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Abstract. In this paper, we are presented a formula for the polynomial

of a graph. Our main result is the following formula:

∑

u∈V (G)

du
k =

k∑

j=1

akj S
(j)
G (1).
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1. Introduction

The graphs in this paper are connected and simple. Denote the vertex and edge

sets of graph G by V (G) and E(G), respectively. For a simple graph G(p, q), we
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define the degree sequence of G as

S : d1, d2, · · · , dp

where di = degvi, 1 ≤ i ≤ p, and vi’s are vertices of G. Suppose a0 is number of

vertices of degree 0, a1 the number of vertices of degree 1, ..., and a∆(G) is number

of number vertices of degree ∆(G), where ∆(G) = max{di}. The polynomial of G

is defined as:

Definition 1.1. If S : d1, d2, · · · , dp is a degree sequence of graph G. Then the

polynomial of graph G is

SG(x) =
∆(G)∑

j=0

ajx
j

Also a polynomial p(x) is said to be graphical if there exists a graph G such that

p(x) = SG(x).

Example 1.2. Suppose G is defined by the following diagram:

Then the degree sequence of G is S : 0, 1, 1, 2, 3, 3 and ∆(G) = 3. Thus the

polynomial of G is

SG(x) =
3∑

j=0

ajx
j

where a0 = 1, a1 = 2, a2 = 1 and a3 = 2. Hence we have

SG(x) = 1x0 + 2x + 1x2 + 2x3 = 1 + 2x + x2 + 2x3.

Remark 1.3. It is easy to see that

SG(x) =
∆(G)∑

j=0

ajx
j =

∑

u∈V (G)

xdu

where du is the degree of u.

Corollary 1.4. If G(p, q) is a graph with p vertices and q edges, then we have:
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(1) SG(1) = p (2)
∆(G)∑

j=0

jaj = 2q (3) S′
G(1) = 2q =

∑

u∈V (G)

du

Suppose Pn, Cn, Kn denoted the path, cycle and complete graphs with exactly

n vertices, respectively. Also a general k-regular graph is denoted by Gk. Then,

SPn(x) = 2x + (n − 2)x2 SCn(x) = nx2

SKn(x) = nxn−1 SGk
(x) = p xk

Definition 1.5. Let G1 and G2 be two graphs. If V (G1) ∩ V (G2) = φ. Then

(1) G1 ∪G2 is a graph that V (G1 ∪G2) = V (G1) ∪ V (G2) and E(G1 ∪G2) =

E(G1) ∪ E(G2)

(2) G1×G2 is a graph that V (G1×G2) = V (G1)×V (G2) and {(u, v), (u′, v′)} ∈

E(G1 × G2) if and only if u = u′ and {v, v′} ∈ E(G2) or v = v′ and

{u, u′} ∈ E(G1)

(3) G1 + G2 is a graph that V (G1 +G2) = V (G1)∪V (G2) and E(G1 + G2) =

E(G1) ∪ E(G2) ∪ {{u, v} | u ∈ V (G1), v ∈ V (G2)}

Example 1.6. Suppose G1 and G2 are two graphs such that their diagrams are as

follows:

1

0

G1

a

b

c
G2

then the diagram graph G1 × G2 and G1 + G2 as follows:

(0,a)
(0,b) (0,c)

(1,a) (1,b)
(1,c)

G1 × G2 G1 + G2

0

1

a

b

c
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Theorem 1.7. If G1(p1, q1) and G2(p2, q2) are two graphs, then the polynomial of

graphs G1 ∪ G2, G1 × G2 and G1 + G2 are given by

(1) SG1∪G2(x) = SG1(x) + SG2(x)

(2) SG1×G2(x) = SG1(x) . SG2(x)

(3) SG1+G2(x) = xp2SG1(x) + xp1SG2(x)

Proof.

(1) SG1∪G2(x) =
∑

u∈V (G1∪G2)

xdu =
∑

u∈V (G1)

xdu +
∑

u∈V (G2)

xdu

= SG1(x) + SG2(x)

(2) SG1×G2(x) =
∑

u∈V (G1×G2)

xdu =
∑

u=(u1,u2)∈V (G1×G2)

xdu

=
∑

u1∈V (G1)

∑

u2∈V (G2)

xdu1+du2 =
∑

u1∈V (G1)

∑

u2∈V (G2)

xdu1 xdu2

=
∑

u1∈V (G1)

xdu1 ·
∑

u2∈V (G2)

xdu2

= SG1(x) · SG2(x)

(3) SG1+G2(x) =
∑

u∈V (G1+G2)

xdu =
∑

u∈V (G1)

xdu+p2 +
∑

u∈V (G2)

xdu+p1

= xp2
∑

u∈V (G1)

xdu + xp1
∑

u∈V (G2)

xdu

= xp2SG1(x) + xp1SG2(x)

�

Corollary 1.8. If SG1(x) and SG2(x) are graphical then

(1) SG1(x) · SG2(x) is graphical and conversely.

(2) xp2SG1(x) + xp1SG2(x) is graphical and conversely.

(3)
∑

u∈V (G1×G2)

du = 2 (p1 q2 + p2 q1)

(4)
∑

u∈V (G1+G2)

du = 2 (p1 p2 + q1 + q2)

Example 1.9. The polynomial SG(x) = 4x2 + 4x3 + x4 is graphical, because

SG(x) = 4x2 + 4x3 + x4 = (2x + x2)2
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On the other hand, we have the following graph for the polynomial SG1(x) = 2x+x2.

Hence the polynomial SG(x) is graphical, because SG(x) = SG1(x) × SG1(x). Also

its graph is as follows:

(1,c)

a

b

c

1

0

2

(0, a) (0, b) (0, c)

(2, a) (2, b) (2, c)

(1, a) (1, b)
-

G1 × G1
G1G1

Example 1.10. The polynomial SG(x) = 3x4 + 2x3 is graphical, because

SG(x) = 3x4 + 2x3 = 2x4 + x4 + 2x3 = x3(2x) + x2(x2 + 2x)

On the other hand, we have the following graphs for the polynomials SG1(x) = 2x

and SG2(x) = x2 + 2x, respectively:

G1 G2

Hence the polynomial SG(x) is graphical, because SG(x) = xp2SG1(x)+xp1SG2(x).

Also its graph is as following:

G1 + G2
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Definition 1.11. Let G be a graph. The polynomial HG(x) is defined as follows:

HG(x) =
∑

{u,v}∈E(G)

xdu+dv

Example 1.12. The polynomial HG(x) = x3 + x3 = 2x3 is the graph polynomial

of the following graph:

c

d

b

a

Corollary 1.13. Let G(p, q) is a graph with p vertices and q edges. Then we have:

HG(1) = q H ′
G(1) =

∑

{u,v}∈E(G)

du + dv =
∑

u∈V (G)

du
2

HPn(x) = 2x3 + (n − 3)x4 HCn(x) = nx4

HKn(x) = n(n−1)
2 x2n−2 HGk

(x) = qx2k

Theorem 1.14. Let G1(p1, q1) and G2(p2, q2) be two graphs. Then

(1) HG1∪G2(x) = HG1(x) + HG2(x)

(2) HG1×G2(x) = HG1(x) . SG2(x2) + HG2(x) . SG1(x2)

(3) HG1+G2(x) = x2p2HG1(x) + x2p1HG2(x) + xp1+p2SG1(x) . SG2(x)

Proof. (1) is trivial. To prove (2), we have:

HG1×G2(x) =
∑

{u,v}∈E(G1×G2)

xdu+dv

=
∑

u1=v1

∑

{u2,v2}∈E(G2)

x2du1+dv2+du2

+
∑

{u1,v1}∈E(G1)

∑

u2=v2

xdu1+dv1+2du2

=
∑

{u2,v2}∈E(G2)

xdu2+dv2

∑

u1∈V (G1)

(x2)du1

+
∑

{u1,v1}∈E(G1)

xdu1+dv1

∑

u2∈V (G2)

(x2)du2

= HG2(x)SG1(x
2) + HG1(x)SG2(x

2)
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HG1+G2(x) =
∑

{u,v}∈E(G1+G2)

xdu+dv

=
∑

{u,v}∈E(G1)

xdu+dv+2p2 +
∑

{u,v}∈E(G2)

xdu+dv+2p1

+
∑

u∈V (G1),v∈V (G2)

xdu+dv+p1+p2

= x2p2
∑

{u,v}∈E(G1)

xdu+dv + x2p1
∑

{u,v}∈E(G2)

xdu+dv

+xp1+p2
∑

u∈V (G1)

xdu

∑

v∈V (G2)

xdv

= x2p2HG1(x) + x2p1HG2(x) + xp1+p2SG1(x)SG2 (x)

�

Example 1.15. Consider the following diagrams for graphs G1 and G2:

a

b

c
G1

0

1 2

G2

then, we have:

HG1(x) = 2x3 SG1(x) = 2x + x2

HG2(x) = 3x4 SG2(x) = 3x2

Thus:

HG1+G2(x) = x6(2x3) + x6(3x4) + x6(2x + x2)(3x2)

= 2x9 + 3x10 + 6x9 + 3x10 = 8x9 + 6x10

Hence the diagram G1 + G2 is:
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4

5

4

5

5

5

Corollary 1.16.

∑

u∈V (G1×G2)

du
2 = p2

∑

u∈V (G1)

du
2 + p1

∑

u∈V (G2)

du
2 + 8q1q2

Proof. We know that

HG1×G2(x) = HG1(x)SG2(x
2) + HG2(x)SG1(x

2)

Hence,

H ′
G1×G2

(x) = H ′
G1

(x)SG2(x
2) + 2xHG1(x)S′

G2
(x2)

+H ′
G2

(x)SG1(x
2) + 2xHG2(x)S′

G1
(x2)

Therefore

H ′
G1×G2

(1) = H ′
G1

(1)SG2(1) + 2HG1(1)S′
G2

(1)

+H ′
G2

(1)SG1(1) + 2HG2(1)S′
G1

(1)

On the other hand, we know that HG(1) = q, H ′
G(1) =

∑

u∈V (G)

du
2, SG(1) = p and

S′
G(1) = 2q. Thus

∑

u∈V (G2×G1)

du
2 = p2

∑

u∈V (G1)

du
2 + 4q1q2 + p1

∑

u∈V (G2)

du
2 + 4q1q2

= p2

∑

u∈V (G1)

du
2 + p1

∑

u∈V (G2)

du
2 + 8q1q2

�

Definition 1.17. Let G be a graph. The polynomial FG(x) is defined as follows:

FG(x) =
∑

u∈V (G)

duxdu

Example 1.18. The polynomial of the graph G defined by the following graph is

HG(x) = 2x + 2x2.
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c

d

b

a

Corollary 1.19. We have:

FG(1) = S′
G(1) F ′

G(1) = H ′
G(1)

FPn(x) = 2x + 2(n − 2)x2 FCn(x) = 2nx2

FKn(x) = n(n − 1)xn−1 FGk
(x) = kp xk

Theorem 1.20. Let G1(p1, q1) and G2(p2, q2) be two graphs. Then

(1) FG1∪G2(x) = FG1(x) + FG2(x)

(2) FG1×G2(x) = FG1(x) . SG2(x) + FG2(x) . SG1(x)

(3) FG1+G2(x) = xp2FG1(x) + p2x
p2SG1(x) + xp1FG2(x) + p1x

p1SG2(x)

Proof. (1) is trivial. Prove (2), we have:

FG1×G2(x) =
∑

u∈V (G1×G2)

duxdu

=
∑

(u1,u2)∈V (G1)×V (G2)

(du1 + du2)x
du1+du2

=
∑

u1∈V (G1)

∑

u2∈V (G2)

(du1 + du2)x
du1+du2

=
∑

u2∈V (G2)

xdu2

∑

u1∈V (G1)

du1x
du1 +

∑

u1∈V (G1)

xdu1

∑

u2∈V (G2)

du2x
du2

= FG1(x).SG2(x) + FG2(x).SG1 (x)

FG1+G2(x) =
∑

u∈V (G1+G2)

duxdu

=
∑

u∈V (G1)

(du + p2)xdu+p2 +
∑

u∈V (G2)

(du + p1)xdu+p1

= xp2
∑

u∈V (G1)

duxdu + p2x
p2

∑

u∈V (G1)

xdu

+xp1
∑

u∈V (G2)

duxdu + p1x
p1

∑

u∈V (G2)

xdu

= xp2FG1(x) + p2x
p2SG1(x) + xp1FG2(x) + p1x

p1SG2(x)

�



64 S. Sedghi, N. Shobe and M. A. Salahshoor

Definition 1.21. Let G be a graph. The polynomial WG(x) is defined as following:

WG(x) =
∑

{u,v}∈E(G)

(du + dv)xdu+dv

Example 1.22. Consider the following diagram for the graph G. Then WG(x) =

3x3 + 3x3 = 6x3.

c

d

b

a

Corollary 1.23. We have:

WG(1) =
∑

{u,v}∈E(G)

du + dv =
∑

u∈V (G)

du
2 WG(1) = H ′

G(1)

WPn(x) = 6x3 + 4(n − 3)x4 WCn(x) = 4nx4

WKn(x) = n(n − 1)2x2n−2 WGk
(x) = 2kqx2k

Theorem 1.24. Let G1(p1, q1) and G2(p2, q2) be two graphs. Then

(1) WG1∪G2(x) = WG1(x) + WG2(x)

(2) WG1×G2(x) = 2FG1(x2).HG2(x) + SG1(x2).WG2(x) + 2FG2(x2).HG1(x) +

SG2(x2).WG1(x)

(3) WG1+G2(x) = x2p2WG1(x)+2p2x
2p2HG1(x)+x2p1WG2(x)+2p1x

2p1HG2(x)+

xp1+p2FG1×G2(x) + (p1 + p2)xp1+p2SG1×G2(x)
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Proof. (1) is trivial. To prove (2), we consider the following equation:

WG1×G2(x) =
∑

{u,v}∈E(G1×G2)

(du + dv)xdu+dv

=
∑

u1=v1

∑

{u2,v2}∈E(G2)

(2du1 + du2 + dv2)x
2du1+du2+dv2

+
∑

u2=v2

∑

{u1,v1}∈E(G1)

(2du2 + du1 + dv1)x
2du2+du1+dv1

= 2
∑

u1∈V (G1)

du1(x
2)du1

∑

{u2,v2}∈E(G2)

xdu2+dv2

+
∑

u1∈V (G1)

(x2)du1

∑

{u2,v2}∈E(G2)

(du2 + dv2)x
du2+dv2

+2
∑

u2∈V (G2)

du2(x
2)du2

∑

{u1,v1}∈E(G1)

xdu1+dv1

+
∑

u2∈V (G2)

(x2)du2

∑

{u1,v1}∈E(G1)

(du1 + dv1)x
du1+dv1

= 2FG1(x
2).HG2(x) + SG1(x

2).WG2(x)

+2FG2(x
2).HG1(x) + SG2(x

2).WG1(x)

WG1+G2(x) =
∑

{u,v}∈E(G1+G2)

(du + dv)xdu+dv

=
∑

{u,v}∈E(G1)

(du + dv + 2p2)xdu+dv+2p2

+
∑

{u,v}∈E(G2)

(du + dv + 2p1)xdu+dv+2p1

+
∑

u∈V (G1),v∈V (G2)

(du + dv + p1 + p2)xdu+dv+p1+p2

= x2p2
∑

{u,v}∈E(G1)

(du + dv)xdu+dv + 2p2x
2p2

∑

{u,v}∈E(G1)

xdu+dv

+x2p1
∑

{u,v}∈E(G2)

(du + dv)xdu+dv + 2p1x
2p1

∑

{u,v}∈E(G2)

xdu+dv

+xp1+p2
∑

u∈V (G1),v∈V (G2)

(du + dv)xdu+dv

+(p1 + p2)xp1+p2
∑

u∈V (G1),v∈V (G2)

xdu+dv

= x2p2WG1(x) + 2p2x
2p2HG1(x) + x2p1WG2(x) + 2p1x

2p1HG2(x)

+xp1+p2FG1×G2(x) + (p1 + p2)xp1+p2SG1×G2(x)
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�

In the end of this paper, we define a new triangle A as follows:

A =

1

1 1

1 3 1

1 7 6 1

1 15 25 10 1

1 31 90 65 15 1
...

...
...

...
...

...
. . .

that entry aij of triangle A is:

aij =





1 j = 1 or j = i

a(i−1)(j−1) + j a(i−1)j 1 < j < i

Theorem 1.25. If G is a graph with the polynomial SG(x), then

∑

u∈V (G)

du
k =

k∑

j=1

akj S
(j)
G (1)

where k ∈ N and akj ∈ A.

Example 1.26. Let G is a graph, such that its diagram is as following:

Hence the degree sequence and the polynomial SG(x) are ”1, 1, 2” and 2x + x2,

respectively. Thus for k = 3 we have:

∑

u∈V (G)

du
3 = 13 + 13 + 23 = 10

On the other hand, we have S′
G(1) = 4, S′′

G(1) = 2, S
(3)
G (1) = 0, a31 = 1, a32 = 3

and a33 = 1. Therefore

3∑

j=1

a3j Sj
G(1) = 1 × 4 + 3 × 2 + 1 × 0 = 10



The Polynomials of a graph 67

Proof of Theorem 1.25. According to remark (1.3) SG(x) =
∑

u∈V (G) xdu .

Hence,

(1.1) S′
G(x) =

∑

u∈V (G)

duxdu−1

therefore

S′
G(1) =

∑

u∈V (G)

du

On the other hand, according to table of A for k = 1, we have:

1∑

j=1

a1j S
(j)
G (1) = a11S

′
G(1) = S′

G(1)

From above relations, we obtain that the theorem (1.25) for k = 1 is true. Now

from the relation (1.1), we have xS′
G(x) =

∑
u∈V (G) duxdu then

(1.2) S′
G(x) + xS′′

G(x) =
∑

u∈V (G)

du
2 xdu−1

therefore

S′
G(1) + S′′

G(1) =
∑

u∈V (G)

du
2

On the other hand, according to table of A for k = 2, we have:

2∑

j=1

a2jS
(j)
G (1) = a21S

′
G(1) + a22S

′′
G(1) = S′

G(1) + S′′
G(1)

From two relations before, we obtain that the theorem (1.25) for k = 2 is true. Sim-

ilarly from the relation (1.2), we can prove the theorem (1.25) for k = 3. Therefore,

if we continue the above process, then the proof is completed.
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