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ABSTRACT. In this paper we study the structure of standard Einstein
solvmanifolds of arbitrary rank. Also the validity of a variational method

for finding standard Einstein solvmanifolds is proved.
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1. INTRODUCTION

General form of standard Einstein solvmanifolds were determined by Jense
Heber (see [2]). Later, Gorge Lauret deeply studied this kind of manifolds.
Solvable Lie group endowed with the left invariant Riemanian metric is called
solvmanifold. Let S be a simply connected Lie group with the corresponding
Lie algebra s endowed with the inner product determined by < .,. > and
solvable Lie bracket [.,.]. We call S a higher rank solvmanifold if

s=n®a; n=][ss], a=n",

where n is a metric nilpotent Lie algebra of dimension k. The codimension
n is called the rank of S. The solvable Lie group (S,[.,.],< ., . >) is called
standard if @ is abelian and it is said to be Einstein if its Ricci tensor ric,
satisfies ric < ., . >=c < ., . >, for some ¢ € R. s is called a metric solvable
extension of n if the restriction of the Lie bracket and inner product of s to n
coincide respectively with the Lie bracket and inner product of n. Let A?n*®@n
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be the vector space of all bilinear skew-symmetric maps from n x n to n. There
is a natural action of GL(k) on A?n* ® n which is given by

$u(X,Y) = ou(¢7 X, 67'Y); X.Y €n, ¢ € GL(k), p € A*n* @n.

Let N denote a simply connected nilpotent Lie group with Lie algebra (n, i)
endowed with the left invariant Riemannian metric < ., . >,, where u is a
nilpotent Lie algebra on n. The Ricci operator R, : n — n of N is defined by

<BRy.,.>p=ric<., . >, .
This operator is reduced to

1
(L) <R XY >= -2 < ulX, X0), X;) >< ul(Y, Xi), X;) >

4,9

1
+Z Z < M(Xi,Xj),X > /.L(Xi,Xj),Y >,

0,J
for all X,Y € n, where {X;, Xo,..., X3} is any orthonormal basis of n. The
inner product < ., . >, determines an inner product onA>n* ® n; denoted by

< ., .> and given by

< A=Y < p(Xi, Xp), X >< X, X;), X >

4,7,k

Also it naturally determines a norm on A?n*.® n defined by

YAe A @n A=) <AXi, X)), X, >

ijk
Consider the Riemannain function
F.: A*n*@n —s R,  Fp(u) =trR,*
and the sphere S, given by
S, = {we A’n* @ s [|ul® = 2r?},

for some r € R. Let N be the vector space of all nilpotent Lie brackets on n
and Der(u) be the Lie algebra of all derivations on n. Then p € Ry is called a
Ricci soliton if R, = ¢I + D, for some D € Der(p) and ¢ € R.

In [6], Jorge Lauret has proved that the standard Einstein solvmanifolds are
exactly the critical points of modified scalar curvature function Fy|s,.

Theorem 1.1. [6]. For u € N, N Sy, the following statements are equivalent:
(i) p is a critical point of Fy|s,.
(i) p is a critical point of Fi|qr(k).uns, -
(ii) p admits a rank-one extension which is Finstein.
(iv) p is a Ricci soliton.
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2. EINSTEIN SOLVMANIFOLDS OF RANK > 1

In this section, the structure of standard Einstein solvmanifolds is intro-
duced. The next lemma provides some useful properties of solvable Lie bracket
and inner product of a solvable Lie group. Then, we extend the Ricci soliton
in [4] for any arbitrary rank. We call it multiple Ricei soliton.

Lemma 2.1. [2]. Let (s=nda,[.,.],< .,. >) be a metric solvable extension
of (n,u,< .,. >), where for every 0 £ A € a, ada is nonzero and symmetric,
then

(i) < R 1A, B >= —tr(adaadp), for all A, B € a.
(ii)) < R A, X >=0, for all A€ a,X €n.
(i) Ry, = —adz|, + Ry, where < Z, X >=tr(adx), for all X € n.

Definition 2.2. 0 # p € X, is called a multiple Ricci soliton of degree r if
(a) R, =cuIl + Dy; D, € Der(p), ¢, € R.
(b) There are nonzero symmetric derivations D;, 1 < i < r, such that

DN =Di1+Ds+...+ D, t?”DiDj = —5ijCHtTD7; N

Remark 2.3. If p is a multiple Ricci soliton of degree 7, then p is a mul-
tiple Ricci soliton of degree less than r. Therefore, y is the critical point of

Fyls,nGLik).p-

Using Definition 2.1, we study the structure of standard Einstein solvmani-
folds as follows.

Proposition 2.4. For0 # pu € N;NS,., the following statements are equivalent:
(i) p admits a metric extension which is/Einstein.
(ii) p is a multiple Ricci soliton.

Proof. Let the Lie algebra (nyu) admit an Einstein metric extension S with
corresponding Lie algebra (s = n @ a,[.,.],< .,. >) such that dim(a) =
r. Let {Hy, Hs,...;Hy.} be an orthonormal basis for a and Z be the mean
curvature vector field for the simply connected Lie group N with Lie algebra n.
A straightforward calculation shows that D,, = D1+Da+...4+D,, where D,, :=
adz|n, and D; = tr(adpy,)adm,|n. [.,.] is the Lie bracket. Hence, D;u(.,.) =
(., D)y 4 p(D;.y.); that is to say, D; s are derivations on n. Suppose that
D; s and D,, are symmetric (see [2;4.10]). Let Z; = tr(adp,)H;, then Lemma
2.1 implies that

t?"DiDj = tT’((LdZi(Lde) = —< R[JZ“ZJ >= —¢, < Zi,Zj >= —5ijcut7’Di.

Also R,, = ¢, I + D,,, for some ¢, € R. Therefore, p is a multiple Ricci soliton.
Conversely, let u be a multiple Ricci soliton i.e.
() R, =c I+ D,; D, € Der(n,u), c, €R.
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(b) There are symmetric derivations D;, 1 <4 <r, such that
D/L =Di+Ds+...+ D,, t’I“DiDj = —(SijcutTDi.

Let (n, p, < .,. >5) be a Lie algebra with orthonormal basis { X1, Xa,..., X }.
We define Lie algebra s with a simply connected Lie group S as follows

SZn@ZRZi,

endowed with the inner product < .,. > defined by
< Zi,Zj >=0;trD;, < Ziin>=0, < .,. > |pxn =< .,. >p.
Also, Lie bracket [.,.] is defined by
[Zi, 2] = 0, 26, Xj] = =[X5, Zi] = DX, [ Jlnxn = pe

Clearly [.,.]is a Lie bracket, since D; ’s are derivations. {D, X, D, Xs,...,D, Xy}
is a linearly independent set which generates a subalgebra of [s, s|.. Therefore,

n = [s,s]. p is nilpotent hence [.,.] is a solvable Lie bracket. Finally using
Lemma 2.1, we have

< R[]Z“ Zj >= —t?"(DiDj) = 5ijCMtT'Di =c, < Zi, Zj >, < R[_7_]ZZ‘,7”L >= 0,
< R[_7_]Xi,Xj >= (_Dll« + RH)XZ‘,XJ‘ >=< CMXZ‘,X]‘ >=cy < Xi,Xj >,
which implies that < .,. >, is a Finstein metric. This completes the proof. [

Using Proposition 2.1, we get a higher rank Einstein solvmanifold as the
direct sum of the Lie algebras.

Proposition 2.5. If nonzero nilpotent Lie brackets p1 and us are Ricci soli-
tons, then = p1 ® po is a multiple Ricei soliton of degree 2.

Proof. 11 and ps are Ricei solitons i.e.
(2.1) R,, =cu I+ D,; D, € Der(u;), ¢y, €R, i=1,2.
Up to isometry and scaling we can determine norms of p; and ps such that

D 0
Dl.: M1
=% o]

Cuy = Cpy- Set

_ | Bu 0
ne ]
Then R, = ¢, I +D,, R, = R,, ® Ry, and D, = D,, ® D,,. Also, by
Theorem 1.3, trD,, D, = —d;jc,,trD,,;; ¢ = 1,2. Therefore p is a multiple
Ricci soliton which admits a 2-rank Einstein solvable extension. ([

Corollary 2.6. If nonzero nilpotent Lie brackets p; °s, 1 < i < r, are Ricci
solitons, then p = 1 ® ua ® ... ® wy s a multiple Ricci soliton of degree r which
admits an Finstein solvable extension of rank r.
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Remark 2.7. There exist 31 Ricci soliton nonzero Lie algebras of dimension
6 (see [7]), which by direct sum of them, we can obtain a lot of multiple Ricci
soliton nilpotent Lie algebras.

3. STANDARD METHODS

The goal of this section is to present certain results from [4] and [6]. In view
of [4], Jorge Lauret has used a variational method for finding standard Einstein
solvmanifolds. We will demonstrate this method in Theorem 3.1. We first give
some preliminaries.

Lemma 3.1. (Lagrange multiplier theorem) [1]. Let P and M be smooth man-
ifolds and g : M — P be a smooth submersion. Let f : M — R be CT,
m € M and p € P such that m € g~1(p), then the following statements are
equivalent:

(i) m is a critical point of flg—1(p)-

(1i) There are A € T,* M such that T, f = Ao Tpg.

The vector space Ny is GL(k)—invariant, so we can refine Theorem 1.1 more
accurately as follows.

Lemma 3.2. For 0 # p € Ny, and ¢ € GL(k) the following statements are
equivalent:

(i) Y. is a Ricci soliton.

(i) .u is a critical point of Fils, nGrk).u -

(iii) ¥ is a solution of the following system of equations:

l|6-ual|* =27
OFw(p-1) t6(||¢~u||)
0¢ij 0¢ij

where t € R and ¢ € GL(k).

Proof. Let g(A) = 1[[A]|? be a function on A*n* ® n and use Theorem 1.1 and
Lemma 3.1 .

It is possible that the above system of equations is not solvable, hence we
assume that for some & € N and every ¢ € GL(k) there exists u € Ry, such that
¢.u isn’t_a Ricei soliton. O

Notation 8.3. Suppose that DGL(k) := {¢ € GL(k); ¢ is diagonal}, For any
1 EN, CA%n* ®n, set

w(Xi, X;) = Zciijva ¢ = diag(¢1, d2, ..., br) ,

then p
vCijv
(¢/1’)(X17Xj) = Z xiijM Tijy = ¢¢J
i)

Tijv 750
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and for any i,j and v such that < u(X;, X;), Xy ># 0, the diagonal elements
of Ry, are equal to

1 Trst,1
(Ro.pu)ii = _5(_%2]‘1; + Z 5l y),

rst
Trst#Tijy

1 st
(R¢-/L)jj = _5(_‘7:?]'1) + Z 4 t’jxgst)a

rst
TrstFTijy

1 rst,v
(R¢~M)UU = §(x?jv + Z o b xzst)v

rst
TrstFTijy

where §75%%, 67563 and §75%Y are equal to 0, 1 or -1 .

Lemma 3.4. [6]. Let (n,u,< .,. >) be a Lie algebra and P, = Sym(n) N
Der(n), then R,, L P, with inner product tr(AB) on Sym(n) x Sym(n).

Theorem 3.5. (Lauret theory) For every ¢ € GL(k) and w € Ny if ¢.u €5,
and Ry, is diagonal, then for any i,j and v such that < p(X;, X;), X, ># 0,
the following statements are equivalent:

(i) Ry =c, I+ Dy u; Dy, € Der(.p)

.. 2 ) .
(i) c,,, and az;,’s are solutions of the system

2 _ .2
Zi,j,v Tijw =T

5FA-,(¢~H)|

8u¢jv T ¢

Tijy =gy R

where ((b:u)(X?a X]) = injvgéo xijUva Ujjv = xzzjua wﬂ = ¢M

Tijui=aij0

Proof. By Lemma 3.2 and the chain rule, it is easy to see that v.u is a Ricci

soliton if and only if variation t and afjv’s are solutions of the system

2 2
Zﬁjﬂ) xijv =r

OFk(¢-1)

8u¢jv

Tijui=0a44y

Now we shall obtain the Lagrangian coefficient. By Lemma 3.3 it is easy to see
that trR,* = ¢utrR,. Also trR, = —%[|pll?. Thus F}, = —c,r?. Consequently
OFy (¢N)

Uijv

Tijui=aiju — Cu- U

Finally, we exhibit a rank-two Einstein solvmanifold of dimension 8 and a
rank-three Einstein solvmanifold of dimension 15.

Example 3.6. Let = py @ po, where pu1(X1, Xo) = X5, pa(Xs, X4) = Xe
and ¢ = diag(¢1, g2, ..., ¢6), then

¢.M1(X1,X2) = ¢?;2X5 and ¢.M2(X3,X4) = ¢f;4X6
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Let x = quw Y = ¢f254, Using Theorem 3.1, it is easy to see x° = y? =
1. Therefore D,, = diag(1,1,0,0,2,0) and D,, = diag(0,0,1,1,0,2). If
(n1, p1,< ., . >1) and (na, pe, < .,. >2) are nilradical Lie algebras, define

the Lie algebra s with simply connected Lie group S using the following direct
sum
s=RZ1 ®&n1 ®RZ; ®ng

endowed with the inner product < .,.> defined by
< Zi Z; >=46;5, < Ziyn >=0, < ., . > |nixn, =<., . >4 14,5 <2,

where the Lie bracket [.,.] on s is defined by
(21, X1] = —[X1,Z1] = Xu,  [Z1,Xo] = —[X2, Z1] = Xo,
(21, X5] = —[X5,Z1] = 2X5,  [Z2, X3] = —[X3, Z2] = X,
[Z2, X4] = —[Xy, Z2] = Xy, [Z2, X6] = —[ X, Z2] = 2 X6,

Z:,Z;1=0, [,.]s

and it is equal to zero otherwise. Il is easy to see that R ; = —%ngg which
implies that S, is Finstein of rank 2 .

Example 3.7. Let = p1 ® puo @ ps, where puy and ps are Lie algebras given
in Example 1 and ps € Ng is given by

ps3(X7, Xi) = Xip1; 8 <i <11,
Every ¢.uz € DGL(6).u3 N S\/3_—0 is equal to
13
¢'M3(X7a Xz) - af’?,i,i—l—lXi-l—l; 1= 8797 10) 11.

By Lauret theory it is easy to see that a critical point of Fg restricted to the

leaf D 7 icio a%i?iﬂ = % is equal to pg{ar iit1} where
, 12, 9 S 9 3
arg.9 = 13 az9,10 = 13 710,11 = 13 Az 11,12 = 13’ Cop.puz = -3

and 15 42 36 51 48 51

- dzag(0,0, 07 Oa 07 Oa 2_6’ 2_6’ %7 %7 %7 %) .

Let (ng, ps(az,iivd), < -5+ >3) be a Ricci soliton. Define Lie algebra s with
simply connected Lie group S using the following direct sum

D

w3(az,iiq1)

s=RZ1®&n ®ORZy D ne ®RZ3 Dng
endowed with the inner product < .,. > which is defined by

243
<2, >=4,< 2o, 2o >=4,< 73,73 >= —, < ., . >|p;xn =< ., . >

13
and it is equal to zero otherwise. Lie bracket [.,.] on S defined by
[ZlaXl] :_[lezl] :X17 [ZleQ]:_[XQ)Zl]:XQ)
[Z1, X5] = —[X5, Z1] = 2.X5, (Z2, X3] = —[X3, Zo] = X3,

[Z2, X4] = —[X4, Zo] = X4, [Z2, X6] = —[X6, Z2] = 2 X,
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[Z3, X7) = —[X7, Zs] = 52 X7, [Z3, Xs] = —[Xs, Z3] = 52 Xs,
[Z3, Xo] = —[ X9, Z3] = 38 Xy, [Z3, X10] = —[X10, Z3] = 5% X10,
[Z3, X11]) = —[X11, Z3) = $3X11,  [Zs, X12] = —[X12, Z3] = 2 X19,

['a ']|m><m = ln;; 1=1,2
and otherwise is equal to zero. It is easy to check that R | = —3115“5 which
implies that S, is Finstein of rank 3.
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