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ABSTRACT. In this paper, we establish new Cebysev type integral in-
equalities involving functions whose derivatives belong to L, spaces via
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1. INTRODUCTION

Let f,g : [a,b] — R be two absolutely continuous functions whose derivatives
f',g" € Loo[a,b]. The Cebysev functional is defined by:
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and the following inequality (see

(1.2) T(f,9)| <

3]) holds:
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Many researchers have given considerable attention to (1.2) and a number of
extensions, generalizations and variants have appeared in the literature, see
([1],12],[4] [5] and [6]) and the references given therein.

Pachpatte in [5] established new inequalities of the Cebysev type:

Theorem 1. Let f,g: [a,b] — R be absolutely continuous functions ora, b]
with f/, ¢’ € Lsa,b], then
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where
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1.3) P(a, B, f,9)= aﬁ—bia (a/a flx)da + ﬁ/a g(x)dx)+ (ma/ f(x)dx) (mﬁ\/g(x)dx)

[f ;a,b] = %, F= M, G= g(a);g(b)

b 3
f,= (/fz(x)dx> .

In [6] Pachpatte presented an additional Cebysev type inequality in the
following theorem:

a+b a+b
A= E(50), B = o)

and

Theorem 2. Let f,g : [a,b] — R be absolutely continuous functions whose
derivatives f’, ¢’ € L,[a,b], p > 1, then we have
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where P(a, 3, f,g) is as debned in (1.3),

C_%(f(a);f(b)j%f(a;rb))’ D_%<9(a);9(b)+29(a;b)>
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The main purpose of the present note is to establish inequalities similar to
the above inequalities.


www.sid.ir
www.sid.ir

On generalization of Cebysev type inequalities 43

2. MAIN RESULTS

Theorem 3. Let f g : [a,b] — R be absolutely continuous functions whose
derivatives f’, ¢’ € L,la,b], p > 1, then we have

2(b - a) % / !
PG L0l < (et ) 1,1,
where P(a, 3, f, g) is as debned in (1.3),
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Proof. From the hypothesis of Theorem 3, we have the following identities (see,

[1]),

(2.1) F——/ f@) L(f;a,b)
b

(2.2) G — 7 i - /a g(t)dt = L (g;a,b)

where

L(f;a,b)= o) // (s)) (t — s) dtds.

Multiplying the left sides and right sides of (2.1) and (2.2), we write

(2.3) P(F,G, f,9) = L(f;a,0) L(g;a,b)

From (2.3), we get

(2.4) |P(F.G, f,9)l < |L(f;a,b)[|L(g;a,b)|.
Using the Holder’s integral inequality, we obtain
(2.5)
IL(f;a,b)] < 20 zf JL1F @) = F/(s)| [t = s dtds
1/
<— (f IO )|pdtds) (f;f;|t—s|thds) !
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By simple computation,

J2 0= sl dtds = [ {f; (s—t)7dt+ ["(t—s) dt} ds

- e T T as

S

(2.6) =l {s=a)™ + (-5} as

20— a)™?
C(g+1)(g+2)

and using (a +b)" < 2" Y(a" +b"), r > 1, a > 0, b > 0, we have
(2.7)

I ()P dtds < [* [2{(1F/ (@) + | f/(s)))"} dtds
< LY [T @F + 1£()]7) dtds
= [V TP deds + ) [)1/(s)|” deds }

=22(b—a) | f'll,-
Using (2.6) and (2.7) in (2.5), we obtain

1 2(b—a)'t?

1/q
‘a D 1/p
ILU,wHSZ@_af<@+¢Mq+m> @ b-a)" 1,

o 20-a) Y
<@+1Mq+w) 171, -

(2.8)

Similarly, we have

2(b—a) >1/q ,
2.9 L(g;a,b)| < [ ——2" Y .
(29) Lan) < () 1o,
Thus, using (2.8) and (2.9) in (2.4), we obtain

_a 2/q
PGl < () I, -
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Theorem 4. Let f g : [a,b] — R be absolutely continuous functions whose
derivatives f’, ¢’ € L,[a,b], p > 1, then we have

Q(b_a) % ’ /
) U e,

where P(a, 3, f,g) is as debned in (1.3),

(2.10) IP(A.B. f.g) < (

a+b a+b

A= (5, B =gl

H 1 1 _
with s+7=1 and

b 0
1£1, = / F@)Pdz| < ool

Proof. From the hypothesis of Theorem 4, we have the following identities (see,

21)

1 b
(2.11) .- a/a F(t)dt = M (f;a,b)
b
(2.12) B - 7 i - /a g(t)dt = M (g;a,b)
where

b b
M(f;a,w:w%af / / ('(t) - () (m () — m (s)) dtds,

and m (t) involved in the notation M (;a,b) is given by

t—a, ifte(a,“T*b]
m (t) =
t—b, ifte (2],

Multiplying the left sides and right sides of (2.11) and (2.12), we obtain
P (A, B, f,9) = M (f;a,0) M (g;a,b)

and thus

(2.13) [P (A, B, f,9)| = [M (f;a,b)| M (g; a,b)| .

From Hoélder’s integral inequality, we have

q
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On the other hand, we get,

[2 P im () — m(s)|9 dtds
= (22— a—m(s) [T dt+ [§, o [t b= m(s)[? dt} ds

(2.15) = [Tz plar 2y g9 atds+ [AFOZ 0 ot — s+ a— b dtds

(3D 21t 54+ b—alddtds+ [

b b
(a+ byl 2 J(a+ bys 2 It — 59 dtds

b
‘/(a+ b)/ 2 J

In+ Ip+ I3+ Iy.

Here, by simple computation, we deduce:

I :f(aer)/Q fa(aer)/2 it — |7 dtds

a

a

= [l s = de [P - s) e ds

1 s (a+b)/2
——f(“+b)/2{‘<s—t>q*1|+<t—s>q“ g,

g+1-® s
q+1
(216) _ —::-— - f(fa+b)/2 {(S o a)q-‘rl _ (a -2|— b - S> }ds
q
— ; (s — a)q+2 _ a_—f—b —s " (a+|b)/2
g+ 1) (g+2) 2 a

) (b_a)quQ
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I, = fa(aer)/Q f(l;-i-b)/Q |t — s+ a—b|"dtds

a+b)/2 rb
= fa( o/ f(a+b)/2 (s —t+b—a)ldtds

b
= f(a+b)/2 ( t b a)qul | dS
q+1 (a+b)/2
b— q+1
o)
—(s—a)"™" +

b—3a\9?) (a+b)/2
2
)q+ (S =+ 5 ) |

a

+

(2.17) !

a+b)/2

— f +b {
g+1-

)

(
-t
S (g+D(g+2
( q+2 (b_)q+2

(Q+1)( +2)

(2.18)
b a+b)/2
I3 :f(a+b)/2 fa( ) |t—8+b—a|thds

= f(I;er)/z fa(aer)/Q (t—s+b—a)!dtdsds

1 L (atb)/2
= t—s+b—a) ds
Q+1f(a+b)/2{( ) (|1

1 b 3b—a\*"! 41
:q+1f(a+b)/2{(_5+T> (b—s)""" pds

1 3b—a\ 7> b
BTSN —(—S-l- 7 a> —|—(b—s)q+2— |
(¢+1)(qg+2) wiho

( q+2 (b_) q+2

(q+1)( +2)

b b
Iy = f(a+b)/2 f(a+b)/2 |t — s|? dtds

b s b
= Jlatv)/2 {f(a+b)/2 (s—t)"dt+ [ (t—s)? dt} ds

L 1 o1
= a _(S_t)q | +(t—5) | ds
qg+1 f( +b)/2 { (a48)/2 !
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]. b a+b a+l +1
—q+1f(a+b)/2{<s— 2) +(b—s)? ds

SRS SN GRS T LAPARPPED B
o e (-5 e 1

b—a) "
(5
(¢+1)(¢+2)
Using (2.16)-(2.19) in (2.15), we get

1

borb q i [ 20— a)q+2 g
(2.20) (/a /a |m (t) —m ()] dtds) = <m>

Similar way in (2.7), we have

(:21) (/ / If’(t)—f’(S)I”dtdS> <20-at |11,

Using (2.20) and (2.21) in (2.14), it follows that

(222) pan < (20,
and similarly,
(2:93) Migan) < (D) 1l

Using (2.22) and (2.23) in (2.13), we obtain (2.10).
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