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ABSTRACT. The vertex version of PI index is a molecular structure de-
scriptor which is similar to vertex version of Szeged index. In this pa-
per, we compute the vertex-PI index of TUC41Cs(S), TUC41Cs(R) and
HACsC7|r, p].
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1. INTRODUCTION

Let G is a simple molecular graph without directed and multiple edges and
without loops. The graph G consists of the set of vertices V(G) and the set of
edges E(G). In molecular graph, each vertex represented an atom of the mole-
cule and bonds between atoms are represented by edges between corresponding

vertices.
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FIGURE 1. Symmetry Line of HAC5C7[4, 2]

Carbon Nanotubes are tubes containing carbon and hydrogen atoms of di-
ameter between 1 and 100 nanometers. Topological indices are integer num-
bers which can computed with relations on graph parameters (vertex degree,
distance between vertices, etc.), which have been defined during studies on
molecular graphs in chemistry.

Khadikar and Co-authors [5-8] defined a new topological index and named it
Padmakar-Ivan index. They abbreviated this new topological index as PI. If
e =wvis an edge of G, it is defined as PI.(G) = }_ ¢ p(e[m1(e|G ) +ma(e|G)],
where m(e|G) is the number of edges of G lying closer to u than to v and
ma(e|G) is the number of edges of G lying closer to v than to w. This is the
edge version of PI index and in [1-3], the edge-PI index has been computed
for some graphs.

The vertex version of PI index was also considered [9], defined as PI,(G) =
Yeen()ni(e|G) + n2(e|G)], such that ny(e|G) is the number of vertices of
G lying closer to u than to v and na(e|G) Is the number of vertices of G lying
closer to v than to w.

In this paper, we compute the vertex-PI index of TUC,Cs(S),TUC4Cs(R) and
H AC5C7|r, p] nanotubes.
At first, we define the symmetry line which exists in every nanotube [4].

We can show all vertices in a row on a circle, let e be an arbitrary edge
on this row. This edge is connecting two points on the circle. Consider a line
perpendicular at the mid point to this edge passed a vertex or an edge, say
a, in the opposite side of the circle. A line trough the point a and parallel to
height of nanotube is called a symmetry line of the nanotube.

For example in Figure 1, we show that the symmetry line for HAC5C7[4, 2]:


www.sid.ir
www.sid.ir

Vertex-PI Index of Some Nanotubes 51

FIGURE 2. Two dimensional lattice of TUC,Cs(S) nanotube,
p=4,k=8.

2. VERTEX-PI INDEX OF TUC,Cs(S)

According to Figure 1, we denote the number of squares in one row by p and
the number of rows by k. These notations are standard only in this section of
our paper.

Observation 2.1. If e is a horizontal edge of G, then: n1(e|G) =na(e|G) =

WG _ g,

Observation 2.2. If e is a vertical edge in row m,(1 < m < k), then:
n1(e|G) = 4pm and nz(e|G) = 4p(k —m).

Observation 2.3. If e is an oblique edge in row m, (1 < m < k), then:

4p? —dpm — k2 4+ 2km +k — 2p m<pk—m<p

4p?> —dpm +m> +m —2p ,m<pk—m>p

n1(e|@) = and

dpm — k2 +2km —m? +k—-m—2p ,m>pk—m<p
dpm — 2p ,m>pk—m>p
na(e|G) = 4pk — n1(e|G).

Proof. We compute only ni(e|G) due to the fact that the computation of
na(e|G) is similar to the computation of ny(e|G).

If we consider the shape of TUC,Cs(.S) and the position of a fixed oblique
edge, we can see:

The row m — 1 has 2 vertices more than row m and row m — 2 has 2 vertices
more than row m — 1 and so on.
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FIGURE 3. Two dimensional lattice of TUC4Cs(R) nanotube,
k=4,p=38.

The row m + lhas 2 vertices less than row m and row m + 2 has 2 vertices
less than row m + 1 and so on.

Then:
R 1(2p—|—2i)—|—zp_l 2i m<pk—m<p
n(e]G) = Zp " 1(2p—|—22)—|—2p 1121 ,7n§p,k:—m>p7
Po@p2) P  ap P 2% om > pk—m<p
P @p420) + P ap 4+ P 2 ,m>pk—m>p
and na(e|G) = 4pk — n1(e|G). O

Observation 2.4. In according to Observations (2-1, 2-2 and 2-3), n1(e |G )+
na(e|G) = 4pk, for every edge in E(G).

Theorem 2.1. The vertex-PI index of TUC4Cg(S) is equal to:

PL(G)= Y [m(e|G)+mnale|G) = Y d4pk= (4pk).(4pk)

e€E(G) e€E(G)

3. VERTEX-PI INDEX OF TUC4Cs(R)

According to Figure 2, k is the number of rows of rhombus and p is the number
of rhombus in a row (that pindicates the number of columns of rhombus in
Figure 2). Therefore, we indicate the rhombus which located ini —throwandj—
theolumn with S;;. Also, we have|V(G)| = 4pk. These notations are valid only
in this section of our paper.

Observation 3.1. If eis a horizontal edge ofG, then: ni(e|G) = na(e|G) =
W gy,

Observation 3.2. Ife is a vertical edge between m—thand(m+1)—throws, (1 <
m < k —1), then: n1(e|G) = 4pm andnz(e|G) = 4p(k — m).
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Observation 3.3. If e is an oblique edge in rhombus S;;,(1 <i <k, 1<j <
D), then:

(1) If p is even,

2pk — 3k — 2k? + 4ki i<Bk—i<Z
2pi — 3i+ 2% + 3p* — 3p+1 A< k—i>t
ni(e|G) =19 —3p*+ Lp—2+2pi+2pk — 3k Qs Bhoi<t
+3i — 2k% + 4ki — 2i?
5p+4pi —1 i>Bk—i>2
(2) If p is odd,
2pk — 3k — 2k? + 4ki i< [B] k—i< [B]
2pi — 3i+ 22 +2p [2] — 3[2] —2[2]? i< [B] k—i> [2]
GY=1{¢ _9,[2] — p] _ p]? ;
ni(e|G) 2p (5] —2p+ [5] — 1+ 2[5]" + 2pk + 2pi i (2] ki< [2]
—3k + 31 — 2k? + 4ki — 24?
dpi—2p—2[8] -1 ;i> [B] k—i> [E]

Proof. Since the computation of ns(e |G ) is similar to the computation ofnq (e |G),
we compute only n1(e|G).

If we consider the shape of TUC,Cs(R) and the position of a fixed oblique
edge, we can see:

The row m — 1 has 4 vertices more than row m and row m — 2 has 4 vertices
more than row m — 1 and so on.

The row m + 1 has 4 vertices less than row m and row m + 2 has 4 vertices less
than row m + 1 and so on.

Then:

(1) If p is even,

S (@ -1 +am)+ S (2p—1) —4m) i< B ki<
. P _
S (@p =) +4m) + 5 ((2p—1) —4m) i<Bk—i>2

5 (2p—1)+4 ity

n1(€|G): mI:_OZ(( P )+ m)—i_mel D 77;>£ ]{J—ZS

+ 2 ((2p = 1) —4m) -1
2oo((2p = 1) +4m) + 37,2 dp

+E T (2p— 1) —4m) — 1

[N]s

=
|
~.
V
[SIS]

and na(e|G) = 4pk — n1(e|G).
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(2) If pis odd, We have a vertex on symmetry line in every row of rhombus.
Then,

Sto((2p— 1) +4m) + X0 (2p—1) —4m) i< (3],

z:;:[_ﬂ])«zp 1)+ 4m) + z,[flz[l (o =D=tm) i< (3]
3] (2p— 1) 4 am) + LBy, o .

mlele) = %ﬁfé(l((zp—)l)—zxzmz oLl

S (p—1) +am) + 5]

B (2p - 1) — am)

and na(e|G) = 4dpk — n1(e|G).

P
i]+1 4p

Observation 3.4. parallel oblique edges in a S;j, (1 <i < k,1 < j <p) have
the equal n1(e|G) and na(e|G).
Observation 3.5. In according to Observations (3-1, 3-2, 3-8 and 3-4),

(1) If p is even, ni(e|G) + na(e|G) = 4pk, for every edge in E(G).
Theorem 3.1. The vertex-PI index of TUC4Cs(R) is equal to:

(1) If p is even,

PL(G)= ) 4pk = (4pk)(6pk —p)
ecE(G)
(2) If p is odd,

PIL(G) = 3 dpk + > (4pk — p)

= (4pk)(2pk — p) + (4pk — p)(4pk).

4. VERTEX-PI INDEX OF

HAC5C7[r,p] The vertex-Szeged index of HAC5Cr[r,p] was computed by
A. Tranmanesh in 2007 [4]. And we only repeat the main results.
We denote the number of heptagons in one row by p, the number of the periods
by k and each period consist of three rows as in figure 4, which shows the m-th
period,1 < m < k.

Let e be an edge in Figure 5. Denote:

Ey ={e € E(G)| e is an oblique edge between two heptagons }
E,; = {e € E(G)| eis a horizontal edge }

Es = {e € E(GQ)] eis a vertical edge}
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FIGURE 4. m-th period

FIGURE 5. Two dimensional lattice of HAC5C7[8,4].

E, = {e € E(G)]| eis an oblique edge between heptagon and pentagon }

E5; = {e € E(G)| eis an oblique edge between two pentagons }.

Also, we can define some subsets ofE;’s as follows:

Ey ={e € Fy| e is an edge in (3m — 1) — th row }

Eyv = {e € Fy| e is an edge in 3m — th row } so that Ey = Eo | J Eor.

E3 = {e € E3| e is an edge between (3m — 1) — th and (3m — 2) — th rows }
E3r = {e € E3| e is an edge between 3m — th and (3(m + 1) — 2) — th rows }
so that F5 = Eg/ | JEgr. Ey = {e € E3| e is an edge in (3m — 1) — th row }
Eyr = {6 € by | e is an edge in 3m — th row }SO that £y = Ey U Ey.

And the number of vertices in each period of this nanotube is equal to8p.

For computing the vertex-PI index, we must discus in two cases: Case 1: p
is even.

If p = 2, then: PI,(HAC5C7[4,2]) = 288k — 68k + 5.
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876k + 868k + 10 k<2
If p = 4, then: PI,(HACsC+[8,4]) = { 896k2 + 2344k — 3790 ,2 < k < 4.
1280k2 — 264k + 498 k> 4

Now, let p > 6.
a) e € Fy:
8km — 4k? — 9k + 4pk — 1 m<Ek-m<E-1
dpm — 9m +4m* +p? — Ip+ 4 m<Ek-m>8—-1
ne(u) = 8km— 2p — 6 — p? + dpk + 4 9
(u) m— 5p p? + 4pk + 4pm + 9m s Eh—m<ro1
—4k? — 4m? — 9k
8pm — 9p — 1 m>8k—m>5—1
—8km — 4k? + 5k + 4pk — 1 m<Bk-m<E—1
8pk —4pm+5m —4m? —p* +3p—2 m<Ek-m>E—1
e(v) =9 —8km+ 32 2+ dpk — 4pm — 5
ne(v) M gp Pt Ap b= om m>8k-—m<E—1
+4k? + 4m? + 5k
8pk — 8pm +5p — 1 Jk—m>5—1
b)eEEgz
We have ne(u) =n.(v) in this case. Then:
I) ec Ey:

8km — 4k? — Tk +4pk —4 —8m? +12m ,m <5 k-m<5—1

4pm—|—5m—4m2—|—p2—%p—1 m<Ek-m>%f-1
ne(u) = Eik4rlr:2+_g41;n—24_4;:2+4pk—4pm+7m s B h—m<

20 —p—1m>% Jk—m>8—1.
IT) e € Eon:

8km — 4k? — k + 4pk + 1 — 8m? m<Ek-m<E -1

dpm —m —Am? +p? — 1p—2 m<Ek-—m>5-1

2p? —p —2 m>Ek—m>%f-1

d) e € Ey:
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I)6€E4/2
4pm—m—§—2—|—4m2 ;m<Ek-m<E—1
(w) dpm—m+4m? —ip—2 m<Lk-m>E-1
ne(u) =
8pm +1—p>+Tp m>Bk-—m<L-1
Spm —p? +Tp+1 ,m>8k—m>5—1
k+4k? — 8km + 4pk —dpm —m + 22 + 1+ 4m? |m < L,
(v) 8pk — p? +3p+4 — 8pm ,m< L
ne(v) =
k—|—4k2—8mk+4pk—4pm—m—|—%p—|—1—|—4m2 ,m> L5
8pm — p? + 3p+4 — 8pm ,m> L5
II)@EE4NZ
4pm—13m—%—i—ll—i—élm2 m<Ek—m<L
() 4pm—13m—|—4m2—%p—|—11 ;m<Ek—m>%
ne(u) =
8pm+2—p* +p ym>5 k—m<E
2
8pm —p°+p+2 ,m>Ek—m>1%
9k +4p(k —m) —9m + L +4(k—m)> m<5 k—-m<
(v) Spk —p? +7p — 6 — S8pm ym < Ek—m >
ne(v) =
9k +4p(k —m) —9m+ L +4(k—m)> ,m>5 k—m<
2
8pm — p* + Tp — 6 — 8pm ym>Ek—m >
e) e € Ex:

ne(u) =8p(m —1)+5p—9
ne(v) = 8p(k —m) +3p — 9.
For simplicity of computations, we define: For subcase a:
a1 = 8km — 4k? — 9k + 4pk — 1
by = dpm — 9m + 4m? + p* — gp+4

61:8km—gp—G—p2+4pk+4pm+9m—4k2—4m2—9k
di =8m—9p—1
ay = —8km — 4k + 5k + 4pk — 1

5
bz:8pk—4pm+5m—4m2—p2+§p_2

02:—8km+gp+p2—|—4pk—4pm—5m—|—4k2—|—4m2—|—5k
de = 8pk — 8pm + 5p — 1

> o oW

-1
-1
-1
-1

57

|
3 3 3 3

V

-1
-1
-1
-1
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IN V
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For subcase b:
as = 8km — 4k? — Tk + 4pk — 4 — 8m? + 12m

7
b3:4pm+5m—4m2—|—p2—§p—1

C3:8km+gp—4+p2+4pk—4pm—|—7m—4k2—4m2—7k
ds =2p> —p—1
ay = 8km — 4k* — k + 4pk +1 — 8m?

1
b4:4pm—m—4m2—|—p2—§p—2

1
04=8km—§p+1+p2+4pk—4pm+m—4k2—4m2—k

dy = 2p2 —p—2
For subcase c:
z1 = 8pm — 28
t1 = 8p(k —m) + 14
zo = 8pm — 6p + 14
to = 8(k —m) + 6p — 2
For subcase d:
a5:4pm—m—g—2+4m2

bs = as
cs =8pm+1—p*+Tp
ds = c5
a6:k+4k2—8km—|—4pk—4pm—m+57p—|—1—|—4m2
b = 8pk — p* +3p+4 — 8pm
Ce = Qg
dg = bg

a7:4pm—13m—§+11+4m2

by = a7
cr=8pm+2—p*+p
dr = cr
as = 9%+ 4p(k — m) — 9m + & + 4(k — m)?

bg = 8pk — p* + Tp — 6 — 8pm
cs = ag
dg = bs
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For subcase e:
z3 =8p(m—1)+5p—9
ts = 8p(k —m) +3p—09.

Then:

= 2p(a1+az2)+2paz+2pas+p(z1+t1) +2p(as+ag) +2p(ar+as) +2p(z3+13)
Sa = 2p(b1 +b2) +2pbs+2pbs+ p(21 +t1) +2p(bs + be) + 2p(b7 + bs) +2p(23 + t3)
S3 = 2p(c1+c2) +2pes+2pea+p(z1+1t1) +2p(cs +c6) +2p(er +cs) +2p(23 +13)
Sy = 2p(d1+d2) +2pd3+2pds+p(21 +t1) +2p(ds +de ) +2p(d7 +ds) +2p(z3 +13)

Then we have:

Theorem 4.1. The vertex-PI index of nanotube HAC5C7[r,p), for even p > 6,
18:

Yok S e + o) k<B
D 2
Sy S+ Yomp 1S3+ 2 P22 + t2) bk
PI(G) = +mep+1p(z2+t2) 2
: Zm 1S2+Z +1S3+Zm_p+1s
+Em lp(z2+t2)+zm P+1p(22+t2) ak>p
+E k p+1p(22—|—t2)

Case 2: p is odd number.

If p=1, then: PI,(HAC5C7[2,1]) = 72k* — 52k + 1.

If p = 3, then: PI,(HAC5C%[6,3]) = 720k? — 90k — 139.
1370k2 4+ 1510k + 13 k<2

If p=5, then: PI,(HAC5C7[10,5]) = < 1400k> + 3770k — 5807 ,2<k<4.
2000k — 420k + 1353,k >4

For p > 7, we can compute vertex-PI as the same way which p is even number.

There are only some differences between the cases which p is odd or even

number. For example, we must use [£] instead of Z.
a) e € Ey:
8km — 4k* — 9k + 4pk — 2+ m ;m< [5k-m<[5] -1
_ 2 _ 4 [p)? P
4pnz 8zl—|—éim 4[2] —|—4p[2} ,k—m>[§]—1
ne(u) _ - [5] —4dp+

8km — 4p — 6+ 4 [B]* — 4p [2] + 4pk
+4pm + 9m — 4k? — 4m? — 9k
pm — 8p — 8] >[5l k—m> (5] -1



www.sid.ir
www.sid.ir

60 Ali Sousaraei, Anehgaldi Mahmiani and Omid Khormali
—8km + 4k* + 6k + 4pk — 1 ;m< [E]k—m<
— _ 4m?2 212 _ypl2
8pk — dpm + 6m — 4m? + 4[] — 4p [2] m < [B]k—m> [2] -
no(v) = -2[2] +4p—14
RO Pl _ 4212 _9JE _
3+4p[B] —4[8]" —2[5] +4p(k —m+1) > (B k—m
—2k +2m + 4(k — m + 1)?
8pk — 8pm + 8p — 2 — 4 [ 2] ;m> [B]k—m> [
b)eEEgz
In this subcase ne(u) = ne(v).
I)EEEQ/:
8km — 4k — Tk + 4pk — 4 + 12m — 8m? ,mg[g],k—m
4pm+5m+4m2—4[§]2+4p[%]+[§]—4p ,mg[g],k—m
2
ne(u) = 8km+1—4 5] +4p[5] +5 [5] + 4pk — 4pm s (2 k= m
+7m —4k? —Am? — Tk
8p[2] —4p+6[2] —8[2)° +5 m > [B]k—m >
II)EGEQ//I
8km — 4k? — k + 4pk + 1 — 8m? ,mg[%},k—mg[g]
dpm —m —4m® — 4 [B)" +4p (8] ~ [§] +1 ,m < [§].k—m >[5
= _4[21? p] _ [P
ne(u) 8km + 1 4[2] —|—4p[2} [2]+4pk ,m>[%},k—m§[§]
—4dpm+m — 4k* —4m® — k
8p (5] —2[8] -8 [5]" +1 om > [8].k—m> [§] -1
c)e€ Es: I)ec€ Eg:
ne(u) = 8pm — 28
ne(v) = 8p(k —m) + 14
II)@EE3H
ne(u) = 8pm — 6p + 14
ne(v) = 8(k—m)+6p—2
d)€€E4: I)€€E4/I
pm—[§}+6m[%]+7—7m—|—4m2 ,mg[%},k—mg[g]—l
(w) pm—7m+4m2+6m[§]—[ ,mg[%},k—m>[§]—1
ne(u) = )
Spm+10[5]" = 7p [§] + 64 m> (g k—m < [5] -1
8pm+p+6[5] —Tp[E] +10[5]+1 ,m> [E],k—-m>[5] -1

[—

—

VoIA
—

SIS TS
=

IN
—

—

N3

—

NS

|
[y

_ =
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ne(u) =

ne(v) =

e) e € Es:
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—[B]+6[2] (k—m+1)+pk—m+1)
+5m — 5k — p+ 4(k — m + 1)?

8pk—8pm+10[%}2—7p[§]—5[§}+7p+9 ;m< [B],k—m >
5m+6 (5] (k—m+1)— [§] +pk —m+1)

Ak —m+1)2 =5k —p

8pk —8pm +10[2]* = 7p [2] =5 [2] + Tp+ 9

pm — [5] +6m [5] + 15 — 14m + 4m?
pm — 14m+4m? +6m [§] — [5] + 15
8pm +10 [8]° = 7p [8] - [5] +p
8pm+p— [§] = 7p [§] + 10 [§]

—[B]+6[5](k—m+1)+plk—m+1)—1

+4(k—m+1)2—p

+4(k—m+1)?—p—1

8pk — 8pm + 10 [%}2—71) [Z] - [5] +7p—4

i

—

N3
|

—
N3

3 3 3 3

\VARRVARVNRVAS

ors ke tole
[

vV OIA VvV OIA

_ = =

—
NP NPS ks
o
I

—

8pk—8pm+10[§}2—7p[§]—[§}+7p—4 ,mg[g],k—m>
6] (k—m+1)—[E] +p(k—m+1)

ne(u) =8p(m—1)+5p—9

ne(v) =8p(k—m)+3p—9

For odd case, we do same way for simplicity of computations. Then:

Theorem 4.2. The vertez-PI index of nanotube HAC5Cx[r,p] for odd p > T,

187

Efn:l S1+ Efn_:ll p(z2 + t2)

ZEL S+ Zﬁlz[g]ﬂ S

+ ZEL p(22 +12) + Zfr:[%]ﬂ p(z2 + t2)

27[511 Sa + an:kf[g]ﬂ S3

|

+Zm
+EH

m

N

J+1 Sa+ ZELP

e MR ks

Jk>p

RECEIIEDIW AR CE L
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