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          Abstract 

Product mix problem (PMP) is one of the most important and complicated problems in production systems. 

Different approaches have been applied to solve this problem, among them, theory of constraints (TOC) has 

been widely considered since 1990s. This paper develops a distinguished algorithm to solve product mix prob-

lems that is efficient both in single and multi-bottleneck problems. At first, the new algorithm uses a mathe-

matical model to aggregate different priorities assigned to products by different bottlenecks and finds an ini-

tial solution. Then tries to improve the solution by solving a set of linear inequalities. It is shown that the new 

approach obtains better solutions than the previous algorithms.      

 

Keywords: Product mix problem; Theory of constraints; Group decision-making; Integer linear program-
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1. Introduction 

Theory of constraints (TOC) is a production 

planning philosophy that was  introduced in The 

Goal [6]. It aims to improve the system throughput 

by efficient use of bottleneck(s). When there is a 

bottleneck in the system, the demands of products 

cannot be fully met. In this case, the problem is to 

determine product mix in such a way that high level 

of profit is obtained. This is called the product mix 

problem. Although PMP can be formulated as an 

Integer Linear Programming (ILP) model, it cannot 

be solved easily when the problem is large scale. If 

the number of products increases, the difficulty of 

solving ILP model will increase exponentially. As a 

result, many researchers focused on heuristic algo-

rithms.  

Some of the researchers developed algorithms to 

solve PMP in single bottleneck environment whe-

reas others focused on multi-bottleneck systems. 

Although many algorithms have been developed to 

solve PMP in multi-bottleneck systems, most of 

them failed in reaching desirable solutions. The 

main reason of their failure is that all decisions are 

made based on the most capacitated constraint (do-

minant bottleneck). The common process in the 

existing algorithms is that the product mix is deter-

mined based on priorities of products, i.e. the prod-

uct with the higher priority is produced first. These 

priorities are assigned by bottlenecks to products. 

Each bottleneck assigns a priority (weight) to each 

product. Most of the previous researches just used 

the priorities assigned by the dominant bottleneck 

in determining product mix. Considering only one 

bottleneck in decision making and ignoring the im-

portance of other ones may distort the solution be-

cause only a part of information is used. It is similar 

to searching for the local optimum instead of the 

global one. 

In this paper, all bottlenecks are considered in 

product mix decision simultaneously. Each bottle-

neck assigns a weight to each product. So, there 
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will be k weight values for each product (k is the 

number of bottlenecks). A mathematical model is 

used to aggregate these values and assign an aggre-

gated weight to each product. The initial product 

mix is obtained using the aggregated weights. Then, 

the possibility of improving solution is examined 

through "decrease and increase process". In this 

process, we try to improve the profit by decreasing 

the production amount of one product and increas-

ing the other one. In the new algorithm, alternatives 

to decrease and increase are defined and the best 

one is selected easily. This causes the speed of solv-

ing a problem by the new algorithm to be indepen-

dent from the dimension of the problem. So, the 

new algorithm can be applied in large scale prob-

lems properly. In the new algorithm, decrease and 

increase process is done simply by solving a set of 

linear inequalities. Besides the simplicity of the 

new algorithm, it is shown that it will reach better 

solution than the existing algorithms. In Sections 3 

and 4 the new algorithm and its logic are described 

in details.  

2. Literature review 

Solving PMP using TOC heuristic is an interest 

area for many researchers. Several algorithms have 

been developed on this theme since 1990. The first 

(traditional) algorithm based on TOC was verified 

by several researchers such as Luebbe and Finch 

[10] and Patterson [11]. They showed that tradi-

tional algorithm could lead the optimum solution as 

ILP.  

Balakrishnan and Cheng [2] criticized the tradi-

tional algorithm and showed that it could not reach 

optimum solution in multi-bottleneck systems. Fur-

thermore, Lee and Plenert [9] showed that the algo-

rithm was inefficient in handling problems in which 

new product alternatives were to be added to an 

existing production line. Also, Plenert [12] showed 

by an example that the traditional algorithm was 

inefficient in utilizing bottleneck resource properly.  

In 1997, Fredendall and Lea [5] revised the tradi-

tional algorithm using the concept of dominant bot-

tleneck. The dominant bottleneck is the most capa-

citated resource. In the revised algorithm, dominant 

bottleneck assigns a weight (priority) to each prod-

uct and the initial product mix is developed based 

on these weight values. Then, the revised algorithm 

tries to improve the solution using the neighbor-

hood search concept. Fredendall and Lea [5] 

claimed that the revised algorithm could reach the 

optimum solution in all cases.  

Aryanezhad and Rashidi Komijan [1] discussed 

several disadvantages of the revised algorithm and 

showed that it could not reach the optimum solution 

in all cases and might be stopped in a non-optimum 

solution. They also showed that the revised algo-

rithm faced burdensome computations when the 

number of products increase. They discussed that 

stop condition of the revised algorithm was not de-

fined properly as it might cause the algorithm to 

reach a non-optimum solution. Then they developed 

their own algorithm which is called "improved al-

gorithm" [1]. It starts with an initial solution and 

then finds the best path to reach the improved solu-

tion with a logical procedure. The ability of improv-

ing solution by the improved algorithm is much 

more than the revised one but however, it is also 

limited. Tsai and Lai [15] expanded the improved 

algorithm to systems including joint products.  

Hsu and Chung [7] developed an algorithm that 

was similar to the algebraic concept of simplex to 

some extent. The main assumption of this algorithm 

is that the model is continuous not integer. Clearly, 

there is no need to heuristic algorithms when the 

problem is considered continuous as simplex can 

solve large scale problems using advanced soft-

wares like GAMS. 

Souren et al. [14] categorized conditions in which 

TOC heuristic can reach optimum solution and dis-

cussed problems that it fails in reaching optimum.  

Rashidi Komijan and Sadjadi [13] considered 

throughput and late delivery cost as decision mak-

ing criteria and solved PMP problem using TOPSIS 

technique.  

Among other researches, we can mention Kee 

and Schmidt [8], Bhattacharya and Vasant [4] and 

Bhattacharya et al. [3]. Kee and Schmidt [8] devel-

oped a general model including TOC and Activity-

Based Costing (ABC). Bhattacharya and Vasant [4] 

solved PMP in such a way that the decision maker 

reached higher degree of satisfaction and lesser de-

gree of fuzziness. Bhattacharya et al. [3] discussed 

PMP with fuzzy cost function.     

3. The new algorithm logic description   

In this section, the logic of the new algorithm is 

discussed in details. In almost all PMP algorithms, 

the production plan is developed based on priorities 

of products. These priorities (weights) are deter-

mined by the bottlenecks. If there is one bottleneck 

in the system, there will be a unique weight vector 

and production plan can be easily obtained. As the 

resulted product mix is optimal in view of the bot-
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tleneck, it is optimal for the whole system. In a 

multi-bottleneck system, each bottleneck presents 

its own weight vector and as a result, there may be 

several weight vectors. The question is that which 

one of the weight vectors should be considered in 

developing production plan. Some preliminary al-

gorithms used the weight vector associated to the 

dominant bottleneck. Naturally the result may be 

good in view of that bottleneck not necessarily the 

others [1]. Considering only one bottleneck in de-

termining product mix and ignoring the importance 

of other ones is a pitfall for an algorithm.  

The new algorithm overcomes this problem let-

ting all bottlenecks contribute in determining prod-

uct mix. In the new algorithm, bottlenecks and 

products are treated as decision-makers (DMs) and 

alternatives respectively. Using this analogy, the 

product mix problem is considered as a group deci-

sion making problem. Each DM assigns a weight to 

each alternative (individual weights).  

Also, as DMs (bottlenecks) do not have equal 

importance, the weights of DMs are determined in 

the new algorithm. Then, individual weights are 

aggregated through a mathematical model. The ini-

tial production plan is developed using the aggre-

gated weights.  

The rest of the algorithm is dedicated to improve 

the initial plan. This is done using the "decrease and 

increase process". Through this process, the schedu-

ler may decrease the production amount of a prod-

uct and increase the other one provided that the 

process leads to a higher profit. Clearly there are 

too many alternatives for decrease and increase 

even in a medium scale problem.  

There are some features in the new algorithm that 

cut the number of alternatives considerably. In the 

algorithm, it is discussed that the product candidate 

to decrease should have higher priority that the 

product considered to increase. On the other hand, 

as the initial plan is based on the aggregated 

weights, it has minimum derivation from the de-

sired plan. So the number of alternatives for de-

crease and increase process is limited and the time 

consumed in reaching the solution is decreased con-

siderably.  

Decrease and increase process is applied in pre-

vious researches [1,5] but in the algorithm, it is 

done in a completely different manner that leads to 

better solution than the previous algorithms. The 

new algorithm is described in Section 4 and through 

a numerical example, its result is compared to tradi-

tional, revised and improved algorithms. It is shown 

that the new algorithm is more efficient than the 

previous ones. 

4. New algorithm 

The following notations are used in the new algo-

rithm: 

 

  i  Index of product,  i=1,…,n, 

  j  Index of resource,  j=1,…,m, 

 ijt    Processing time of product i on resource j,  

iD   Demand of product i,    

iP   Produced units of product i, 

iSP   Selling price of product i,  

iRM  Raw material cost of product i, 

iCM  Contribution margin of product i, 

jAC   Available capacity of resource j, 

jRC  Required capacity of resource j, 

ijPR  Priority of product i assigned by bottle-

neck j, 

ijF  Weight of product i assigned by bottle-

neck j, 

iW   Aggregated weight of product i, 

jW ′   Weight of bottleneck  j,    

jL    Time left in bottleneck  j, 

jH  Maximum number of iterations according 

to bottleneck  j, 

H  Real maximum number of iterations (ac-

cording to the group of bottlenecks), 

n   Number of products, 

m   Number of bottlenecks. 

 

Step 1. Identify the system bottleneck(s). 

Each resource that its required capacity exceeds 

the available one, is considered as a bottleneck. Re-

quired capacity of resource j is calculated as follows:  
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∑
=

=

n

i

ijij tDRC
1

                                                 (1) 

If jj ACRC > , then j is a bottleneck. 

 

Step 2. Determine the weight of each product as-

signed by each bottleneck (individual weights). 

For each bottleneck, different products have dif-

ferent priorities. Priority of product i in view of bot-

tleneck j is calculated as follows: 

  

ij

i
ij

t

CM
PR =                                                      (2) 

 

where iCM is calculated as follows: 

 

iii RMSPCM −=                                             (3) 

 

Weight of product i in view of bottleneck j is cal-

culated by normalizing ijPR  values: 

 

∑
=

=
n

i

ij

ij

ij

PR

PR
F

1

                                                    (4) 

 

Typically, weight vector of products in view of 

bottleneck j is ( ),...,,...,1 njijj FFF . Each bottleneck 

has a weight vector expressing the weights that it 

assigns to different products. These weight vectors 

are called individual weights. 

 

Step 3. Develop production plans regarding the 

weights obtained in Step 2.  

In this step, m production plans are developed 

based on the weights calculated in Step 2. In other 

words, each bottleneck develops the production 

plan regarding its own weight vector. Clearly, these 

plans should be feasible, i.e. the production plan 

developed by one bottleneck should be feasible for 

others.   

 

Step 4. Determine the weights of bottlenecks. 

To determine the weights of bottlenecks, the 

profit related to each production plan should be cal-

culated. Normalizing these profit values will lead to 

the weights of bottlenecks. 

Step 5. Determine the weight of each product in 

view of the group of bottlenecks (aggregated 

weight). 

In order to calculate the aggregated weight of a 

product based on the individual weights obtained in 

Step 2, a mathematical model is formulated as fol-

lows:  

Min ∑∑
= =

−′

m

j

n

i

ijij FWW
1 1

 

 

Subject to: 

 

1
1

=∑
=

n

i

iW                                                            (5) 

 

)(max)(min ij
j

iij
j

FWF ≤≤        ni ,...,2,1=  

 

0≥iW   

The decision variable, iW , is the weight of prod-

uct i assigned by the group of bottlenecks (aggre-

gated weight of product i). Individual weights of 

product i ( ijF ) should have the least difference 

from the aggregated weight of product i. So, the 

objective function of the model is to minimize these 

difference values. The first constraint is to normal-

ize aggregated weights and the second one ensures 

that the aggregated weight of product i lies between 

the least and most individual weights assigned to it.  

 

Step 6. Develop production plan regarding the ag-

gregated weights.  

In this step, the production plan is developed by 

the group of bottlenecks using the aggregated 

weights obtained in Step 5. The profit resulted  

from the aggregated plan may be improved. The 

improvement will occur during a tradeoff, i.e. when 

we decrease the production amount of one product 

and dedicate the time left in bottlenecks to other 

product. In the following steps, the possibility of 

improving the profit is examined.   

 

Step 7. Determine allowable tradeoffs.  

Decreasing production amount of product i and 

increasing product l is considered as an allowable 

tradeoff if li WW ≥ . In other words, if li WW < , 

decreasing i and increasing l is useless. The reason 

is simple: In the initial plan, at first we considered l 
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for production and allocated bottlenecks time to it 

and produced lP  units. If it were possible to pro-

duce additional units of l, it would be done in the 

initial plan automatically. Without regarding to the 

mathematical model, there may be 2!/( 2)!n −  al-

ternatives for decrease and increase process. Using 

the mathematical model and the condition described 

in Step 7, the number of alternatives will be cut sig-

nificantly.   

 

Step 8. Determine how many l should be increased 

in turn of decreasing one unit of i. 

Assume that k is the number of product l that 

should be increased in turn of decreasing one unit 

of i. k is the least integer that satisfies the following 

inequality:   

 

il CMCMk ≥                                                    (6) 

 

So, in each iteration, it is allowable to decrease 

one unit i provided that k units are added to l. Now 

the question is that how many iterations are allowa-

ble to be done. This is answered in the following 

step. 

  

Step 9. Determine the maximum number of itera-

tions. 

Assuming that decreasing one unit of i and in-

creasing k units to l as one iteration, we want to 

know that how many iterations are allowable to be 

done. jL  is the time left in bottleneck j regarding 

production plan based on aggregated weights and 

before starting decreasing and increasing process. 

Decreasing one unit of i causes that ijt  minutes are 

added to the time left in bottleneck j and increasing 

k units to l consumes ljkt  minutes. If 0≤− ijlj tkt , 

the iterations can be done until production units of i 

falls to zero or the demand of l is fully met. If 

0>− ijlj tkt , the iterations can be done until pro-

duction units of i falls to zero, the demand of l is 

fully met or bottleneck j exhausts. These can be 

summarized as follows: 

If 0≤− ijlj tkt  

   Then   ])[,(
k

PD
PMinH ll

ij

−
=  

Otherwise

 ])[],[,(
ijlj

jll
ij

tkt

L

k

PD
PMinH

−

−
=  

where ][
k

PD ll −
 and ][

ijlj

j

tkt

L

−
 are integer val-

ues of 
k

PD ll −
 and 

ijlj

j

tkt

L

−
respectively. 

  

As the tradeoff must be feasible for all bottle-

necks, the above calculation is repeated for all bot-

tlenecks. Each bottleneck suggests a certain number 

of iteration )( jH and the real maximum number of 

iterations is the minimum of values suggested by 

the bottlenecks: 

 

j
j

HMinH =                                                      (7) 

 

Step 10. Calculate net profit change related to the 

tradeoff between i and l. 

In the previous steps it was cleared that: 

 

a) It is allowable to decrease i and increase l.  

b) k units of l should be increased in turn of 

decreasing one unit of i.  

c) Part (b) can be repeated for H times. 

 

Clearly, net profit change is calculated as follows: 

 

Net Profit Change = )( il CMCMkH −  

 

Steps 8 to 10 is repeated for all allowable tra-

deoffs determined in Step 7. The tradeoff with the 

highest net profit change is selected.  

5. Numerical example 

The new algorithm is explained through an ex-

ample. This is the example of Hsu and Chung [7]. 

Assume that a factory produces four products: R, S, 

T and U.  

Demand, selling price and raw material cost of 

the products are shown in Table 1. The contribution 

margin (CM) is the difference between the selling 

price and the raw material cost. The factory uses 

seven resources: A, B, C, D, E, F and G. The 

processing time of each product in each station is 

presented in Table 2.   

 

Step 1. According to the last row of Table 2, A, B, 

C, D and F are bottlenecks. 
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Table 1. Weekly demand, selling price and raw material cost of each product. 

Product Demand (Unit) Selling Price ($) Raw Material Cost ($) CM ($) 

R 70 100 20 80 

S 60 120 60 60 

T 50 110 60 50 

U 150 50 20 30 

 

 

Table 2. Processing time in minute, available and required capacity. 

 Resource 

Product A B C D E F G 

R 20 5 10 0 5 5 20 

S 10 10 5 30 5 5 5 

T 10 5 10 15 20 5 10 

U 5 15 10 5 5 15 0 

Available Capacity 2400 2400 2400 2400 2400 2400 2400 

Required Capacity 3250 3450 3000 3300 2400 3150 2200 

Difference -850 -1050 -600 -900 0 -750 200 

 

 

 

Table 3. Products priorities in view of each bottleneck )( ijPR . 

 R S T U 

Bottleneck A 4 6 5 6 

Bottleneck B 16 6 10 2 

Bottleneck C 8 12 5 3 

Bottleneck D 0 2 3.33 6 

Bottleneck F 16 12 10 2 

 

 

Step 2. Using contribution margin of each product 

(the last column of Table 1) and processing times in 

Table 2, the products priorities in view of each bot-

tleneck are obtained (see Table 3). 

Normalizing each row will lead to the weight 

vectors: 

 

)286.0,238.0,286.0,19.0(),,,( =UATASARA FFFF

 

)059.0,294.0,176.0,471.0(),,,( =UBTBSBRB FFFF

 

)107.0,179.0,429.0,286.0(),,,( =UCTCSCRC FFFF

 

)53.0,294.0,176.0,0(),,,( =UDTDSDRD FFFF  

 

)05.0,25.0,3.0,4.0(),,,( =UFTFSFRF FFFF  

 

Step 3. The production plan is developed based on 

the above weights as follows: 

 

 

Production plan in view of bottleneck A: (0R, 60S, 

0T, 120U; Profit: 7200)  

Production plan in view of bottleneck B: (70R, 50S, 

50T, 0U; Profit: 11100)  

Production plan in view of bottleneck C: (70R, 60S, 

40T, 0U; Profit: 11200)  

Production plan in view of bottleneck D: (0R, 0S, 

30T, 150U; Profit: 6000) 

Production plan in view of bottleneck F: (70R, 60S, 

40T, 0U; Profit: 11200) 

To illustrate, consider the product mix in view of 

B. As R is assigned the highest weight by B, it is 

produced first. After meeting its demand, the next 

important product, T, is produced. After producing 

50 T, the time left in the bottlenecks is only enough 

to produce 50 S. The profit is calculated by multip-

lying the produced amount of each product and its 

contribution margin: 

 

11100505060508070Pr =×+×+×=ofit  
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Step 4. Weights of the bottlenecks are calculated by 

normalizing the profit values: 

 

)24.0,128.0,24.0,238.0,154.0(),,,,( =′′′′′
FDCBA WWWWW

 

Step 5. The following model is used to determine 

the weight of each product assigned by the group of 

bottlenecks (aggregated weight). 

 

Min   R R0.154 W 0.19 0.238 W 0.471− + −     

      R R0.24 W 0.286 0.128 W 0+ − + −  

      R S0.24 W 0.4 0.154 W 0.286+ − + −  

      S S0.238 W 0.176 0.24 W 0.429+ − + −  

      S S0.128 W 0.176 0.24 W 0.3+ − + −  

      T T0.154 W 0.238 0.238 W 0.294+ − + −  

      T T0.24 W 0.179 0.128 W 0.294+ − + −  

      T U0.24 W 0.25 0.154 W 0.286+ − + −       

      U U0.238 W 0.059 0.24 W 0.107+ − + −  

      U U0.128 W 0.53 0.24 W 0.05+ − + −  

 

Subject to: 

 

1=+++ UTSR WWWW                             (8) 

 

471.00 ≤≤ RW  

 

429.0176.0 ≤≤ SW  

 

294.0179.0 ≤≤ TW  

 

53.005.0 ≤≤ UW  

 

The above model is simplified to a linear one: 

 

Min 0.154( ) 0.238( )+ − + −
+ + +RA RA RB RBW W W W  

       0.24( ) 0.128( )+ − + −
+ + + +RC RC RD RDW W W W  

   0.24( ) 0.154( )+ − + −
+ + + +RF RF SA SAW W W W  

   0.238( ) 0.24( )+ − + −
+ + + +SB SB SC SCW W W W  

   0.128( ) 0.24( )+ − + −
+ + + +SD SD SF SFW W W W  

   0.154( ) 0.238( )+ − + −
+ + + +TA TA TB TBW W W W   

   0.24( ) 0.128( )+ − + −
+ + + +TC TC TD TDW W W W  

   0.24( ) 0.154( )+ − + −
+ + + +TF TF UA UAW W W W        

   0.238( ) 0.24( )+ − + −
+ + + +UB UB UC UCW W W W  

   0.128( ) 0.24( )+ − + −
+ + + +UD UD UF UFW W W W  

 

Subject to: 

 

19.0−=−
−+

RRARA WWW                                   (9) 

 

471.0−=−
−+

RRBRB WWW  

 

286.0−=−
−+

RRCRC WWW  

 

RRDRD WWW =−
−+

 

 

4.0−=−
−+

RRFRF WWW  

 

286.0−=−
−+

SSASA WWW  

 

176.0−=−
−+

SSBSB WWW  

 

429.0−=−
−+

SSCSC WWW  

 

176.0−=−
−+

SSDSD WWW  

 

3.0−=−
−+

SSFSF WWW  

 

238.0−=−
−+

TTATA WWW  

 

294.0−=−
−+

TTBTB WWW  

 

179.0−=−
−+

TTCTC WWW  

 

294.0−=−
−+

TTDTD WWW  

 

25.0−=−
−+

TTFTF WWW  

 

286.0−=−
−+

UUAUA WWW  
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059.0−=−
−+

UUBUB WWW  

 

107.0−=−
−+

UUCUC WWW  

 

53.0−=−
−+

UUDUD WWW  

 

05.0−=−
−+

UUFUF WWW  

 

1=+++ UTSR WWWW  

 

471.00 ≤≤ RW  

 

429.0176.0 ≤≤ SW  

 

294.0179.0 ≤≤ TW  

 

53.005.0 ≤≤ UW  

 

0, ≥
−+

ijij WW  

 

The optimum solution is: 

 

)107.0,25.0,3.0,343.0(),,,( =UTSR WWWW  

 

Step 6. The production plan regarding the aggre-

gated weights is 70R, 60S, 40T, 0U and the profit is  

11200 dollars. 

 

Step 7. As the priority of products are R, S, T and U, 

allowable tradeoffs are shown in Table 4. 

 

Step 8. To illustrate the remaining steps, consider 

decreasing T and increasing U (the complete calcu-

lations are in Table 5). As contribution margins of 

T and U are 50 and 30 respectively, two units of U 

should be increased in turn of decreasing one unit 

of T. So k=2 for this tradeoff.   

 

 
Table 4. Allowable tradeoffs. 

Decrease 

from 

Increase 

to 

k 

value 

R S 2 

R T 2 

R U 3 

S T 2 

S U 3 

T U 2 

Step 9. Now the question is that how many times 

we can decrease one unit of T and increase two 

units to U. According to the product mix developed 

in Step 6, the time left in bottlenecks A to F are 0, 

1250, 1000, 0, 1550 minutes. Decreasing one unit 

of T causes that 10, 5, 10, 15 and 5 minutes are 

added to the time left in bottlenecks and increasing 

two units to U consumes 10, 30, 20, 10 and 30 mi-

nutes. According to bottleneck A, the iterations can 

be done 40 times: 

 

01052 =−×=− TAUA tkt  

( ,[ ]) 40
−

= =
U U

A T

D P
H Min P

k
 

 

Similarly, the following values are calculated: 

 

05152 >−×=− TBUB tkt  

( ,[ ],[ ]) 40
−

= =
−

U U B
B T

UB TB

D P L
H Min P

k kt t

 

010102 >−×=− TCUC tkt  

( ,[ ],[ ]) 40
−

= =
−

U U C
C T

UC TC

D P L
H Min P

k kt t

 

01552 <−×=− TDUD tkt  

( ,[ ]) 40
−

= =
U U

D T

D P
H Min P

k
 

 

05152 >−×=− TFUF tkt  

( ,[ ],[ ]) 40
−

= =
−

U U F
F T

UF TF

D P L
H Min P

k kt t

 

40),,,,( == FDCBA HHHHHMinH  

 

H values for other tradeoffs, that are calculated in 

a similar way, are zero.   

 

Step 10. Decreasing 40 units from T and increasing 

80 units to U will increase the profit value for 400 

dollars.  

As H values for other tradeoffs are aero, the net 

profit change according to them are zero. As a re-

sult, decreasing T and increasing U is selected and 

the improved plan is 70R, 60S, 0T and 80U and the 

profit will be 11600.  

Steps 8 to 10 are repeated until no profitable tra-

deoff is left. The results are summarized in Table 5. 
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Table 5. The tradeoffs calculations. 

Selected Tradeoff      

Decrease from Increase to K H Net change Product mix Total profit 

T U 2 40 400 70R, 60S, 0T, 80U 11600 

R T 2 6 120 64R, 60S, 12T, 80U 11720 

T U 2 8 80 64R, 60S, 4T, 96U 11800 

R T 2 2 40 62R, 60S, 8T, 96U 11840 

 

 

 

 
Table 6. Comparison of the results. 

 
Traditional 
Algorithm 

Revised 
Algorithm 

Improved 
Algorithm 

New 
Algorithm 

ILP Model 

Product mix 70R,50S,50T,0U 64R,2S,50T,120U 70R,60S,80T,0U 62R,60S,8T,96U 51R,38S,50T,100U 

Profit 11100 11340 11600 11840 11860 

 

 

 

So, the final plan is 62R, 60S, 8T and 96U and 

the profit is 11840. The result of the new algorithm 

is compared to the traditional, revised and improved 

algorithms as well as ILP model in Table 6. The 

steps of these algorithms along with the solving 

procedures are described in the appendixes. 

6. Conclusion 

A number of algorithms have been developed on 

determining product mix under TOC. Due to the 

inefficiency of these algorithms, a new algorithm 

based on a different and new approach is devel-

oped. This paper considers product mix problem as 

a group decision making problem and benefits from 

using a linear model to aggregate products weights 

and finds an initial solution. Then tries to improve 

the solution based on a new logic for decrease and 

increase process. Using the linear model ensures 

that the number of alternatives for decrease and in-

crease is reduced significantly. This helps the algo-

rithm to reach the final solution in a short time. 

Comparison of the new algorithm with the tradi-

tional, revised and improved ones shows that the 

product mix resulted by the new algorithm is more 

desirable than all previous algorithms.  
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Appendix 1: Traditional TOC algorithm [10,11] 

Step 1. Identify system bottlenecks. 

As shown in Table 2, A, B, C, D and F are bot-

tlenecks. 

 

Step 2. Calculate the products priorities in view of 

dominant bottleneck. 

Resource B is the most capacitated constraint and 

is called dominant bottleneck. As shown in Table 3, 

priorities of R, S, T and U are 16, 6, 10 and 2 re-

spectively. 

 

Step 3. Determine product mix using the priorities 

calculated in Step 2. 

According to the priorities in view of B, product 

mix is 70R, 50S, 50T and 0U with the profit of 

11100.       

Appendix 2: Revised algorithm [5] 

Step 1. Identify system bottlenecks and dominant 

bottleneck. 

As shown in Table 2, A, B, C, D and F are bot-

tlenecks and B is dominant bottleneck.  

 

Step 2. Check if dominant bottleneck is properly 

chosen or not. 

The product mix in view of B is 70R, 50S, 50T 

and 0U. The first bottleneck that exhausts regarding 

this plan is A. So, A is assumed as the real domi-

nant bottleneck. 

 

Step 3. Determine product mix in view of dominant 

bottleneck. 

The product mix in view of A is 0R, 60S, 0T and 

120U and the profit is 7200 dollars. 

 

Step 4. Develop the set of products candidate to 

decrease and increase.  

As 160/)101200(6/)( ≥+=+ SSAAUA CMtLP  

and UU DP ≤ , the set of products candidate to de-

crease and increase is {S, U, T, R}.  

 

Step 5. The result of decrease and increase process 

is shown in Table 7. 

Table 7. Decrease and increase process. 

Product mix Profit 

0R, 60S, 0T, 120U 7200 

0R, 59S, 2T, 120U 7240 

0R, 58S, 4T, 120U 7280 

. . 

. . 

0R, 35S, 50T, 120U 8200 

2R, 34S, 50T, 120U 8300 

4R, 33S, 50T, 120U 8400 

. . 

. . 

62R, 4S, 50T, 120U 11300 

63R, 3S, 50T, 120U 11320 

64R, 2S, 50T, 120U 11340* 

64R, 1S, 50T, 121U 11310 

64R, 0S, 50T, 122U 11280 
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Appendix 3: Improved algorithm [1] 

Step 1. Identify system bottlenecks. 

As shown in Table 2, A, B, C, D and F are bot-

tlenecks. 

 

Step 2. Calculate the products priorities in view of 

each bottleneck. 

Products priorities in view of each bottleneck are 

shown in Table3. 

 

Step 3. Develop the initial plan using priorities in 

view of dominant bottleneck. 

As B is dominant bottleneck, product mix is 70R, 

50S, 50T and 0U with the profit of 11100.   

 

Step 4. Determine feasible alternatives to improve 

the throughput. 

Feasible alternatives to decrease and increase are 

defined based on four simple rules (assume that i 

and l are products candidate to decrease and in-

crease respectively):  

a) i should have higher priority than the l in 

view of dominant bottleneck, 

b) The demand of l is not fully met, 

c) l has higher priority than i in view of at 

least on bottleneck, 

d) l has the higher priority than products that 

their demands have not been fully met in 

view to the bottleneck in which l is more 

important that i. 

 

According to rule (a), alternatives are shown in 

Table 8.  

As the demand of T is fully met, decreasing R 

and increasing T is omitted. The remaining alterna-

tives are feasible.   

 

 

Table 8. Alternative for decrease and increase. 

Decrease 

from 

Increase 

to 

R T 

R S 

R U 

T S 

T U 

S U 

Step 5. Select the best alternative. 

Consider the alternative that suggests to decrease 

R and increase S. According to the time left in bot-

tlenecks, decreasing one unit of R will be enough to 

increase one unit to S. As shown in Table 3, the 

disagreement of bottlenecks against decreasing one 

unit of R is (4+16+8+16=44) and their satisfaction 

to increasing one unit to S is (6+6+12+2+12=38). 

So, the score of this alternative is (38-44=-6). The 

score of other alternatives are calculated in the simi-

lar way and alternative "T to S" is selected with the 

score of 4.67. 

 

Step 6. Decreasing and increasing process. 

At each iteration, one unit of T is reduced and 

one unit is increased to S. This will increase the 

profit for 10 dollars. After 10 iteration, the product 

mix will be 70R, 60S, 40T and 0U and the profit is 

11200.  

As the demand of S is fully met, we consider de-

creasing T and increasing U. It is possible to de-

crease 40 units of T and increase 80 units to U. The 

product mix is 70R, 60S, 0T and 80U and the profit 

is 11600 dollars. The improved algorithm stops at 

this point. 

Appendix 4: Integer linear programming model 

The general model is as follows:  

 

:iX Produced units of product i     ni ,...,1=  

Max ∑
=

n

i

ii XCM
1

 

 

Subject to: 

 

j

n

i

iij ACXt ≤∑
=1

           mj ,...,1=  

 

ii DX ≤                       ni ,...,1=  

 

0≥iX                         ni ,...,1=  

 

The numerical example is formulated as follows: 

 

:iX Produced units of product i     UTSRi ,,,=  

Max UTSR XXXX 30506080 +++  
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Subject to:  

 

24005101020 ≤+++ UTSR XXXX  

 

2400155105 ≤+++ UTSR XXXX  

 

24001010510 ≤+++ UTSR XXXX  

 

240051530 ≤++ UTS XXX  

 

240052055 ≤+++ UTSR XXXX  

 

240015555 ≤+++ UTSR XXXX  

 

240010520 ≤++ TSR XXX  

 

70≤RX  

 

60≤SX  

 

50≤TX  

 

150≤UX  

 

0≥iX  

 

The optimum solution is 51R, 38S, 50T and 

100U and the profit is 11860.  
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