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ABSTRACT. Fusion frames are a generalized form of frames in Hilbert
spaces. In the present paper we introduce Bessel subfusion sequences
and subfusion frames and we investigate the.relationship between their
operation. Also, the definition of the orthogonal complement of subfusion
frames and the definition of the completion of Bessel fusion sequences are

provided and several results related with these notions are shown.
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1. INTRODUCTION

Frames were first introduced in 1952 by Duffin and Schaeffer [6]. The theory
of frames has been generalized rapidly during last decades. Recently, for mod-
elling some wider ranges of applications, various generalization forms of frames
have been proposed [9, 12].

Casazza and Kutyniok [2] formulated a general method for piecing local
frames.in order to produce global frames. They introduced a new type of gen-
eralized frames as fusion frames. Some examples of fusion frames are; wireless
sensor network [7], geophones in geophysics measurement and studies [5] and
the physiological structure of visual and hearing system [10].

In this paper we introduce subfusion frames, completion of Bessel fusion
sequences and fusion frame sequences in a Hilbert space. We also investigate
the necessary and sufficient conditions for a Bessel fusion sequence to be a
fusion frame.
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In the second section, we review the concept and properties of fusion frames.
In the third section, subfusion frames are defined and the fusion frame proper-
ties of their orthogonal complements are shown. The last section is devoted to
study of the completion of Bessel fusion sequences.

Throughout this paper, H is a separable Hilbert space, I is a countable index
set and {V;};er is a sequence of closed subspaces of H.

2. REVIEW OF FUSION FRAMES

A brief review of some definitions and basic properties of fusion frames is
provided here. For more information, the interested reader is referred to [2,4].

Definition 2.1. Let {V;}ier be a family of closed subspaces of a Hilbert space
H and let {a;}icr be a family of weights i.e., a; > 0 for all i € I.. Then
v={(Vi,a;)}icr is a fusion frame, if there exist positive constants C and D
( lower and upper fusion frame bounds, respectively) ‘such-that

CIFIP <Y afllmv(HI* < DIFIR forallf €., (2.1)
il
where Ty, s the orthogonal projection onto the subspace V;.

(1) The optimal lower fusion frame bound is the supremum over all lower
bounds, and the optimal upper fusion frame bound is the infimum over
all upper bounds.

(2) A fusion frame v is called tight fusion frame with bound X if C = D = X,
and a-uniform fusion frame if « = ao; for all i € 1.

(3) If the inequality to the right in (2.1) is satisfied, then v is called a
Bessel fusion sequence for H with Bessel bound D.

(4) If H=aV; and infjc; o; > 0, then v is called an orthogonal basis of
subspaces for H.

(5) Similar to ordinary frames, the fusion frame operator S, is defined by

S,(f) = a?nyif, forall f € H.
=
The operator Sy is linear, bounded, positive, self-adjoint and invertible and the
following condition is true.

Cldy < S, <DIdg.

While the fusion frame operator could be defined for any Bessel fusion sequence,
the inequalities related with S, in Definition 2.1 are true if and only if v is a
fusion frame. Note that, for selfadjoint operators U and V, U <V if and only
if (Ux,x) < (Vzx,x) for allxz € H.

Proposition 2.2. Let {(V;, ;) }ier be a Bessel fusion sequence for H, W; be a
closed subspace of V; and B; < a; for alli € I. Then {(W;,B;)}icr is a Bessel
fusion sequence for H.
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Proof. Since W; is a closed subspace of V;,
mw,mv; f = mvimw, f = mw, fand ||, £ < 7 12
for all f € H and for all ¢ € I. Hence
> Bllmwif1? <Y afllwvaf|I?
icl il

implies that {(W;, 5;)}ier is a Bessel fusion sequence. O

We can easily find examples such that {(V;, ;) }ier s a fusion frame, W; is
a closed subspace of V; and B; < «; for all i € I, while {(W;, a;)}icr is not a
fusion frame.

Example 2.3. Let {(V;, a;)}ien be a fusion frame for H and V4 # H. Define

Wz:{ Vi ifi=1,

0 otherwise.

Since span;cn{Wi} = Vi # H, {(W;, ay) }ier s not a fusion frame for H [2,
Lemma 3.4).

3. SUBFUSION FRAMES

Definition 3.1. Let v = {(V;, a;)}ier be'a fusion frame for H, W; be a closed
subspace of V; and B; <'ey; foralli € I. If w = {(W;, Bi)}ier is a fusion frame
for H, then w is called a subfusion frame of v. If v and w are Bessel fusion
sequences for H , then w is called a Bessel subfusion sequence of v.

A notion related to subfusion frames have been brought in [11], which is
called frame of subspaces refinement (shortly:FSR). A subfusion frame w =
{(Wi, Bi ) }ier of v =A{(Vi, ) }ier is a FSR if a; = B; for all i € I. Therefore
a FSR is‘a special subfusion frame and the authors have studied the excess of
FSRvn [11].

As the following theorem shows, under some conditions, the orthogonal com-
plement of a subfusion frame is a subfusion frame too.

Theorem 3.2. Let v = {(Vi, ;) }ier be a fusion frame for H with lower bound
A and upper bound B. Also, let {(W;,a;)}ier be a FSR of {(Vi, i) }ier with
lower bound C and upper bound D such that A > D. Suppose that Y; is the
orthogonal complement of W; with respect to V; i.e., Y; = {x € V; : (x,2) =
0, for all z€ W;}. Then {(Yi, o) }ier is a FSR of v.

Proof. By the orthogonality of Y; and W;,

Iy fI? + llmw, f1? = llmv £ for all f € H.
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Therefore,

> afllmyifIl?

Yol fI? = aflmw. f1°

iel i€l i€l
< B|fI* - CllfII®
= (B-O)fII*

Similarly, the following condition is true.
(A=D)IfI* <Y afllmyifII*.
iel
Thus {(Y;, @) }ier is a fusion frame with frame bounds B—C > A=D >0. O

Lemma 3.3. Let w = {(W;, 5i)}ic1 be a Bessel subfusion sequence of v =
{(Viyai)}tier. Then S, < S,. Moreover, if w is a fusion frame for H, so0 is v.

Proof. Since W; is a closed subspace of V; and 8; < ay,
B |mw fII? < ol f|?, for all i € 1.

Therefore Y B2||mw i f||? < 3 o2||myif||? and S, < S,. O
i€l i€l

Lemma 3.4. Let w = {(W;, 8;) }ier be a subfusion frame of the fusion frame
v = {(Vi, ;) }ier with fusion frame operators S, and S,, respectively. Then
the optimal fusion frame bounds of w is not greater than of the optimal fusion

frame bounds of v.
Proof. Upper and lower optimal bounds of w are ||S,| and |S; 1|t
tively [3]. By Lemma 3.3:0 < S,;< .S, and 0 < S/t < S 1. Thus

150l = Sup Sufify< Sup (Suf, £y = 11Sull and [|SZHI7H < [ISpHI
=1 =1

, respec-

O

Let v = {(Vi,ai) bier and w = {(W;, 8;) }ier be two Bessel fusion se-
quences for H. Then the frame operator for them is defined by
Svw = >, iy, w, f, forall f € H,
iel

which is bounded and S}, = S, [8]. If w is a Bessel subfusion sequence of v,
then Sy, is self adjoint and positive.

Let {(W;, ) Yier be a fusion frame for H and let W be the orthogonal
complement of W; . If the family {(W:, i) }ier is also a fusion frame, then
{(W, a)}ier is called the orthogonal fusion frame of {(Wi, o) }icr[1] -

Lemma 3.5. Let w = {(W;, ;) }ier be a subfusion frame of v = {(V;, as) }ier-
Then orthogonal fusion frame of v is a subfusion frame of the orthogonal fusion
frame of w.

Proof. The result is obtained by using W; C V; and V;t € Wit foralli e I. O
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Lemma 3.6. Let w = {(W;, o) bier be a subfusion frame of v = {(V;, ;) }ier
with optimal fusion frame bounds A < B and C < D, respectively, and let
QI Vi = {0}. Then orthogonal fusion frame of v has the optimal bounds > a?—
7

icl
D and Y o? — C and is a subfusion frame of the orthogonal fusion frame of w
iel
with optimal bounds Y o — B and Y a? — A.

il i€l
Proof. Conclusion is obtained by using Lemma 3.6, [1,Theorem 2.2] and the
fact that n Wi C ﬂIVi = {0}. O
(S 1€

The preceding lemma shows that, the optimal bounds of a fusion frame and
its orthogonal fusion frame could be obtained from each other.

Lemma 3.7. Let w = {(W;, 8;) }ier be a Bessel subfusion sequence of a Bessel
fusion sequence v = {(V;, ;) }ier with bound D. If positive constant B is a
lower bound of S,.,, then S, is invertible and w is a subfusion frame of fusion
frame v with the same lower bound %2.

Proof. Since S, is bounded below, it is one-to-one and has a closed range.
Therefore
Range(S,.,) = Range(S,.) = N(S,,)*t = H.
For all f,g e H
(Svwt,g) = aiBi{mw. f,mv.9).
el
Now, by Cauchy-Schwartz inequality

[(Suf, 92l SO aZllmvgl®)2 (O B2 lmw £17)%.

i€l iel
Thus
1
I1Su Il < VDO B lmw f11%)2
iel
and
2 2
< 3 Blmw I < T aflmad P < DISIP.
([l
Lemma 3.8. If w = {(W;,«;)}ier is a Bessel subfusion sequence of v =
{(Viy i) Yier, then Sy, = S,.
Proof. For all f, we have
Svuf =Y aimvmw, f =Y ainw, f = Suf.
iel iel
([l

As a consequence of lemmas above , we have the following corollarie.
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Corollary 3.9. Let w, v, B and D be as Lemma 3.7. If S,, is bounded below,
then S, is invertible and w is a subfusion frame of fusion frame v with a lower
bound given by %2

4. COMPLETION OF BESSEL FUSION FRAMES

Definition 4.1. Let {(W;, «; )}icr be a Bessel fusion sequence for H. If there
are an indez set J,a sequence of closed subspaces {W;}icy and weights o, i € J
such that {(W;, «; ) Yierug is a fusion frame for H, then {(W;, ;) }ies is called
a completion of {(Wy, o) }ier -

In [2, Section 5.1], the authors have stated,

” Dealing with Bessel fusion sequences is important, since there are easy ways to
turn such these families into fusion frames. One way is to just add the subspace
Wo = H to the family. Another more careful method is the following one:
Take any orthonormal basis for H and partition its elements into the subspaces
Wi,i € I . Then add the subspace spanned by the remaining elements to the
Bessel family. This yields a fusion frame.”

By a counter example, we show that the above<second method is not true.

Example 4.2. If {e, }52__ is an orthonormal basis for the Hilbert space
12(Z). Define Wy = {e1),Wa = {e1,ea),...;W; = {e1,...,e;) fori=1,2,....

o0
For all f € 12(Z), we have f = Y cie;. Thus

1=-—-00
7TVVi(f) =cer+ ...+ ceg,

and hence

7w, (F)|I* = Z\CJ\ for i=1,2,.

Now, {(W;,+/ 21—1)};’21 is a Bessel fusion sequence for H, because of,

o0

1 > i
Sl = Y5>l

i=1 T Jj=1
) 1 oo
< Y ES
i=1 7j=1
)
1
< Y 5
1=
= IfI%

Since span;cn{ Wi} is a proper subspace of H, {(W;, / %)}ieN is not a fusion
frame for H [2 Lemma3.4].
Set Wo = (eo, e—1, €—2,...), we show that {(W;, \/ 5:)}52 is not a fusion frame.
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Let {(Wi,,/%) 2o be a fusion frame for 1*(Z), and A be one of its lower

o)
bounds. Applying f = ey in the inequality Alf||> < 3 &||7w, (f)||* implies

=0
that,
1 1 1
A=Alerl’ <Y Slmwie)l’ = Y glleal =" 5 = 1.
=0 =1 i=1

Hence A < 1. Also by substitution of f with = ey, in the above inequality, we
obtain A < % for all n. Therefore A =0, and this is a contradiction. Thus the

sequence {(W;, 1/ %)}ieNu{o} is not a fusion frame.
In the following proposition we show a sufficient condition under which a
Bessel fusion sequence admits a FSR with mutually orthogonal subspaces:

Proposition 4.3. Let {W,}ien be a sequence of closed subspaces of H such
that their corresponding orthogonal projections commute with each other and
let Vo = (Spam;en{W;})*=, Vi = Wi, Vo = Wo N Wit and

Vi=W:n (spanje{l,..,i—l}{Wj})L'

If {(W;, ;) }ien is a Bessel fusion sequence with.c;; > B, for some B > 0, then
{(Vi, i) Yienugoy s a fusion frame for H, where ap = B2

Proof. The commutativity of my, and.my, implies that W; and Wit are invari-
ant under my,. We can easily check that every f € H has a unique decompo-
sition of the form,

f:fl +f2++fn+gna f’L S ‘/27]- Slgn and gn emgl:lWiL.
When n — oo, the above decomposition turns to
f:Zfi-f-go, fieVi,ieN and g, € V.
i€N
Now let D be a Bessel fusion bound of {(W;, a;)}ien. Then for any f € H we
have

BIfI* = Y Bl fI + B?[lwv, £
ieN
< Y adllmw fIIP + aollmy, I
ieN
< (D+a0)lfII%
and the proof is completed. d

Definition 4.4. A sequence {W;, a}ien is called a fusion frame sequence in H
if it is a fusion frame for span;cn{Wi}.

Proposition 4.5. A fusion Bessel sequence w = {(W;, ;) }ien for H is a
fusion frame sequence if and only if (W=, a) is a fusion frame completion of
w, where a is an arbitrary positive number and W = span;cn{W;}.
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Proof. Let fusion Bessel sequence w = {(W;, a;)}ien for H is a fusion frame
sequence and let positive constant a be given. Then there are positive numbers
C and D such that

ClIfIP < ZIOé?Ilﬁwi(f)ll2 <D|f|? forall feW.
i€

Since every h € H can be written in the form of h = f + g, where f € W and
g € W, thus

ARl = AlSI* + Allgll?

Y allmw (O + allmw (9)]°
el

> afllmw, (W)? + allmy -+ (b))
i€l

< D|fI* +algl?

< Blln|?,

IN

where A = min{C, a} and B = max{D, a}. The Bessel property of w with the
above similar argument establishes the converse. |
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