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ABSTRACT. This paper studies the algebraic structure of transposition
hypergroups with idempotent identity. Their subhypergroups and their
properties are examined. Right, left and double cosets are defined through
symmetric subhypergroups and their properties are studied. Further-
more, this paper examines the homomorphisms, the behaviour of attrac-
tive and non-attractive elements through them, as well as the relation of

their kernels and images to symmetric subhypergroups.
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1. INTRODUCTION

An operation or-eomposition in a non void set H is a function from H x H
to H, while a hyperoperation or hypercomposition is a function from H x H to
the powerset P (H) of H. An algebraic structure that satisfies the axioms

i.a-(b-c)=(a-b)-c for every a,b,c€ H (associative axiom) and

ii..a-H=H-a=H forevery a € H (reproductive axiom).
is called group if “-” is a composition (see remark in p. 72 of [25]) and hypergroup
if “” is a hypercomposition [9]. When there is no likelihood of confusion “.”
can be omitted. If A and B are subsets of H, then AB signifies the union
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Uapyeaxp ab. In particular if either A = ) or B = ), then AB = {) and vice
versa. Ab and aB have the same meaning as A {b} and {a} B. In general, the
singleton {a} is identified with its member a. In [9] F. Marty also defined the
two induced hypercompositions (right and left division) that follow from the
hypercomposition of the hypergroup, i.e.
ﬁ)z{xéHWExb} andﬁz{xéhﬂaébx}.

It is obvious that, if the hypergroup is commutative, then the two induced
hypercompositions coincide. For the sake of notational simplicity, a/b or a : b
is used to denote the right division (as well as the division in commutative
hypergroups) and b\a or a..b is used to denote the left division [6, 14, 17].

Since the hypergroup, is a very general structure it was progressively en-
riched with additional axioms, either more or less powerful, thus creating a
significant number of specific hypergroups. e.g. [6, 7, 13, 18, 19, 23, 30,37, 38,
39, 40]. Moreover some of these hypergroups constituted a constructive origin
for the development of other new hypercompositional structures (e.g. see [1, 8,
10, 11, 21, 34, 43]). Thus, W. Prenowitz enriched hypergroups with an axiom,
in order to use them in the study of geometry [5, 16, 17, 41, 42]. More precisely,
he introduced the commutative hypergroup, the transposition axiom

a/bNec/d # 0 implies adNbc #( forall a, b, ¢, d in H

and named this new hypergroup join space [41, 42]. Tt has been proven that
these hypergroups also comprise a useful tool.in the study of languages and
automata [20, 28, 31, 36]. Later on, J. Jantosciak generalized the above axiom
in an arbitrary hypergroup as follows:

b\aNec/d #( implies adNbe £ forall a, b, ¢, d in H.
He named this particular hypergroup transposition hypergroup [6]. Subse-
quently, this axiom was also introduced into Hy-groups [27] and in other hy-
percompositional structures [24]. So, the transposition Hy -group , the transpo-
sition hypergroupoid, the transposition quasi-hypergroup, and the transposition
semi-hypergroup were defined. Clearly, if A, B, C and D are subsets of H, then
B\ANC/D # 0 implies that AD N BC' # (). In what follows, the relational
notation A ~ B (read A meets B) is used to assert that sets A and B have a
non-void intersection.

The study of transposition hypergroups is not as extensive as that of join
hypergroups (e.g. see [3, 4, 6, 7, 19, 24, 37]). In [26] the transposition hyper-
groups with idempotent identity were introduced and their fundamental prop-
erties were presented. It was proved that the elements of these hypergroups
are separated into two classes: the set A = {x € H | e € ex = xe}, including
e, of attractive elements and the set of non-attractive elements. A study of
these elements is also conducted in [26]. This paper contributes in the direc-
tion of further and deeper study of transposition hypergroups with idempotent
identity, by analyzing their algebraic structure.
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2. PRELIMINARIES

Consequences of the hypergroup’s definition axioms are [24, 25]:
i. ab# 0, for all a,b in H,
ii. a/b# 0 and a\b # 0, for all a,b in H,
ili. H=H/a=a/H and H = a\H = H\a, for all a in H,
iv. the non-empty result of the induced hypercompositions is equivalent
to the reproductive axiom.

It has been proven in [6, 14] that in any hypergroup the following properties
are valid:

Proposition 2.1. In any hypergroup
i. (a/b)/c=a/(cb) and c\ (b\a) = (be) \a (mized associativity),

it (B\a) /e = b\ (a/),
iii. b€ (a/b)\a and b e a/ (b\a).

Corollary 2.2. In any hypergroup H, if A, B,C are non-empty subsets of H,
then:
i. (A/B)/C=A/(CB) and C\ (B\A) = (BC)\A,
i. (B\A)/C = B\ (4/0),
iii. BC(A/B)\A and BC A/ (B\A).

Proposition 2.3. [6, 14, 18] The following are true in any transposition hy-
pergroup:

i. a(b/e) Cab/ec and (c\b)a C c\ba,

i. a/(c¢/b) Cab/c and (b\c)\a/C c\ba.

i. (b\a)(c/d) C (b\ac) /d = b\ (ac/d),

iv. (b\a)/ (c/d) S (b\ad)i/c = b\ (ad/c),

v. (\a)\ (c/d) C (a\be) /d Za)(bc/d).

Corollary 2.4. The following is true in any transposition hypergroup
(b\a) (c¢/d) O (B\a)/ (d/c) U (a\b) \ (¢/d) C (b\ac) /d = b\ (ac/d) .
Proposition 2.5. [12, 18] The following are true in any join hypergroup
i. a(b/e)Ub(a/c)Ua/(c/b)Ub/(c/a) C ab/c,
i (a/b) (c/d) U (a/d) (c/b)U(a/b) [ (d[c)U(a/d) [ (b/c)U(c/d)/ (b/a)U
(¢/b) /(d/a) C ac/bd.

Corollary 2.6. The relations of Propositions 2.3, 2.5 and of Corollary 2.4 are
also valid if the elements a, b, c,d are replaced by non-empty subsets A, B, C, D
of the transposition hypergroup.

—-

i

4B

In [6] and then in [7] a principle of duality is established in the theory of
hypergroups and in the theory of transposition hypergroups as follows:
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Given a theorem, the dual statement which results from the interchanging of
the order of the hypercomposition “” (and necessarily interchanging of the left
and the right division), is also a theorem.
Since we are working in transposition hypergroups, this principle is used through-
out this paper.

An element e is called right identity, if x € xe for all x in H. If z € ex for all
x in H, then z is called left identity, while x is called identity if it is both right
and left identity. If equality e = ee is valid for an identity e, then e is called
idempotent identity. If * = xe = ex for all z in H, then e is a scalar identity.
When a scalar identity exists in H, then it is unique. An identity e is a strong
identity, if © € xe = ex C {e,x} for all z in H. The strong identity need not
be unique [7]. Both scalar and strong identities are idempotent identities.

Proposition 2.7. Ife is a strong identity in H and x # e, then x/e =e\x = x.
Proposition 2.8. If e is a scalar identity in H, then /e = e\z'=zx.

A hypergroup H is called semi-reqular, if every x € H has at least one
right and one left identity. An element z’ is called right e-inverse or right
e-symmetric of x, if a right identity e # x’ exists such that e € = - z’. The
definition of the left e-inverse or left e-symmetric is analogous to the above,
while 2’ is called e-inverse or e-symmetric of z, if it is both right and left
inverse with regard to the same identity e. If e is an identity in a hypergroup
H, then the set of left inverses of x € H, with regard to e, will be denoted
by Sei (x), while S, (x) will denote the set of right inverses of x € H with
regard to e. The intersection Sg; () N.Se, () will be denoted by S. (z). A
semi-regular hypergroup H is called regular, if it has at least one identity e
and if each element has at least one right and one left e-inverse. H is called
strictly e-regular, if for the identity e the equality Se; () = S (2) is valid for
all z € H. In a strictly e-regular hypergroup, the inverses of x are denoted
by S. () and, when there is no likelihood of confusion, e can be omitted. H
has semistrict e-regular structure, if Se; (x) N Se, (x) # 0 for any = € H is true
for the identity e. Obviously, in commutative hypergroups only strict e-regular
structures exist.

A subset.h of H iscalled a subhypergroup of H, if th = hx = h for all x € h.
A subhypergroup h of H is central if xy = yx for all z € h and y € H.

Proposition 2.9. If H is a hypergroup with strong identities, then the set E
of these identities is a central subhypergroup of H.

Let e be an identity element in a hypergroup H and = an element in H.
Then, x will be called right e-attractive, if e € ex, while it will be called left
e-attractive if e € xe. If x is both left and right e-attractive, then it will be
called e-attractive. When there is no likelihood of confusion, then e can be
omitted. When the identity is strong, then ex = ze = {e,z} is valid, if x is
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attractive; if x is non-attractive, then ex = xe = x is valid. In the case of
strong identity, non-attractive elements are called canonical. See [33] for the
origin of the terminology.

Proposition 2.10. In a hypergroup H, e\e is the set of right e-attractive
elements of H and e/e is the set of left e-attractive elements of H.

Proof. Suppose that x is a right attractive element in H. Then e € ex. Thus
x € e\e. Also, if x € e\e, then e € ex. Hence e\e consists of the right attractive
elements of H. The rest follows per duality. O

In the following some properties of attractive elements, essential for the next
paragraphs, which are proven in [26] are presented.

Proposition 2.11. i. If x is not a right (resp. left) e-attractive element. in a
hypergroup with idempotent identity e, then ex consists of non-right (resp. left)
e-attractive elements.

it. If x is a right (resp. left) e-attractive element in a tramsposition hyper-
group with idempotent identity e, then all the elements of re are right (resp.
left) e-attractive.

Proposition 2.12. i If x is a right (resp. ~left) attractive element in a
transposition hypergroup with idempotent identity e, then its right (resp. left)
inverses are also right (resp. left) attractive elements.

it. If x is not a right (resp. left) attractive element in a transposition hy-
pergroup with idempotent identity e, then its right (resp. left) inverses are not
right (resp. left) attractive elements as well.

Proposition 2.13. Let H be a strictly e-reqgular hypergroup, where e is a strong
identity. Then:

i. z\e=eS(x)={e}US(z) =15 (x)e=e/z for any attractive element
T F#e,

ii. z\e=-e/x =25 (x) for any non attractive element x.

Proposition 2.14. If & is not a right (resp. left) e-attractive element in a
hypergroup H with strong identity e, then xSe, (x) (resp. Se (x) x) contains all
the right (resp. left) attractive elements.

In what follows, it is assumed that the identities are bilateral and idempo-
tent. Examples of such transposition hypergroups, some of which are connected
to the theory of languages and automata, can be found in [7, 19, 22, 28, 33, 36,
37]. Also, T will denote a strictly e-regular transposition hypergroup, where
e is an idempotent identity. In T let A denotes the set of attractive elements
and C' the set of non-attractive ones. Then T = AUC and ANC = (.

Proposition 2.15. [26] In a strictly e-regular transposition hypergroup:
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i. The result of the hypercomposition of two attractive elements contains
only attractive elements.

ii. The result of the hypercomposition of an attractive element with a and
non-attractive element consist of non-attractive elements.

ili. If z, y are attractive elements in T, then x/y C A and y\a C A .

iv. If x is a non-attractive element in T, then A C 2C N Cxz.

v. The set C' of non-attractive elements of T is not stable under the
hypercomposition.

vi. If either x or y are non-attractive elements, then z/y C C and
y\zCC.

Proposition 2.16. [26] If the identity of T is strong, then:
i. the result of the hypercomposition of two attractive elements contains
these two elements (see also [10, 19, 31, 33, 35]),
ii. the result of the hypercomposition of an attractive element with a
canonical element is the canonical element (see also. [10, 19, 31, 33,

35)).

Corollary 2.17. If the identity of T is strong, then:

i. z€x/y and x € y\z, for all z,y € A,
ii. A=uz/r=2\z, for all z € A.

Proposition 2.18 (26). If the identity of Tis strong and

i. x,y are two attractive elements in T, such that e ¢ xS (y), then
xS (y) =x/yUS(y) and S (y)a=y\r VS (y),
ii. x,y are two elements in T and any of these is non-attractive, then

xS (y) =z/y and S (y) z =y\z.
Corollary 2.19. If the identity of T is strong and:

i. X,Y are non-empty subsets of AC T ande ¢ XS(Y), then XS (Y) =
X/YUSY)and SY)X =Y\XUS(Y),

il. if X or Yoare non-empty subsets of C C T, then XS (V)= X/Y and
SY)X =Y\X:

When identity is strong and S(z) is singleton for all x € T, properties of
attractive elements are developed in [7, 30, 32, 33 ].

3. SUBHYPERGROUPS

A subhypergroup K of a hypergroup H is called closed from the right (resp.
from the left) if (Ka)N K = 0 (resp. (aK)NK = () for every a € H — K.
K is called closed if it is both right and left closed (for more details see [29]).
In [ 12, 14] it is proven that h is right closed (resp. left closed) if and only if
b\a C K (resp. a/b C K) for all a,b € K.
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Proposition 3.1. The set A of the attractive elements of T is a closed sub-
hypergroup of T .

Proof. According to Proposition 2.15.i, xA C A, if x € A. Next, let y be an
arbitrary element of A. We shall prove that y € zA. Indeed, if x is an element
of A, then its inverses are also in A (Prop. 2.12). Therefore, 2’y C A | if
2/ € S(x)and y € ey C (z2')y = z(2'y). Thus, there exists z € 2’y , such
that y € zz C zA. Hence, xA = A. Dually, Az = A and, therefore, A is a
subhypergroup of T'. Now, if w belongs to T'— A, i.e. if w is a non-attractive
element, then, because of Proposition 2.15.ii, wA C T — A is valid. Therefore,
(wA)NA =0 and so A is closed from the right. Because of duality A is closed
from the left and thus A is a closed subhypergroup of T. O

From Propositions 3.1, 2.15.ii and v, it follows that:

Proposition 3.2. The set of attractive elements is the minimum closed sub-
hypergroup of T (in the sense of inclusion).

A subhypergroup K of a transposition hypergroup with an identity e is called
symmetric with respect to e, if for all x € K the right and the left inverses of
x, with respect to e, are subsets of K (see also [7; 33]). From Proposition 2.12
it follows that:

Proposition 3.3. The set of attractive elements is a symmetric subhypergroup
of T.

Proposition 3.4. A non-empty subset K of T is a symmetric subhypergroup
with respect to e of T, if and only if €S, (y) C K and S. (y)x C K for all
r,y € K.

Proof. The above condition is obviously valid when K is a symmetric sub-
hypergroup of T'. © Conversely now, suppose that = belongs to K. Then,
xzSe (x) € K and so e € K, which implies eS, (r) € K and so S, (z) C K.
Next, for the proof of the reproductive axiom, suppose that y is an arbitrary
element of K+ Then, there exists y € S.(y) € K , such that y € S, (y).
Thus, vy C @S. (y) € K. Therefore, K C K. By duality, Kz C K. Also,
Se (2)y € K = aS. (v)y C 2K = ey C 2K = y € K. Therefore, K C K.
Dually, K.€ Kz. Hence, xK = Ko = K for all z € K. (]

Corollary 3.5. A non-empty subset K of T is a symmetric subhypergroup
with respect to e of T, if and only if KK =K and S. (K) =K.

Proposition 3.6. Let e be an identity in T and let K1, K5 be any two sym-
metric subhypergroups of T with respect to e. Then, their intersection K1NKs
is a symmetric subhypergroup of T .
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Proof. e € K1NKy and S, (z) C K1 N Ky for all x € K7 N Ky Next, let
x be an arbitrary element of K7 N K5. Then, z (K; N K3) C K7 = K; and
z(K1NKsy) C 2K = Ky, Hence, 2 (K1 NKy) C K1 N Ky, Now, let y be
an element in Kj N K and 2’ an inverse of . Then, y € ey C (z2)y =
x (2'y) C x (K1 N Ky), thus K1 N Ky C 2 (K N K3y) and therefore, K1 N Ky =
z (K1 N Ks). O

From Proposition 3.6 above and from the fact that the intersection of two
symmetric subhypergroups with respect to e is non-empty (as it always contains
the identity e) it follows that:

Proposition 3.7. In a strictly reqular transposition hypergroup, the set of its
symmetric subhypergroups with respect to e forms a complete lattice.

Proposition 3.8. Let K be a symmetric subhypergroup of T. If x ¢ K, then
z/KNK=0 and K\zNK =0.

Proof. Suppose that = does not belong in K and let y be an element in K,
such that z/yN K # 0. Then, z € Ky = K, which contradicts the assumption
above. Thus, z/K N K = 0. O

Proposition 3.9. Suppose that T has a strong identity and that K is a sym-
metric subhypergroup of T'. Then:
i. ifre A, KCAandzx ¢ K, then 2K =2/KUK and Kzr=K\zUK,
it. ifx e C or K CC, then 2K =2/K and Ko =K\z.

Proof. Since K is symmetric, S(K) = K. Thus: (i) e ¢ zK, since x ¢ K.
So, according to Corollary 2.19.i, K = 2S5 (K) = z/K U S (K) = /K UK.
(ii) Using Corollary 2.19.ii, we get o K= S (K) = z/K. The rest in (i), (ii)
follows by duality. O

Proposition 3.10. Suppose that T has a strong identity, K is a symmetric
subhypergroup of T and x is an element of T, but not an element K. Then
K/x=KS(z) and 2\K = S(z) K.

Proof. According to Proposition 2.13, S (z) is a subset of e/z. Moreover, e/x is
a subset of K//x. Thus, S (z) C K/x. Since x ¢ K , we have e ¢ K.S (z). Thus,
Corollary 2.19 implies either that KS (z) = K/zU S (z) = K/x Ue/z = K/,
whenever K C A and = € A, or that KS(z) = K/z, whenever K C C or
x € C. The rest follows by duality. O

Proposition 3.11. Suppose that T has a strong identity and K is a symmetric
subhypergroup of T. If x ¢ K, then (z/K) K = 2K and K(K\z) = K.

Proof. Since x € z/K, it follows that K C (z/K)K. Also, because of Propo-
sition 3.9, /K C zK is valid. Thus, 2K C (z/K)K C (¢K) K = zK. Duality
yields the rest. U
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Proposition 3.12. Suppose that T has a strong identity and K is a symmetric
subhypergroup of T. If x,y ¢ K, then:

i /K =y/K impliesz/K =y/K,
ii. K\z~ K\y implies K\e = K\y,
iii. K\ (z/K) =~ K\(y/K) implies K\ (z/K) = K\(y/K).

Proof. (i) /K Ny/K # { implies that z € (y/K)K. Since y ¢ K, from
Propositions 3.11 and 3.9 follows that (y/K)K = yK C y/K U K. Thus,
x € y/KUK. Since z ¢ K, it follows that « € y/K. Thus, /K C (y/K)/K =
y/ (KK) = y/K. By symmetry, y/K C x/K. Hence, /K = y/K. Duality
gives (ii).

(iii) Per Propositions 2.1, 2.10 and 3.11:

K\ (z/K) = K\ (y/K) = (K\z)/K ~ K\ (y/K) = K\z ~ [K\ (y/ &) K =
= K\z~K\|[y/K)K]|= K\t~ K\yK =>rcyK =y cz/K =
=y/KC(z/K)/K=y/K Cz/(KK)=

y/K Cx/K = K\(y/K) C K\ (z/K).
By symmetry, K\ (z/K) C K\ (y/K), thus equality is valid. d

Proposition 3.13. The symmetric subhypergroup K of a strictly reqular trans-
position hypergroup T, generated by a subset X of T, is the union of all products
Z1...x, of any n > 0 elements, each of which is either an element of X or the
inverse of an element of X.

Proposition 3.14. For any two symmetric subhypergroup K1, Ko of a strictly
reqular transposition hypergroup T, there exists a least symmetric subhyper-
group, which contains both K1 and Ks; i.e it is a symmetric subhypergroup K
of T with K1 C K, Ko C K and for which the inclusions K1 C N, Ko C N
imply K C N forcany symmetric subhypergroup N of T'.

Proof. Let U be the set of all symmetric subhypergroups of 7" which contain
both K7 and Ks. Then, according to Proposition 3.6, the intersection of all
symmetric subhypergroups in U is a symmetric subhypergroup with the desired
property. ([

The symmetric subhypergroup of Proposition 3.14 is denoted by K; V Ky
and is usually larger than the union of the sets K7 and Ks, since K7 V K> is
the set of all those elements of T" which belong for some j in a hyperproduct
aiby...ajbj, a; € K1, b; € K. K1V K> is the lowest symmetric subhypergroup
situated above both K; and K3 in the lattice of symmetric subhypergroups.
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4. COSETS

In [6] it is proven that, if K is a closed subhypergroup of a join hypergroup
H, then the sets {zx = K |z € H} and {K/x | x € H} of the classes modulo
K are equal. The set of these classes is denoted by H : K. The family of the
cosets H : K becomes a canonical hypergroup [18, 38], if it is endowed with
the hypercomposition *K-yK = {2K | z € zy} [6]. K is the scalar identity in
(H : K,-) and the inverse of xx is K/x. In [6] it is proven that, if K is a closed
subhypergroup of a transposition hypergroup H for which the equality z\K =
K/z holds for all z € H, then H : K is quasicanonical hypergroup [13]. This
paragraph studies the cosets which are defined from a nonempty symmetric
subhypergroup in a strictly e-regular transposition hypergroup 7', where e is a
strong identity. If x € T and K is a nonempty symmetric subhypergroup of
T, then e (i.e. the left coset of K determined by x) and dually, T (i.e- the
right coset of K determined by x) are given by:

K ifre K K ifee K
an =
/K ifzé¢h K K\z <ifz ¢ K

Z‘I? =
For Q CT, Q§ and Q?{ denote the unions U {x§|x € Q} and U {x?(|x € Q}
respectively. Propositions 3.8 and 3.12 assure that distinct left eosets and right
cosets, are disjoint.

Remembering that, per Corollary 2.2, equality (B\A)/C = B\ (A/C) is
valid in any hypergroup, the double coset of K determined by x can be defined
by:

K ifre K
BT K\(o/K) =(K\3) /K ifz¢ K
Following the above notation,.if ) is a non-void subset of T, then @ x denotes
the union U{zk | z € Q}.

Proposition 4.1.Let/K be a symmetric subhypergroup of T'. Then:

i. TEx, x Er> and T € xk,

i "ok and zac

. z« Cxg and T x
I?_ K K= K

ii. g = (xl?)} = (x?(); .

Proposition 3.12 assures that distinct left cosets and right cosets, as well as
double cosets, are disjoint. Thus:

Proposition 4.2. FEach of the families T : % = {xf{|x ET}, T : I_% =

{x}—{»|x € T} and T : K = {zk |x € T} of left, right and double cosets are
partitions of T.

Since the identity of T is strong, if K contains a non-attractive element, then,
because of Proposition 2.14, K contains all the attractive elements. In this case,
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cosets are determined only by non-attractive elements. Herein, Proposition
2.18 implies that *K = 25 (K) = z/S (K) = «/K and that Kz = S (K)z =
S(K)\x = K\z. Next if K consists of attractive elements and z is a non-
attractive element, then Proposition 2.18 again gives K = z/K and Kz =
K\z. On the other hand, if K consists of attractive elements and z is also
an attractive element, not belonging in K, then Proposition 2.18.i implies that
2K = /K UK and Kz = K\z U K. The latter case, which is the most
interesting, will be studied here. Hereunder, Ty will denote a strictly regular
transposition hypergroup with strong identity, consisting only of attractive
elements.

Proposition 4.3. Let K be a symmetric subhypergroup of Ta. Then:
. 2K = 2K = 2= U K,
K K
K K

Proof. (i) If x € K, then equalities (i) and (ii) above are valid, since every part
of each equality equals K. If © ¢ K, per Proposition 3.11, xI?K = (z/K)K =
2K ; per Proposition 2.18.i, K = z/K UK = T U K. Duality gives (ii). O

Corollary 4.4. If Q is a non-empty subset of Ta and K is a symmetric sub-
hypergroup of T4, then:

Proposition 4.5. Let K be a symmetric subhypergroup of T'a. Then:
Krig = Kx?( =g UK = KzK = xl—(»K = zg K.

Proof. Per Proposition 4.3.i: KoK = K(mI?UK) = le?UK = Kfr?{

and per duality: KaeK = x}—(»K . Next, per Proposition 4.1.iii and Corollary

4.4: Keg = K(ajh)H =Kz = (ac<—)H UK = xx UK. Duality gives the
K/ K K K/ K

rest. O

Corollary 4.6. If Q is a nonempty subset of T4 and K is a symmetric subhy-
pergroup of Ta, then:

KQrk =KQe =Qr UK = KQK = QK = QK.

Proposition 4.7. Let K be a symmetric subhypergroup of T'a. Then:
Lidry)  Cagy UK,
i. (zy) 2 Sy U K.

Proof. (i) Per Corollary 4.4. (my)?( C (xy)I?K = xzyK. Next, per Corollary
217 2yK C (z/K)yK = x?(yK. Now, per Proposition 4.2:

+—
xl?yK: T (y}—{» UK) = mf(yj—(»UxEK:x%yl—(»UxKUK.
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Finally, per Proposition 2.16: Ty Ux?( UK = Ty UK. Duality gives part
(ii). O
Corollary 4.8. Let X, Y be non-empty subsets of Ta and K is a symmetric
subhypergroup of Ta. Then:

(XY)e CX YUK and (XY), CX-Y,UK.
K K K K K K

Proposition 4.9. Let K be a symmetric subhypergroup of Ta. Then (xy), C
rryrx UK.

Proof. Per Proposition 4.1.iii and Corollary 4.8:

(@) = ((xy)l?)ff < [“%yz? - KL‘(‘ - (“%y%)erKf‘f < (“1?);? (yf?)z?UK B

=rryg UK
Il

Corollary 4.10. Let X, Y be non-empty subsets of Ta and K a symmetric
subhypergroup of Ta. Then:

(XY)K C XgYr UK.

Corollary 4.11. Let X, Y be non empty subsets-of Ty and K a symmetric
subhypergroup of Ta. Then:

i. KNXkgYk # 0 implies (XKYK)K C XgYr UK,

ii. KNXgYx =10 implies (XKYK)K = XgYk.

In each of the families T'4 : %, Ta: Rz and T4 : K of cosets, a hypercompo-
sition induced by the hypercomposition in 7’4, can be defined. Thus in T4 : K
we have xx - yx = {2k | 2 € YK }. As mentioned in [7], families T': K and
T : K do not necessarily form a hypergroup, as associativity may fail. However,
it was also proven in [7] that, when T is a fortified transposition hypergroup,
the family of the double cosets form a fortified transposition hypergroup as
well.

Proposition 4.12. If K is a symmetric subhypergroup of Ta, then (T4 : K)
is a hypergroup.

Proof. It is known that the associativity holds in T4 : K if and only if
(eryr)k 2K) g = (Tr (Yk2K) ) i 16]. Equality (zryr) g 2K) ¢ = (PxYKr2K) i
is shown to hold hereunder. If K N zxyx = (), then Corollary 4.11.ii yields
(rkyK) g = Txyk and the above equality is obvious. If K Nzxyx # 0, then
Corollary 4.11.i yields (vxyx ) = 2xyx U K. Hence:

(xKyK) 2K = (a:KyK U K) 2k = TrYxixk UKz = xrxyrkzrg Uzg UK =

=rryxix UK
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Since K Nzgyx # 0 and zxyx C Txyrzk, it follows that K C (zxyrzk)
is valid. Therefore,

(rrYK) g 2K) g = (@rYx 2K UK) ) = (tryrzr) g UK = (TkYKr2K) i -

Duality yields (zxyx2x)x = (Tx (Yx2K) ) ¢ @and so the associativity is valid.
Reproduction in T4 : K derives directly from the reproduction in T4. O

A consequence of Proposition 4.5 is that K - 2 = zx - K = {zk, K} for
every rx in Ty : K. Hence:

Proposition 4.13. K is a strong identity in hypergroup T4 : K, which consists
only of attractive elements.

Proposition 4.14. The following are true in Ty : K

i {zk,yx} C ok -yk for all kg, yx € Ta: K,
ii. Keag yx,y€S(x) forallzg €Ts: K.

5. HOMOMORPHISMS

According to the terminology introduced by M. Krasner, if A and H' are
two hypergroups, then a homomorphism from H to H’' is a mapping
¢ : H — P(H’), such that ¢ (zy) C ¢ (z)¢(y) for all x,y € H. A homo-
morphism is called strong if ¢ (xy) = ¢ () ¢ (y) for all z,y € H. A mapping
¢ : H — H' is called strict homomorphism-if o (xy) C ¢ ()¢ (y) for all
x,y € H, while it is called normal ¢ (zy) = ¢ (x) p(y) for all z,y € H [13, 15,
35].

Proposition 5.1. If ¢ is a normal homomorphism from H to H', then

@ (D\a) € ¢ (b) \p(a) and, _@(a/b) ¢ (a)\¢ (D).
Proof. If y € ¢ (b\a), thenp () =y for some = € b\a, which yields a € bz.
Thus, ¢(a) € ¢(bx) =@ (b)w(x) and, consequently, ¢ () € ¢ (b)\¢ (a).

Therefore, the first relation is established. The second relation follows by du-
ality. O

Now, let 7" and T be two strictly regular transposition hypergroups with
idempotentidentities e and ¢’ respectively. As usual, the kernel of ¢, denoted
by kerp, is the subset ! (¢ (e)) of T. Also, the homomorphic image ¢ (T')
of T' is denoted by I'my. Ar and A7 will denote the attractive elements of T’
and T respectively, while Cr and C7s will signify the non-attractive elements
of T and T respectively.

Proposition 5.2. If p is a normal homomorphism from T to T', then:
i. ker is a semisubhypergroup of T,
ii. Imp is a subhypergroup of T', which generally does not contain the
identity of T', nevertheless p (e) is a neutral element in Imep.
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Proof. (i) If « € ker g, then ¢ (zker p) = ¢ (e). Thus, zker ¢ C ker ¢.

(ii) Let € T. Then, ¢ (z) ¢ (T) = Uyery (zy) = ¢ (2T) = ¢ (T). Similarly,
e (T)p(x) =@ (T). Thus, Imyp is a subhypergroup of 7”. Additionally, since
x € ex = ze, it holds that ¢ (z) € ¢ (e) ¢ (z) = ¢ (z) ¢ (e). O

Proposition 5.3. If ¢ is a normal homomorphism from T to T’ and the
identities e, €' of T and T' respectively are strong, then:

i. S(z) Ckery for all z € Cr Nkeryp,
ii. if Cr Nkery # 0, then Ar C ker ¢,
iii. ker ¢ is a subhypergroup of T ,
iv. ifp(e)=¢, then ¢ (Ar) C Ap and ¢ (Cr) C Crpv,
v. if ¢ is an epimorphism, then ¢ (e) =€’

Proof. (i) Per Proposition 2.12.ii, S

(z Then,
for ¢ () the following is valid: ¢ (za’
)

)-
¢ (ex’) =
= ¢ ().

)C Cr,ife € Cp. Let 2/ € S (&

)=¢ @) e ) =¢(e)p(r) =
o (x'). But e € xz’, therefore ¢ (¢) € ¢ (zz') = ¢ (z'). Thus ¢ (e)
Hence, 2’ € ker .

(ii) Per Proposition 2.14, Ay C xS (z), if « € Cp.  Therefore, ¢ (Ar) C
¢ (xS (x) =¢(x) p(S(x) = ¢(e) p(e) = p(ee) = ¢ (e). Hence, A7 C ker .

(iii) Per Proposition 5.2.1 ker ¢ is a semisubhypergroup of T Thus, if x €
kerp, then xkerp C kery. Let y be an arbitrary element in ker . It will
be shown that y € zkery. Let 2’ be an element of S (z) and suppose that
x' € kerp. Then, y € (zz')y = x (2'y) C xker p. Next, suppose that 2’ ¢
ker . Then, the previous part (i) and Proposition 2.12 imply that = and z’
are attractive. Thus, if y is attractive; then, Proposition 2.16.1 implies that
y € xy C zkerp, while, if y is canonical; Proposition 2.16.ii implies that
y = 2y C xkerp. Hence, kerp C aker pand so ker ¢ = xkerp. Similarly,
ker o = (kerp) x

(iv) If x € Ap, then

p(r)e =p(r)ple) = plae) = p{z,e} = {p(x),p(e)} = {p(z),€}.

Hence, ¢ (x) € Ap:. If 2 € Cr, then p(x)e’ = ¢ (x)p(e) = ¢ (ze) = ¢ (x).
Hence, ¢ (z) € Cpr.

(v) Since ¢ is an epimorphism, for each y € S (¢ (e)) there exists x € T,
suchithat ¢ (x) = y. Thus, e € yp(e) = p(z)p(e) = p(xe) = p{z,e} =
{p (x),¢ (e)}. Consequently, either ¢ (e) = e or p(z) =e. If p(z) = e, then
y=¢' for each y € S (¢ (e)). Therefore, e = S (¢ (e)). Thus, e = ¢ (e). O

A homomorphism does not necessarily map attractive elements to attractive
elements. A relevant example for fortified join hypergroups can be found in [15].

Proposition 5.4. Let ¢ be a normal homomorphism from T to T' and suppose
that the identities e, €' of T and T' respectively are strong. Then:
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i. if the image of an attractive element is a non-attractive element, then
Imy C Crpv,

ii. if the image of a non-attractive element is an attractive element, then
it belongs to ker ¢ and all the attractive elements are in ker .

Proof. (i) Per Proposition 5.3.iv, ¢ (e) # ¢’. Let a be an attractive element
and ¢ (a) a non-attractive element. We distinguish the following cases:

(a) if ¢ € Cp, then, per Proposition 2.16.ii, ax = xa = x is valid, thus: ep (z) =
e (az) = efip (0) ¢ (2)] = e (a)] ¢ (2) = (a) o () =  (a) = o (). Hence,
© (x) is a non-attractive element.

(b) for ¢ (e) it holds that:

pla)e' =p(a) = p(e)p(a)e’ =p(e)p(a) = p(ea)e’ = p(ea) =

= ¢o({e;a) e =p({e,a}) = {o(e),0(a)} e’ ={p(e),p(a)} =

= [e(e)elUlp(a)el ={p(e),p(a)} = [p(e) €TU{p(a)} = {@(e), ¢ (a)}
If p(a)e’ = {p(e),e'}, then e’ € {p(e),¢ (a)}, which is absurd. Therefore,
© (e) is a non-attractive element.

(c) Let y € Ar, y # e. Since ¢ (e) € Cpv, assuming that ¢ (y)-is-an attractive
element, then, per Proposition 2.15, ¢ (y) ¢ (e) consists only of non-attractive
elements. However ¢ (y) p (e) = ¢ (ye) = p{yse} = {¢(y) ¢ (e)}. Hence,
©(y) is a non-attractive element, which contradicts the assumption above.
Thus, ¢ (y) is a non-attractive element.

(ii) Suppose that a is an attractive element and x a non-attractive element, the
image of which is an attractive element different from the identity. Then ¢ (a) €
Arv; otherwise, according to (i) above, I'my C Crp/, which is a contradiction.
Next, per Proposition 2.16.ii, ¢ (a)p () = ¢ (ax) = ¢ (z). Hence, ¢ (a) # €,
because @ () is an attractive element different from the identity and the result
of the hypercomposition of an attractive element with the identity contains the
identity. Therefore, ¢ (a). = ¢ (z), which yields:

¢ (a)p(e) = p(x) p (€)= ¢ (ae) = p (ve) = p{a,e} = p (z) =

={v(a),¢(e)} = w(2)
Therefore, ¢ (a) =@ (e) = ¢ (z). Thus, x € ker ¢, therefore, per of Proposition
5.3.ii, all the attractive elements belong to ker . O

As was shown in [15], the fact that an attractive element belongs in ker ¢
does not imply that its inverses also belong in ker . This means that, even
though kery is a subhypergroup of T" when ¢ is normal, generally kery is
not a symmetric subhypergroup of T'. Therefore, the notion of the complete
homomorphism, is introduced in [15]. This notion is generalized here as follows:

Definition 5.5. A homomorphism will be called complete, if S (z) C keryp for
each x € ker .
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Proposition 5.6. If ¢ is a complete homomorphism, then kery is a symmetric
subhypergroup of T'.

Proof. x € ker ¢ implies z ker ¢ C ker ¢, since ker ¢ is a semisubhypergroup of
T. Next, let y € kerp and x € S (z). Then, y € (zz)y = x(xy) € zker . Thus,
ker ¢ C xker ¢ and therefore ker ¢ = x ker . Similarly, (ker )z = ker ¢, and
therefore, ker ¢ is a subhypergroup of 7. In addition, ker ¢ is a symmetric
subhypergroup of T, since z € ker ¢ implies that S (x) C ker ¢. O

Proposition 5.7. Let ¢ be a complete and normal homomorphism, for which
p(e) =e is valid. Then ¢ (S (z)) C S (¢ (x)).

Proof. e € Imep, since ¢ (¢) = e. Next, let y € Imep. Then, there exists z € T,
such that y = ¢ (z). Let € S(z). Then, e = ¢ (e) € v (xzx) = ¢ (x) p (). If
v (x) # e, then ¢ () # e, since ¢ is complete. Thus, e € ¢ (z) (&) implies
that ¢ (z) € S (¢ (z)). Consequently, ¢ (S(z)) C S (¢ (z)). O

Corollary 5.8. Let ¢ be a complete and normal homomorphism for which
v (e) =e is valid and ¢ (S (x)) = S (¢ (x)) for each x € T. Then:

i. Imy is a symmetric subhypergroup of T,
ii. the homomorphic image of every symmetric subhypergroup of T is a
symmetric subhypergroup of T'.
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