Iranian Journal of Mathematical Sciences and Informatics
Vol. 9, No. 1 (2014), pp 1-12

The Wave Equation in Non-classic Cases:
Non-self Adjoint with Non-local and Non-periodic Boundary
Conditions’

Mohammad Jahanshahi* and Asghar Ahmadkhanlu
Azarbaijan Shahid Madani University, Tabriz, Iran

E-mail: jahanshahi@ azaruniv.edu
E-mail: s.a.ahmadkhanlu@ azaruniv.edu

ABSTRACT. In this paper the wave equation in some non-classic cases has
been studied. In the first case boundary conditions are non-local and non-
periodic. At that case the associated spectral problem is a self-adjoint
problem and consequently the eigenvalues are real. But in the second
case the associated spectral problem is non-self-adjoint and consequently
the eigenvalues are complex numbers, in which two cases, the solutions
of the problem are constructed by the Fourier method. By compatibil-
ity conditions and asymptotic expansions of the Fourier coefficients, the
convergence of series solutions are proved.

Finally, series solutions are established and the uniqueness of the solution

is proved by a special way which has not been used in classic texts.
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1. INTRODUCTION

Initial and boundary value problems are one of the most important problems
in mathematical physics and engineering. In classic texts these problems are
given with classic boundary conditions such as Dirichlet and Neumann bound-
ary conditions.[1, 3, 4, 6, 7].

Also some initial-boundary value problems have been considered by non-periodic
and non-local boundary conditions [8, 2, 5]. In this paper those problems with
non-classic boundary conditions has been investigated such as non-local and
non-periodic boundary conditions.

In the first section the associated spectral problem is a self-adjointproblem, in
which the adjoint problem of the given problem eigenvalues and eigenfunctions
are determined. Next by compatibility conditions and asymptotic explosions
of Fourier Coefficients, the convergence of the solution is proved in a special
way different from many classical texts. In the second section the associated
spectral problem is a non-self-adjoint problem, consequently the eigenvalues
are complex numbers and the associated eigenfunctions don’t form a complete
basis system. In this case the eigenfunctions of problem and adjoint spectral
problem must be used. Eigenfunctions of main problem and adjoint spectral
problem form a bi-orthogonal complete basis system. These conditions deter-
mine the Fourier coefficients in formal series solution in non-self-adjoint case.

2. SELF-ADJOINT CASE WITH NON-PERIODIC AND NON-LOCAL
BounDARY CONDITIONS

2.1. Mathematical Statement of problem. The non-homogeneous wave
equation is considered in following form
Pule.t) SO | oy pe(0,1), ¢ 0 (2.1)
<« xT €T .
6t2 axQ ) ) ) K
with non-local and non-periodic boundary conditions

u(0,t) + u(1,t) =0,

ou(0,t) | dul,t) _ 0. t>0. (2.2)
ox ox
And with initial conditions
oF 0
TULD) — pufa), k=01, xeo.1) (23)

where the functions f(z,t) and ¢i(z), & = 0,1 are real valued continuous
functions.
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2.2. Eigenvalues and Eigenfunctions. In this section, the eigenvalues of
adjoint equation of (2.1) are determined. In this way, by making use of Fourier
method that has been assumed the unknown function is written w(z,t) =
X (x)T'(t) then the associated spectral problem will be in the following form

X"(x)+NX(x) =0 (2.4)
{ X(0) + X(1) =0 25)
X'(0) + X'(1) =0.
The general solution of equation (2.4) is
X (z) = Cy cos Az + Cysin Az, (2:6)

where C7, C5 are real constants and A is a complex parameter. Applying the
boundary conditions (2.5) to the general solution (2.6) implies

Ci+Circos A+ Cosin A =0

ACoy — AC1sin XA+ AC5cos A =0

Determinant of this system can be written as follows

1+ cosA sinA

_ 2 .2
—Asin A A+ AcosA S ML Fe0s2)" 4 Asin A

= A1+ 2cos A+ cos? A +sin? \)
= 2X\(1 + cos \) = 4\ cos? 3

Then its roots are:
M=0, \M=02k+1)m, keZ-{0}

It is easy to see that the A = 0 cannot be an eigenvalue. Thus the eigenvalues
and related eigenfunctions are

A= (2k+ D7
Xp1(z) = Crcos Az, Xpo(x) = Cosin Az

The linearly independent eigenfunctions are only for eigenvalues A\, = (2k +
1)m, keNuU{0}.

Remark 1. The spectral problem (2.4)-(2.5) of the given problem (2.1)-(2.3)
s a self-adjoint problem.
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2.3. Calculating formal solution. The formal solution of equation (2.1) will
be given in the following form

u(w,t) = [Ax(t) X1 (z) + Bi(t) Xea ()], (2.8)
k=0
where the coefficients Ay, By are arbitrary functions with respect to time
and X1, Xgo are eigenfunctions.
Substituting this series in equation (2.1) yeilds

o0

DAL () Xpa (@) + Byl () Xz (2)]

k=0

=— i((% + D7) [Ax () Xia (2) + Bi(t) Xia(2)] + fla, 1)

= =12 " (2k + 1)*[A(t) X1 (2) + Bi(t) Xpa(2)] +£ (2, ).
k=0

The norms of eigenfunctions will be brought in below form:

||an||2 (A"( )+7r (2n+1) 2A / [z, ) X1 (z)dz
| Xuall? (BL() + 7220 + 1)2B / F(,8) Xoa(2)da

The result from above relations is expressed ordinary differential equations
for A, (t) and B, (t):

AM(t) + w2 (20 + 1)? A (t) = fui(t /fxt n1(2)dx

(2.9)

Bil) + n@n't 1)2Ba(t) = fur(t) / () X (@) de

The solutions response are expressed at below
An(t) = Appcos(2n+ 1)t + Apesin(2n + 1)t
t .
sin(2n + V)7(t — 7)
n1(7)d
Jr/o (2n+1)m fua(r)dr

(2.10)

B,(t) = Bpicos(2n + 1)wt + Bpasin(2n + 1)xt
t .
sin(2n + )7 (t — 1)
n2(7)d
+/0 @n+ D fna(7)dT

where A1, An2, By and B,y are arbitrary real constants. Replacing these
solutions in the series (2.8) gives the formal solution of equation (2.1), that is
brought in the below
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w(x,t) =) [Ag1cos(2k + 1)mt + Ago sin(2k + 1)) Xp1 (x)

M2

=~
Il

0
+ Z[Bkl COS(2]€ + 1)7Tt + Bio sin(Qk + l)ﬂ't]XkQ(ili>
k=0 (2.11)

> . b sin(2k + 1)7(t — 7) Ndr
#3 (e [ G i

#{ Koy [ DT i)

Remark 2. The series solution (2.11) is satisfied equation (2.1) and each term
of this series is satisfied boundary conditions (2.2).

The coefficients of A,1, An2, By and B,,o are determined by imposing the

given initial conditions (2.3) for the u(z,t) and %ﬂz’f’).
Z[AMXM(BJ) + B Xk2(x)] = o)
k=0

Z(Zk + D)r[ApaXi1 () + Bra X2 ()] = ¢1(x)
k=0

Thus these coefficients are calculated inthe following form
1 1
A = [ o0©Xn () Bt = [ eol€)Xial€)de
0 0

= e @%@ B g [ e X

A = — [ —
T 2n+1 (2n +1
(2.12)

2.4. Compatibility and Sufficient Conditions for convergence of the
Formal Series solution. In this section, some compatibility and sufficient
conditions will be obtained for the formal series (2.8) to have a classic solution.
To this end, we need to prove following theorem.

Theorem 1. Suppose the functions pg and @1 in the initial conditions (2.8)
of problem (2.1)-(2.3) satisfy the following conditions:

o (1) =), k=0,1,2,3 and ¢o(x) € CP(0,1) (2.13)
PP =M0), k=01, and ¢i(x) e CD(0,1), (2.14)

and suppose the function f(x,t) satisfies:
f(1,t) = f(0,¢t), t>0 (2.15)
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. 0P f(at) .
and also its derivatives “owdt is differentiable at x = 0,2 = 1,t > 0 and
x
there is M € N such that
3 f(x,t)
— <M 2.16
| 0x20t < ( )

Then the series solution (2.8) is a uniformly convergent series with respect to
x and t.

In the other words the classic solution of main problem (2.1)-(2.3) is given
by formal solution (2.11).

Proof. For establishing uniformly convergence of series (2.11), consider the as-
ymptotic expansion of the coefficients of A,1, A,2, Bp1 and Bys. we give some
sufficient conditions. For this by applying repeatedly integration by parts, we
get,

\@/ 0(€) cos A\, € dE = \fo(ﬁ)%é

_\[/ sm sin(2n + 1)m i

S (@2n+)m
= (2\7{_;035) cos(2n + )€}

_(%f) /0 (&) dos(@n + 1)mede

Anl

(2.17)

2
+(2TL+L1)4F /0 25" () cos(2n + 1)médg

By the same way for B,,1, A, and B, we will get:

_ ¢o(1) — ¢0(0) ¢ (1) — ¢ (0)
Bu, = V2 0(2 + 7 -2 (0271—1—1)30%3

(2.18)

+ (Q,H\/?)W; /0 6 (€) sin(2n + 1)mede,

Anz f¢(12(n)+ 1)3752) ~(2n —\F/?)sﬂ?’ /0 PiE) cosam - 1mede

(2.19)
and
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Relations (2.13)-(2.14) and the factors (2"_“_/15)3”3 and (271_?_/15)4#4 of integrals

in (2.17), (2.18), (2.19), and (2.20) guaranty the uniformly convergence of se-
ries solution (2.11). We need only to consider the asymptotic expansion of
coefficients fr1 and fio. For this we can write

fra(r)= \/i/f(x, 7) cos(2k + 1)mxdr

0
V2 of(x, 7
T 2kt 1) f(ax Y cos(2k -+ 1)ma

V2 /1 & f(z,7)

=1

z=0

cos(2k + 1)mxdx

(2k + 1)2m2 ox?
_ V2 of (x,7) af (x,7)
= (2k T 1)271.2 { o lg=1 — 7 |z_0}

V2 /182f(a:,r)

5(2 1
Ok +1)7n2 92 cos(2k + 1) madx

consequently we have:

P sin(2k 4 1)7(t — 7)
/0 \/@k+ D Jia(m)dr
0 T 0 T
T2k + f)%ﬁ/o { f(ag; )|I:1 4 f(ag; )|w—0} sin(2k + 1) (t —7)
V2 ‘. Lo f(x, T
_m/o s1n2k7r(t—7)d7/0 %COS(2k+1)dex

(2.21)
By the same way we have for fjo

Jra(T) = \/5/0 f(z,7)sin(2k + 1)wadx

_ f(lvT)_f(OvT) \/§ ! 82f($77-) :
A T | T | / ggz Sn(2k+ made

And this implies

sin(2k 4+ D)w(t — 7)
/0 2k + D fliQ(T)dT
= —(2',“_\/15)2)71_2/0 [f(1.7) = f(0,7)]sin(2k + 1)wzdx
_(21~c—|—\/f)37r3 /0 sin(2k 4 1)7(t — T)dr/o % sin(2k + 1)maxdz

(2.22)
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Finally the relation (2.15), (2.16), (2.17), (2.21) and (2.22) guaranty the
uniformly convergence of series solution (2.11). ]

2.5. Uniqueness of solution. In this section the uniqueness of solution will
be shown. The solution of initial-boundary value problem (2.1)-(2.3) which
was presented by (2.11) is unique. For this, we prove that the homogeneous
problem corresponding to initial-boundary value problem (2.1)-(2.3) has only
a trivial solution.

u(x, . . .
Multiplying GBDT) 15 the both side homogeneous wave equation and inte-

-
gration on [0, 1] x [0, ¢] implies

2 2,,
/dm/a xT@uxT /dT/a xT@ugcT)

Integrating by parts method yields

sf oo [ (M5 = [ R ERL

/ Ou(x,7) 0%u (xT)dx}
0

or 0xOT

Applying the boundary and compatibility conditions to the first integral on
the right-hand side leadsto

1

t =
/ dr ou(x,7) Ou(x, 7)
0 ox or  la=0

- el (-"57.)

z:O:| -
Consequently we will have:

() e o ()
[ ](250) s (20)

Hence u(x,t) is a constant. Regarding the initial and boundary value condi-

A Ou(x,T)
ox

Ou(z,T)
or

z=0

or

tions, we get u(z,t) = 0.
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3. NON SELF-ADJOINT CASE WITH COMPLEX EIGENVALUES

3.1. Mathematical Statement of problem. In this section the wave equa-
tion with following boundary and initial conditions is considered:

O*u(x,t)  O%u(x,t)

ot? ox2 z €(0,1), t>0, (3-1)
2u(0,t) = u(1,t),
7 (3.2)
ou(z,t)
- > 0.
Oz fo=0 =0, =t
k
TueD) _ iw), k=01, ze (0,1 58)

otk

3.2. Non-Self-adjoint spectral problem. At first the associated spectral
problem are obtained. For this, by using the similar manner which was applied
in section 1, the associated spectral problem

{ X"(z) = N2X(x) =0

X'(0) =0, X(1)—2X(0)=0 (3.4)

is not a self-adjoint problem. Notethat the resulted boundary conditions for
adjoint problem will be different from boundary conditions of main problem
(3.4). The related eigenvalues and eigenfunctions for main spectral problem
(3.4) are

Ae1 = (2 4+ V3B) +2k7i, Ao = In(2 — V/3) + 2kmi
Xk?l = e/\klw + e—A]ﬂx’ Xk2 — e)\kzm + e—)\kZI (35)
and its related adjoint problem is
Z"(x) — p*Z(z) =0 (3.6)
Z(1)=0, Z'(0)—2Z'(1) =0, ’
also the related eigenvalues and eigenfunctions are
pr1 = (2 +V/3) + 2kmi, pro = In(2 — V/3) + 2kmi g7
Zkl — ePk1T + e—PklﬂE7 Zk2 = ePk2T | o= Pk2T ( . )

One can verify that the eigenfunctions Xy and Xjo of problem (3.4) are not
linear independent. Also the eigenfunctions Zp; and Zis of related adjoint
problem (3.6) are not linear independent. This subject causes the eigenfunc-
tions of the main problem (3.4) and adjoint problem (3.6) can not form a
complete basis system separately. For this, we should join eigenfunctions of
these problems together for constructing a complete basis system.
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At first these functions are orthogonal, that is

1
(Xk, Zy) = / (eMT 4 o7 AT (ePrT 2P Py = (), k#n (3.8)
0

(Xn, Zn) = —6—4V/3 £0

Generally

(Xis Zn) = 6| —2(34+2V3], k,n € Z (3.9)

The relations (3.8) and (3.9) show that the eigenfunctions (3.5) and (3.7) form
a bi-orthogonal basis complete system.

3.3. Constructing formal solution. Firstly from time equation
T"(t) — N*T(t) =0 (3.10)
we have
T,(t) = Ape Mt + B et (3.11)

Then we can write the formal solution for the main boundary-initial value
problem (3.1)-(3.3) as follows:

u(z,t) =Y (Age wt+ Bper') X, () (3.12)
neZ

Now the unknown coefficients A, and B, in (3.12) are determined. Imposing
the initial condition (3.3) to the u(x,t) and %’f’ﬂ yields

oo

Z[An + B Xy (7) = ¢o(2)

n=0
Z Anl=An + By Xy (2) = 01()
n=0

Multiplying the eigenfunctions Zj(x) to the both side of above relations gives:

oo

S A + Bul(Xn, Zi) = (00, Zk) = —2(A + Bi)(3+ 2V/3)

n=0

> Aal=An + Bal(X, Z1) = (91, Zi) = 2X\(Ax — Bi)(3 +2V3)
n=0

Then
A, — (4101’ Zk) — )\k;((P07 Zk:)
=
203 + 2\/§) (3.13)
B, — (1, Z1) + M (o, Zi) '

22 (3 + 2v/3)
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Finally the formal solution of problem (3.1)-(3.3) is given by

o “Ant _ Ant “Ant | Ant
nt — en Zn) — A n n Z,
U(Z‘,t) _ Z (e € )(‘pla n) n(e +e )(‘POa n)Xn(Z‘)
S 2\, (3 +2V/3)
(3.14)
At the end of the following theorem, some sufficient conditions are given to

have a classic solution for the problem (3.1)-(3.3).

Theorem 2. Suppose the functions @o(x) and @1 (x) in the problem (3.1)-(3.8)
satisfy the following conditions

#0(0) = wo(1) = ¥5(0) = ¥h(1) = ¢5(0) = ¢ (1), wo € CH(0,1)  (3.15)
01(0) = @1(1) = ¢1(0) = ¢4 (1), @1 € CD(0,1) (3.16)

Then the series solution (3.14) and its second derivatives with respect to x
and t are uniformly convergence.

Proof. Consider the asymptotic expansion of (¢g;%Z,)
1

(0. 20) = [ cule)Zalolde = [ ol S

ePrt | o2Pn =P |1 ePit 1 ePnT
= eofe) T (N + [ o) e
n n 0 n
I i v -
—e€ "900(1‘) ;S — @O(l‘)e "tdr
=Pn_ 10 Pn 0

Continuing this process and considering the relations (3.15) and the factors

iﬁ; of integral and by writing same asymptotic expansion for (¢1, Z,) and

n

relation (3.16) is resulted uniformly convergence of series solution (3.14). O

The uniqueness of thesolution (3.14) can be proved by similar manner which
was used in Subsection 1.5.
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