m, (1)

Gilz, ) =0, i=1;.:+,;m,
Hix, ) =0, t=1,,m,
where, v;(x) = max{g;(x, y;) | Gi(x, ;) < 0, Hi(x, y;) = 0}.

Lemma 3.1. Let A C R" B C R" d = (dy,d2) € R" x R™. Then, G4(A x B) =
G, (A) x Ga,(B), where Ga( A) denotes the maximal face of A determined by d.

Proof: According to the definition of maximal face one has that (7,7) € G4(A = B)if
and only if

((Z,7), (dy,d2)) = ( max B{{ﬂhy}- (dy,ds)),

zy)EAX
that 1s,
(T, dy) + (7.d2) = TLaic{r dy) + Tt_rag{y,:i-_;}.
Therefore,
max(r — T, d;) + Trf‘é‘{” — §.da) = 0. (2)

Since (7, 7) € Ga(A x B), we have (T,7) € A x B, thatis,T € Aand § € B. Hence,

max{r —T.d;) = 0
zeA

and
max{y — ¥, ds) = 0.

ye

Using the last two inequalities in (2), one has:

max{x —F,d;) =0

red
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and
Teaé{y —7.d3) =0,
that is,
Fdyy = Tﬁqu'd])' (G, da) = Teair;c{y, dy).
This leads to (7, 7) € G, (A) x Ga,(B). O

Corollary 3.1. Let AC R". BC R" andd = (d,,dz) € R* x R™. If8*(-|A x B) is
differentiable at d, then §*(- | A) is differentiable at d, and 8* (- | B) is differentiable at d..
Moreover,

Vo' (d| A x B)=Vé"(d, | A) x Va*(ds | B).

O
Lemma 3.2, Let T' C R" x R™ be a full measure. Then, Pp(T) and Pre(T') are full

measures with respect to R™ and R™, respectively, where Px (T') denotes the projection
of T onto X.

Proof: By contradiction, assume that Py (7') is not a full measure subset of #". Then,
there exists A C R", not a zero measure, and A C R"\ Pp.(T'). Therefore, A x R™ C
R™ x R™ is not a zero measure, which contradicts the fact that A x R™ C (R" x R™)\T
and T is a full measure with respect to " x B™. Hence, Py (7T") is a full measure with
respect to /2", In a similar way, we can prove that Pg« (1) is a full measure with respect
to R™. O

Lemma3.3. Let A, C C R", B, D C R™ be convex compact. Then, (Ax B ];(Cxﬂ) =
(A=C) % (B—D).

Proof: LetT ={dec R"x R™|§"(-|Ax B)and §*(-|C x D) are differentiable at d}.
One has from the definition of Demyanov difference, Corollary 3.1 and Lemma 3.2,
(A x B)=(C x D)
=clco{Vi*'(d| A x B)-Vs'(d|C x D)|deT}
=clco{Va*(d; | A) x Vo' (dz | B) — V&' (d, |C) x V*(dy | D) |d € T}

ﬂr| E .FJJ’.LIH [IT} }

Celeo {‘Fﬁ‘[tﬁ | A) x Vé*(da| B) — Vé*(d, | C) x Vé*(d2| D) dy € Py (T)

—clco{V6*(dy | A) — V&*(dy | C) | dy € Pge(T)} X
cleo{V5*(dy | B) — V&*(dy | D) | ds € Py (T))

=(A-C) x (B=D).
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Theorem 3.1. Suppose Assumptions 1.2 and 3 hold, and for i, i = 1,---
is f inite. If 2V is a minimizer of (Py), then there exist \; = 0.j = 0, -
M, i=10

Live sy 2 0,i=1,-
not aﬂ zero, such that

UII E Auﬂ?frtﬂ:u-yﬂ} == Z;:l
Yoy pileoU{V, Li(z% ¢, a)|lae A

m ™
j=1 Yij

0y, € MO f (2% %) + X0, A

=]

4+ zrn '_|l|I

where, 1" = (y), - . y",

L ViV J.J('
JJ"

Xia, Song and Zhang

.m, Yi(z%)
o =04=

piandwy,i=1,--- ;mk=p;+1,--- .4

Ajé?+zj,{;r“.j;"}+

['U Jf}l f = ]., e s
W)+
’*:ry.{r HH} + E. 11” u.lF'i{'!'u "-J ))
)+ i1 Dbt @ik Vi hae (2%, 1)),

1 .Hi } - v‘{:‘tx {Iu- i :I }+

.ryfj{-‘ pﬁ*l Wukv:hik{:ﬂu' TLUL

Proof: Problem (1) is equivalent to:

min
s. 1.

If 2" is a minimizer of (P,). then there exists y” € R™ such that (2°

flx,y)

zilz,y) 20, 3g=1,---.,r1,

vilx) —pilz, ) <0, i=1,---,m, (3)
Gilz, 1) <0, i=1,---,m,

Hj(z, ) =0, i1=1,---,m.

.y") is a minimizer of

(3). Consider v; as a function of (z, y). We have from Theorem 2.1 that

Avy(z%,1°) = C} % O,

(2, 4°) = —-C? x 0,

Similarly, we have that v, — i, is quasidifferentiable at (1", ") and

ANv; —

vy — @i)(2°, y

i) (2%, y") = (C}

l'.l]=

— Vi (2%, y9)) %
0% -+ X 0% (~Vigy, (2°
L. ~ m

) %0 x -2 x 0,

~C? % 0y,.

By virtue of the necessary conditions of constrained quasidiﬁ'ercntiabie optimization

due to Gao [5], there exist A; = 0.5 = 0,---
Jprand wy,i=1,---

?["}‘sz__l;’t_;d .:ufz ")
+ 2 i (G -
(— Vi, (2°

1,0ve o, =1, 000
0 € Adtfla

?T:JH:'E[]:!IZI s 1Ty U._;E“F=
g k=pi+1,--- g,not aII zero, such that

Vieir (2% y"))—C? x 0 x -
+$H|'j}} KoaveR ﬂ} T Ei:] .J'=1 yijv{:'y}qu(u‘u.’ y:JJ
E'“ Ei':m_'_[ Lﬂikvfi,#:lh'ik{-l I }

(4)
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Computing (C} — Vipir (2%, ) ~C?, one has:

(C} = Vi (22, 2))-C2
= —Vpir(2°, y;) + [CE’LCE)
= —Vir(a® ) — col U, B!
= —Vi (2 ) — coUl, (—co UV Li(2°. ¢ o | o € A(a®, y))})
= —Vpir(2% ) + co| V. Li(2% yj.a|a € A(2®. 9}),1 = 1,-+- , Bi}.

Combining the above formula with (4), the conclusion is obtained from Lemma 3.3, [

Ifin (P3), f, 2,4 = 1,--+ ,r, are differentiable, then the necessary conditions given
in Theorem 3.1 turns to qualities.

Corollary 3.2. Suppose that f,z;,j = 1.--- ,r, are differentiable in (P;), Assumptions
1,2 and 3 hold, and for i, i = 1,--- ,m, Yi(2") is finite. If 2" is a minimizer of (Py),
then thereexist A\; 2 0,7 =0,-++ v, p; 20,i=1,+- my; 20i=1,-+- ,m,j=
L--- ,pyandwy,i=1,--- ,m,k=p; +1,--- ,q, not all zero, such that

0n = XV f2(2°,3°) + 27 AV 25 (2, 9°)+

Yot pi(co | Vo Li(2% ¢l a) |a € A(2® ¢l). 1 =1,--+ . Bi} — Vg (2", 1))+
i1 2oy Vi Vg (20, 0) 4+ 300, o0, 1 win Vi hin (2%, 40),

i=1 =1

0, = MoV (2" 3") + 320501 AiV 25, (2% 0°) + 202, s —=Vyi(a®, 1))+
2:11 :;J U;'va.gj_?{:r”.y?} + E::il Zi'l-—n]-l,-}‘l """I"ﬁ'?m h'ik{"ru‘ y:]}'

where, Y = (4, -+« .¥%)". O
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