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1. INTRODUCTION

One way todefine a binary quasigroup is that it is a groupoid (A, f) in which
for any a,b € A there are unique solutions z,y to the equations f(a,z) = b,
fly,a) =b. A loop is a quasigroup with unit (e) such that

fle,x) = f(x,e) = .
Groups are associative quasigroups, i.e., they satisfy:

f(f(xay)az) = f(xa f(yaz))
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There are various generalization of a group (see, [2, 3]). Most of the notions
defined for binary quasigroups can be easily generalized to n-ary operations
which are called n-quasigroups. An n-quasigroup is an n-groupoid (4, f) (f :
A™ — A/n > 0) in which for every n-sequence ay,...,a, of elements from A,
every a € A and every i (1 < i < n), there is a unique solution z of the equation

f(ala"'7ai7171’7ai+17"'7an) = a.

For example, 1-quasigroups are just bijections.

Let A be a nonempty set, n and m be positive integers and f : A" — A™
be an arbitrary function. Then (A, f) is called [n,m]-groupoid. The n-ary
operations, f1,..., fm, are defined by the following:

f(:L‘l,...,.’En): (y17~--aym)<:>yi :fi(l’l,...,flin),

for every 1 < i < m, are called the component operations of f and they are
denoted by f = (f1,...,fm) [22, 23, 26]. The [n, m]-groupoid is proper iff
n,m,|Q| > 2.

The [n, m]-groupoid (A4, f) is called [n, m]-quasigroup (or multiquasigroup
[9, 10, 27]) iff for every injection, ¢ : N,, = Ny yms where N,, = {1,...,n},
and every (ai,...,a,) € Q" there exists a unique (by, -+, bpi1m) € Q"™ such
that:

(b1, .o bn) = (bng1, . 5bnugn)  and by = aj,
fori=1,...,n.

It is clear that Q(f) is an [n, 1]-quasigroup iff Q(f) is an n-quasigroup [6].
Q(f) is a [1,m]-quasigroup iff there exist permutations, fi,..., fm, of @ such
that f(z) = (f1(z),..., fm(z)): It is also clear that all components of a multi-
quasigroup are quasigroup operations.

If the component-operations of the [n, m]-quasigroup are binary operations,
i.e. n =2, then we say that the [n,m]-quasigroup is a binary multiquasigroup.

Let us consider the following hyperidentities [17, 18, 19]:

g(f (@, 9)of (u,0)) = flg(z,u),g(y,v)),  (Mediality) (1.1)
g(f (@, 9)5f (u,0)) = f(g(v,y),9(u,x)),  (Paramediality) (1.2)
9(f (@,y), f(u,v)) = g(f(z,u), f(y,v)), (Co-mediality) (1.3)
9(f(@,y), f(u,v)) = g(f(v,y), f(u,z)),  (Co-paramediality) (1.4)
flz,z) =z. (Idempotency) (1.5)

The binary algebra, (4, F), is called:

e medial, if it satisfies the identity (1.1),

e paramedial, if it satisfies the identity (1.2),

e co-medial, if it satisfies the identity (1.3),

e co-paramedial, if it satisfies the identity (1.4),
o idempotent, if it satisfies the identity (1.5),
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for every f,g € F. The binary algebra, (4, F), is called mode, if it is medial
and idempotent.

Medial groupoids, medial algebras and medial idempotent algebras (modes)
were studied in [12, 13, 24]. Paramedial groupoids and paramedial quasigroups
were studied in [7, 21, 25]. In general, the properties of mediality, paramedi-
ality, co-mediality and co-paramediality are the second order properties of the
algebras in the sense of [8, 15, 19, 17].

Definition 1.1. The binary multiquasigroup (A, f) with f = (f1,..., fm) is
called:

medial, if the binary algebra, (A, f1,..., fm), is medial,

paramedial, if the binary algebra, (A, fi1,..., fm), is paramedial,
co-medial, if the binary algebra, (4, fi1,..., fm), is.co-medial,
co-paramedial, if the binary algebra, (A, fi1,...,fm), is co-paramedial,
idempotent, if the binary algebra, (A, f1,..., fm),is idempotent,
mode, if the binary algebra, (A, fi1,..., fm), is & mode.

The next characterization of binary medial multiquasigroups follows from
[4, 16, 20].

Theorem 1.2. Let (Q, f) be a binary multiquasigroup, where f = (f1,..., fm)-
If (Q, f) is a binary medial multiquasigroup, then there exists an abelian group,

(Q,+), such that:

fi(z,y) = qi v Biy + ci,
where «;, B; are automorphisms of the group (Q,+), and ¢; € Q is a fizved
element and: o;8; = Bjtiyoi0 = ooy, BiB; = BB, fori,j =1,...,m. The
group, (Q,+), is unique up to isomorphisms. Moreover, if (Q, f) is a mode,
then

filz,y) = aux + By,

where «;, B; are automorphisms of both the group, (Q,+), and of the algebra,
(Q7f17"'7fm)-

2. MAIN RESULTS

To characterize the paramedial, co-medial and co-paramedial multiquasi-
groups we need the concept of holomorphism for groups [14, 19].

Definition 2.1. If (Q, ) is a group, then the bijection, a: Q — @, is called a
holomorphism of (@, -) if

alz-yt2)=ar-(ay) "t az,

for every x,y,z € . Note that this concept is equivalent to the concept of
quasiautomorphism of groups [5].
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The set of all holomorphisms of (@Q,-) is denoted by Hol(Q,-) and it is a
group under the superposition of the mappings: (« - )z = S(azx), for every

T € Q.

Lemma 2.2. [19] Let for bijections a1, as, ag on the group, (Q,-), the following
identity be satisfied:

ar(z - y) = az(z) - az(y),
then a1, s, a3 € Hol(Q, ).

Lemma 2.3. [19] Every holomorphism, «, of the group, (Q,-), has the follow-
ing form:
axr =gz - k,

where p € Aut(Q,-) and k € Q.

The triple, («, 3,7), of the bijections from the set, G, onto the set, H, is
called an isotopism of the groupoid, (G, -), onto the groupoid, (H, o), provided:
Y(z-y) = axo Py, for all z,y € G. (H,o) is called an isotope of (G, -), and the
groupoids, (G,-) and (H, o), are called isotopic to each other. The isotopism
of (G,-) onto (G, ) is called the autotopism of (G, ).

Let o and 8 be the permutations of G and ¢ denoting the identity map on
G. Then (a,f,¢) is the principal isotopism of the groupoid, (G,-), onto the
groupoid, (G, o), meaning that (a, ;) i$ an-isotopism of (G, -) onto (G, o).

Theorem 2.4. Let (Q, f) be acbinary multiquasigroup, where f = (f1,..., fm)-
If (Q, f) is a binary paramedial multiquasigroup, then there exists an abelian
group, (Q,+), such.that:

fi(zyy) = auxe + Biy + ¢,

where «;, B; are ‘automorphisms of the group, (Q,+), and ¢; € Q is a fizved
element and: o;8; = B;, o5 = B8, Bioy = By, fori,j =1,...,m. The
groupy;(Q, +), is unique up to isomorphisms.

Proof. If f1 is a fixed component operation of the binary multiquasigroup,
(Q, f), then by [21], f; is principally isotopic to the abelian group operation,
x, on Q. Now, if f; is any component operation, then the pair of operations,
(f1, fi), is paramedial.

First, we use the main result of [1] (also see [4]). If the set, @, forms a quasi-
group under 6 operations, A;(z,y) (for i = 1,...,6), and if these operations
satisfy the equation:

A1(Az(z,y), As(u,v)) = As(As(z, u), As(y,v)), (2.1)

for all elements, x,y,u,v, of the set, @), then there exists an operation, '+,
under which @) forms an abelian group on which all these 6 quasigroups are
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isotopic. And there exist 8 one-to-one mappings, «, 3,7, 9, €, 1, @, x, of @ onto
itself such that:

Ay (z,y) = 6z + @y, As(z,y) = 6~ (az + By),
As(z,y) = ¢ Hxz +yy), Au(z,y) =Yz + ey,
As(z,y) =y o+ xy), As(z,y) = Bz +y).

Now, let A (z,y) = Ai(y,:r); then, putting it in (2.1), we have:
AI(AQ(xa y)7 AB(uv U)) = AZ(AZ(Uv y)a A; (u7 1’)), (22)
and

Aj(z,y) = As(y, 7) = Yy + ex = ex + ¢y,

As(z,y) = As(y, ) =~ Hay + xx) =~ (xz +.ay),

Ag(z,y) = As(y, ) = € ' (By +vz) = € "y + Sy),

since, (Q,+) is an abelian group. But, by the definition of paramedial pair
operations, (f1, fi), we know:

filfi(z,y), fi(u,v) = fi(fi(v,y), filu, ). (2.3)

So, let Ay = A = Aj = fi and Ay = A3 = A = f1. With this assumption, we
reach the equation (2.3), from the equation (2.2). Therefore, since 41 = Af,
we have:

5z + oy =¥~ xz + ay)

= Y0+ vy) = xz + ay

= Pl +y) = x(0'z) + alp™'y)
=€ Hol(Q,+),

by Lemma 2.2.
Similarly, since A; = Af, we have: € € Hol(Q,+). Therefore, by Lemma
2.3, there exist 1, Y€ Aut(Q,+) such that:

YT = 1T + a,
er =b+Yx,
where a,b are fixed elements in . Hence,
filz,y) = Aj(z,y) =Yz + ey =
p1zx+a+b+ix =iz +a + iz,

where ¢; = a + b is a fixed element in Q.
By the same manner, we can show that: §,¢ € Hol(Q,+), since Ay = Aj
and Az = Aj. So, there exist @9, € Aut(Q,+) such that:

or = pox + d,
px = e+ Pox,
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where d, e are fixed elements in (). Hence,

fi(z,y) = Ai(z,y) = 02 + py = paz + c2 + P2y,
where co = d + e is a fixed element in Q.
Now, put
filz,y) = p1(z) + P1(y) + e,
fi(@,y) = pa(z) + v2(y) + c2,
in equation (2.3), if x = 0; then we obtain @ips = a9tbq, if y = 0; then
P12 = pa11, if u = 0; then 1192 = Pop1; and if v = 0, then a1 = Y11ho.
Therefore, f; and f; are principally isotopic to the group operation, +, on
Q. Thus, by transitivity of isotopy, any component operation, f;, is principally
isotopic to the same abelian group operation, +.
The uniqueness of the group, (Q,+), follows from the Albert’s theorem
[5, 13, 19]: if every two groups are isotopic, then they are isomeorphic.
|

Lemma 2.5. Let for bijections oy, aa, a3, g, 5, ag on the group, (Q,-), the
following identity be satisfied:

ay(az(z-y) - 2) = agz - as(asy -~ apz),
then aq,ag, ag, g, as, a6 € Hol(Q, ) (see [19] p- 36, for Moufang loops).
Lemma 2.6. Let ag € Hol(Q, ") and k€ Q; then the mapping,

axr = apx -k,

x € Q, is a holomorphism of the group, (Q,-) (see [19] p. 36, for Moufang
loops).

Theorem 2.7. Let (Q, f) be a binary multiquasigroup, where f = (f1,..., fm).
If (Q, f) is a binary co-medial multiquasigroup, then there exists an abelian
group, (Q,+); such that

fi(z,y) = iz + Biy + ci,
where «;, Bi are automorphisms of the group, (Q,+), and ¢; € Q is a fized

element and: o;f; = By, fori,j =1,...,m. The group, (Q,+), is unique up
to isomorphisms.

Proof. Let fi1, fo be fixed component operations; then by the definition of co-
mediality:
fl(f2(xay>7f2(uav)) = fl(f2(l‘7u)af2(yav))'

Also, for every component operation, f;, we have:

fi(f2($7y)’ fg(u,’l})) = fi(fQ(mau)va(y’U) : (24)

)
So, by the main result of [1], the algebras, (Q, f1) and (@, f2), are isotopic to
the abelian group, (@, o); and the algebras, (@, f1) and (@, f;), are isotopic to
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the abelian group, (Q,-). Thus, by transitivity of isotopy, the algebra, (Q, f;),
is isotopic to (@, o) and we have:

filw,y) = n; (i o Biy),

where n;, «;, 3; are bijections of Q.
Let u = a € Q, then:

fi(f2(x7y)>f2(a7v)) = fi(f2(x7a)7 f2(y7v))‘

Put fy(a,v) = pv and fo(x,a) = qz; then

fi(fQ(xay)vpv) = fi(qmva(yav))v
= fi(qxaf2(yap_1v))a
= gi(z, 92(y,v)), (2.5)

where g;(z,y) = fi(qr,y) and ga(z,y) = fa(x,pLy).

Now, we use another theorem of [1, 4]: If the set, @, forms quasigroups
under all 4 operations, A;(x,y) (i = 1,2,3,4),-.and if these operations satisfy
the equation:

Al(AQ(x’ y)v Z) = Ag(l‘, A4(y7 Z))7

then there exists an operation, *, under which @ forms a group with which
these 4 quasigroups are isotopic to the group (Q, ).
So, by transitivity of isotopy we have:

gi(w,y) = 77 (viz o €y),
ga(@,y) = Ay (62 0 piy),

where, v;, i, €, A2, 12, 05 are bijections of ). Putting it in equation (2.5), we
have:

;@ (e 0 Bay)) o Biv) = 77 (iw 0 €,(A5 H (d2y © p2v))),

(7, 1) (i (g (i © Bay)) © Biv) = i 0 €;( Ay (S2y © pav)),

(ri; ) (i(ng Mz 0 ) 0v) = yilag a) 0 €(A7 1 (52(85 ') o p2(B; 1v))),

(rin; ) (g (w0 y) ov) = vilag 'x) 0 €Ay (62(85 1Y) © pa (B 1v)),
Therefore, by Lemma 2.5, 8 = 1, *a; € Hol(Q, o).

If f; = fo, then 65 = 772_10@ and if f; = fy, then a; = ag .
Hence,

N2 = aph ™t

Qg = 77202 = 0[00_102.
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Thus, for every component operation, f, = fo € F, we have:
felzy) = falz,y) = 3 oz 0 Bay) =
(00~ ") " (o~ ba)a 0 Boy) = (Bag ) ((af ™" 02) © Bay) =
(9%_1)(( 207 (o)) 0 Bay) = ag  (B(62(87 " (o)) © B(B2y)) =
o (0 192 )(avoz) © 0(B2y)) =
o ((071620)(cnz) o (87 1620)e) ™" o (07 620)e) 0 8(Bay)) =
aal(u(aow) o 1Y),
where,
px = (0710:0)z 0 (07 1020)e) !,
T = ((07'020)e) 0 0(5).

Since, 0710:0 € Hol(Q, o), by Lemma 2.6, u € Hol(Q, o).
Now, we define the new operation, +, by the following rule:

z+y = ap ' (aox o agy),
then,
fe(z,y) = ag ' (W(aox) o Ty) =
ag ! (ao(ag ' (u(anz))) © ag(ag (1y))) =
ag (o)) + ag (1Y) = (appag e + (Tag )y =
px + oy,
where, ¢ = apuag ' and o = Tay fpand ¢ € Aut(Q, +) because:
oz +y) = (aopag!) (@4 y) = (nag ao(x +y) =
(nog ') (aoz o agy) = ag ' (u(agx o agy)) =
g (ulage) o plany)) = ag ' ((ag 'eao) (@oz) o (ag ' pao)(aoy)) =
ag (@o(pr)0an(py)) = gz + py.
Hence, by insertion equation (2.4), we have:
@i(pax Fo2y) + 0i(p2u + 02v) = (2w + o2u) + 0i(pP2y + o2v).
Put gox =00y =0, pou=1u, o9v=wv; then:
oi(u+v) = pi(o29; u) + 0i(we05 10 + v).

So, by Lemma 2.2, 0; € Hol(Q,+). Thus, by Lemma 2.3, there exists
P; € Aut(Q, +) such that:

oi(z) = Yi(z) + ¢,
where ¢; € Q.
Hence, every component operation, f;, is represented by the following rule:

filz,y) = i(x) + Ui (y) + ¢,
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where ¢; € Q and ¢;,1; € Aut(Q,+). a

Theorem 2.8. Let (Q, f) be a binary multiquasigroup, where f = (f1,..., fm)-
If (Q, f) is a binary co-paramedial multiquasigroup, then there exists an abelian
group, (Q,+), such that:

filz,y) = sz + Biy + ¢,

where «;, B; are automorphisms of the group, (Q,+), and ¢; € Q is a fizved
element and ;a5 = B; 35, fori,j =1,...,m. The group, (Q,+), is unique up
to isomorphisms.

Proof. The proof is similar to that of Theorem 2.7. |
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