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ABSTRACT. The distance d(u,v) between two vertices u and v of a graph
G is equal to the length of a shortest path that connects u and v. Define
WW(G,z) = 1/22{a,b}§V(G) xd(a’b)+d2(“’b), where d(G) is the great-
est distance between any two vertices. In this paper the hyper-Wiener
polynomials of the Cartesian product, composition, join and disjunction

of graphs are computed.
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1. INTRODUCTION

All graphs we consider.are assumed to be finite, connected, and to have no
loops or multiple edges. The vertex and the edge sets of a graph G are denoted
by V(G) and E(G), respectively. The distance between any two vertices u and
v in V(G) is denoted by d(u,v) and it is defined as the number of edges in a
minimal path connecting the vertices u and v. The greatest distance between
any two vertices of G is called diameter of G. It is denoted by d(G). The
Wiener index is one of the most studied topological indices defined as the sum
of distances between all pairs of vertices of the respective graph, [5 — 8,22]. In
1993, Milan Randi¢ proposed a generalization of the Wiener index for trees.
Then Klein et al. [18], generalized the Randié¢’s definition for all connected
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graphs. It is defined as WW(G) = W (G) + %Z{u,U}QV(G) d?(u,v), where
d*(u,v) = d(u,v)?.

The Cartesian product G x H of graphs G and H has the vertex set V(G x
H)=V(G)xV(H) and (a,z)(b,y) is an edge of Gx H ifa = band xy € E(H),
orab € E(G)and z =y. If Gy, -+, G,, are graphs then we denote G x - - - x G,
by @;_; Gi. In the case that G; = ... = G,, = G, we denote @, G; by
G". The hypercube @,, and the ladder graph L,, are defined as the Cartesian
product of n copies of K5 and Ks x P,, respectively. Let G and H be two graphs
with disjoint vertex sets V(G) and V(H) and edge sets E(G) and E(H). The
join G + H is the graph with vertex set V(G + H) = V(G) U V(H) together
with all the edges joining vertices V(G) and V(H). If A = H+---+ H,

—_—

n times

then we denote A by nH. The composition G[H] is the graph with vertex set
V(G)xV(H) and u = (u,v) is adjacent with v = (a, b) whenever (uis adjacent
with a) or (u = a and v is adjacent with b), see [10, p. 22].

The power graph G(®) of graph G has vertex set V(G®) = V(G) and
ry € B(GW) if dg(z,y) < k.

Consider two arbitrary graphs G and H. The disjunction G V-H is the graph
with vertex set V(G) x V(H) and (uy,v1) is adjacent with (usz,v2) whenever
uiug € E(Q) or vive € E(H).

The Wiener index of the Cartesian product graphs was studied in [9, 20].
Klavzar, et al. [15] computed the Szeged index of the Cartesian product graphs
and one of us (ARA) computed exact formulae for the vertex PI, edge PI, first
Zagreb, second Zagreb, hyper-Wiener and edge Szeged indices of Cartesian
product, composition, join, disjunction and symmetric difference of graphs, see
[11 — 14, 23] for details.

Sagan et al. [20] computed exact expressions for the Wiener polynomial of
various graph operations. The aim of this paper is to continue this program by
computing the hyper-Wiener index of these operations on graphs.

We encourage the reader to consult [2 —4] and [16, 17, 19, 24] for the math-
ematical properties of hyper-Wiener index and its applications in chemistry.
We state without proof the following theorem which is crucial throughout the

paper.

Theorem 1-1. Let G and H be graphs. Then we have:

(a) V(Gx H)| = [V(GV H)| = [V(GIH])| = V(G o H)| = [V(G)||V(H)|
and (G x H)| = [E(G)|[V(H)| + V(G| |E(H)],

(b) G x H is connected if and only if G and H are connected,

(¢) If (a,z) and (b,y) are vertices of G x H then dgxmu((a,x),(b,y)) =
dg(a,b) + dg(z,y),
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(d) The Cartesian product, join, composition, disjunction and symmetric
difference of graphs are associative and all of them are commutative except for
composition.

(e) If G is connected and |V (G)| > 1 then for every vertices (u1, v1), (u2,v2) €
V(G[H]) we have:

dG(UhUQ) U1 7’5 U2

o 0 U = u2 & V1 = Vg
dam (U1, v1), (uz,02)) = w1 = s & v10g € B(H)
2 Uy = Uz & V1V ¢ E(H)
0 u=w

(f) dg+p(u,v)=¢ 1 we E(GYUE(H) or (u e V(G) & v e V(H))
2 otherwise

(9) If G and H are connected graphs then

0 a=c&b=d
deen((a,b),(c,d) =4 1 ace E(G) or bd € E(H) but not both
2 otherwise
(h) If G and H are connected graphs then
0 a=c&b=d

dovi((a,b),(c,d) =< 1 acc B(G) or bd € E(H)
2 _otherwise

Definition 1-2. Let G be a graph. The hyper-Wiener polynomial of G is
defined as WW (G, x) = %Z{a,b}QV(G) pdla.b)+d*(ab)

It is easy to see that WW'(Gy1) = WW(G), WW(G,1) = (5) and WW (G, z) =
Y na (i) 07, where ng(7) = {{a,b} | d(a,b) = j}-

Lemma 1-3. (a) WW(Kn z) = (5)z2.

(b) WIW (P, z) = 11 (n — §)xdG+),
%_ nziGHD) 4 xn(n+2)/4 n is even
) WW (Cor, ) =+11
( " _] 21 27(+1) n is odd
(d) W < 200+ S (2k = 3)aln -0,

(e) W ( ) ( )y,

Throughout this paper our notation is standard and taken mainly from the
standard books of graph theory and [4, 21]. K, P,, C,, denote the complete
graph, The path and the cycle on n vertices respectively. For a real number x,
[x] denotes the greatest integer less than or equal to x.
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2. MAIN RESULTS

In this section, exact expressions for the hyper-Wiener polynomials of compo-
sition, Cartesian product, join, disjunction symmetric difference and power of
graphs are computed.

Theorem 2-1. Suppose G; and Gy are graphs with |V(G1)| = n1, |V(G2)| =
na, |E(G1)| = my and |E(G2)| = ma. If Gy is connected then WW (G1[Gs], x) =
n2WW (Gy,z) + %n2m2$2 + %nl((";) —mg)aS.

Proof. By Theorem 1-1(e),

WW(G1]|Ga],z) = Z xdcl[Gz]((ul1U1)7(u277)2))+d?;1[c2]((ulavl)v(u2av2))

|~

{(u1,v1),(u2,v2)}
_ l Z xdGl[GQ]((u17vl),(u27v2))+dél[Gz]((ul,Ul),(u27v2))
2

u1Fuz

+ % Z {E2—|—% Z 28

viv2 €E(G2) vive €E(G2)
Ul=u2 Ul=u2

1 1
= 5 Z n%$dcl(u1’u2)+dél(ul’u2)—l—57117712332

u1Fu2
1 N2 6
+ §n1(< 2) —mg)x
2 1 2 1 n2 6
= naWW(Gy,x)+ g 2M2 4 5n1(< 9 > —mg)z’. O

Theorem 2-2. Let G and H be graphs with ny = |V(G)|,ne = |V(H)|,
my = |E(G)| and mg = |E(H)|. Then

1 1
WW(GVH,z) = g(n%mg +n§m1 —2m1m2):v2 + 5 [(n12n2> — n%mz — n%ml + 2m1m2] z5.

Proof. The proof is straightforward and follows from Lemma 1-1(h). O

Theorem 2-3. Let Grand H be graphs with ny = |V(G)|,n2 = |V(H)],
my = |E(G)| and mg =|E(H)|. Then

1 1 r/min
WW(G®H, z) = 5(n%m2 +n§m1—4m1m2)x2+5 [( ! 2) 2 6

9 —nims — n%ml + 4m1m2] x°.
Proof. The proof is straightforward and follows from Lemma 1-1(g). O

Theorem 2-4. Let G1,Ga,- -+, Gk be graphs with n; = |V(G;)| and m; =
|E(G)], 1 <4 <k. Then

k k
1 1 i
WW(G1+G2+~~+Gn):§ E m; + E nin; x2+§ E Kg) —mz} 5.
i=1 i#j i=1
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In particular, if G is a graph with n vertices and m edges then WW (kG, z) =
3lkm + (3)n®)2% + 5 [(5) —m] 2°,

Proof. By Lemma 1-1(f), we have WW (G1 + G2, z) = 4 D eV (G1) eV (Ga) x?
1 1 1 1
+ §ZuU€E(G1)x2 + §ZquE(G2)x2 + 5Zw€E<Gl>w6 + §ZuU€E(G2)x6 =

Llning +my+mala? + L[(") 4 (") — m1 —ma)a®. We now apply an inductive

argument to complete the proof. [J

Corollary 2-5. The following equations hold:
a)WW (Wi, z) = na? + 1[(5) — nja’,

b) WW (Spt1,7) = tna? + %(g)xﬁ,

) WW (K ingeoe ing, ) = ( ) + %[Zf:l (gi)]va
d) WW(C,, + Cyp),x) = —(2n +n?)z? + [(5) — n)a®

Theorem 2-6. Suppose G and H are graphs and d = d(G) + d(H). Then

d k—1
1

WG x Hyw) =537 | 37 2na(@)nar(k =) + [(V(G)lna (k) + |V (H)|ng (k)| "5,
k=1 |j=1

[\

where ng(k) denotes the number of pairs in G with distance k.- The quantity
ny (k) is defined analogously.

Proof. By Lemma 1-1(a), we have dgxu((a,z),(b,y)) = dg(a,b) + du(x,y).
Thus,

nGXH(k) = |{{(a,x), (ba y)}|dG><H((a7x)v (ba y)) ) k}|
[{H{(a,2), (b, y)}dc(a, by du(a, ) = k}|
= |{{(a,x), (bay)}|dG(avb) :],dH(xay)) =k _jaj = 07 ]-7' ! k}|

k
= Z 2ne(fnn(k=j)

= V(G)nu (k) |V(H)ng(k Z2nc np(k - j),

which completes the proof. [J

Theorem 2-7. Let G be a graph then the hyper Wiener polynomial of G(*)
is given by

[n/kl-1 &
WW(GH) = > > ng(j+ ikt
=0 j=1
+  (ng(1+ [n/kk) + -+ ng(n))zV/FHFDn/E+2)
where n > k, and ng(n+1) = ng(n+2) = --- = 0. If kln then the hyper

Wiener polynomial of G* becomes Zgz/lk] (- Dkp1<j<ik G (5)2' D),
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Proof. By definition of the power graph G*), V(G®*)) = V(G) and for every
vertex a,b € V(G) a and b are adjacent if and only if dg(a,b) < k. There
are ng(1) pair of vertices at distance 1 (edges), ng(2) vertices at distance
2, -+ and, ng(k) vertices that are at distance k. These vertices become at
distance one in G*). Hence the coefficient of z is Z?:l ne(j) in GF. One can
generalize this idea by taking the distinct pairs of vertices in G whose distances
are in the set A; = {ik+j,7 =1,2,....k}, where 0 <i < [n/k] — 1. There are
ng(ik + 1)+ -+ ng(ik + k) distinet pairs of vertices in G whose distances are
in A;. These distinct pairs of vertices become at distance i + 1 in G*). Hence
we have ng(ik + 1) + - - - +ng(ik + k) distinct pairs of vertices in G*) that are
at distance i + 1. This gives the hyper Wiener polynomial of G*. O

Corollary 2-8. The hyper Wiener polynomials of the graphs Py(bk), CQ(I:Z)JFI,
P L%k) and Q%k) are given by the following polynomials:

2n

[(n=1)/k]
a ) WWEPw) = Y 52— (2i- 1k -1z’

i=1

+ %(n B ; 1]k)(n i ; 1k])x([%]’%l)([%]kﬂ)7
i/ -
b)) WW(CH),2) = (2n+ 1)k’
i=1
+ (n— [%]k)(gn 1 1)z (/D (n/KIE2)

("%

¢ ) WW(Chie) = Y (2n)kg i)
i=1

n—1

1K) (2n) 2w D (+2),
d ) WW(LW:z) = %[%(m — k) —na?

+ ) 2k(2n + (1= 20)k)’ Y 4 2(n - [%]k)2x([n/k]+1><[%]+2>],
1=2
[#]-1 & n
(k). ) — n—1,i(i+1)
Yo WIQD); 2) Z<j+ik>2 .

=0 j=1

{ ((1 Jjg[%]) N (2 +Z[g]) T (Z))xazmmz]w) .

Proof. a) By Theorem 2-2; the coefficient of 2+ in P,(Lk) is as follows:

=3

g

n—(i—1)k—1)+(n7(i—l)k—2)+~-+(n7ik‘):§(2n—(2i—1)k—1).
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n—1

Also, the coefficient of z("F1+D(*F1+2) jg

(n =" R~ [ h = D)+ 1= S [ ) - [Tk 1).

Proof of other parts are the same. [

Corollary 2-9. The hyper Wiener indices of the graphs Py(bk), Céfl)Jrl, and CQ(I:L)
are given by the following formulae:

Ck(k—1)m—1, 3, 2 5  1.n—1
a ) WW(P,W)_T[T] +(GR + gn —kn— ok — o)~ )?
+ (kJQ—I-%nQ—I-k—1+gn—3kn)[n;1]2
+ (k+;n2—%n—2k‘n—§)[nk1]—n
D) WWC,) = Sk + 1) - G+ 1) + ka((F1% D)
+ (/3K + D+ (0= [0 @+ (] + 37 +2)
(k) —2 n—1
¢ ) WW(EH) = Zha(t ]+ 1)
b ka1 4 20— 1= [ R (e ) (] 4 2)
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