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ABSTRACT. Let (R, m, k) be a local Gorenstein ring of dimension n. Let
Hl},J(R) be the local cohomology with respect to a pair of ideals I, J
and ¢ be the inf{i|H}1J(R) # 0}." A pair of ideals I,J is called co-
homologically complete intersection if H?(,(R) =0 for all i« # c. It
is shown that, when HZ'I’J(R) = 0 for all i # ¢, (i) a minimal injec-
tive resolution of Hf ;(R) presents like that of a Gorenstein ring; (ii)
Hom p(H7 ;(R);Hf ;(R)) ~ R, where (R, m) is a complete ring. Also we

get an estimate of the dimension of Hzf,J(R)’
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1. INTRODUCTION

Throughout this paper, R is a commutative Noetherian ring and I, J are
ideals of R. The generalized local cohomology module with respect to a pair
of ideals I, J of R was introduced by Takahashi—Yoshino—Yoshizawa [6].
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We are concerned with the subsets
W(I,J)={p € Spec (R)|I" Cp+ J for an integer n > 1}

of Spec (R) and W(I,.J) = {a < R|I" C a+ J for an integer n > 1}. In gen-
eral, W (I, J) is closed under specialization, but not necessarily a closed subset
of Spec(R). For an R—module M, we consider the (I, J)-torsion submodule
I'1,.7(M) of M which consists of all elements = of M with Supp (Rz) C W (I, J).
Furthermore, for an integer i, we define the local cohomology functor H} (=)
with respect to (I, J) to be the i~th right derived functor of I'; ;(—). Note that
if J =0 then H} ;(—) coincides with the ordinary local cohomology functor
H’(—) with the support in the closed subset V(I). On the other hand, if .J
contains I then I'; ; is the identity functor and H§7J(—) =0 for all i > 0.
Recently some interesting results for ideals with ¢ = ht I = cd I, the so called
cohomologically complete intersections have been proved. Hellus-Stiickrad [3]
have shown that if (R, m) is a complete local ring, then the endomorphism
ring Hom r(H$(R),H{(R)) is isomorphic to R. In [2] and [5], Schenzel by a
functorial proof and a slight extension, proved that Hom g(H}(R), H{(R)) ~ R
if and only if H}(R) =0, i =n,n — 1.

The endomorphism ring Hom r(HF ;(R), H} ;(R)), when ¢ = inf{i|H§7J(R) #
0} and (R, m) is a Gorenstein ring , is the main subject of our investigation.
First as a generalization of the concept of cohomologically complete intersec-
tion, a pair of ideals I, J is called cohomologically complete intersection when-
ever ¢ = inf{i|H} ;(R) # 0} = cd (I, J); in‘which cd (1, J) = sup{i[H] ;(R) #
0}. Then we show that for this eertain class of ideals, Hfi(HfJ(R)) >~ F and
HE ( 7.7(R)) = 0 for all i # d, where E denotes the injective hull of the residue
field R/m. Next bythis fact, we prove that Hom r(H7 ;(R),H7 ;(R)) is isomor-
phic to R provided R is a complete local ring. Moreover we show that the nat-
ural homomorphism Hom g(H7 ;(R),H7 ;(R)) — Hom g(HY, ;(R),H} ;(R))
is a monomorphism when R is a complete ring and I C I’ with ¢ = inf{i|HiI’J(R) #
0} = inf{i|H",7J(R) # 0}. As a consequence, if Hg,,J(R) = 0 for all i # ¢,
then there exists the natural monomorphism Hom r(Hf ;(R),H7 ;(R)) — R.
In this paper we shall use the notion of the dimension dim X for R—-modules
X which are not necessarily finitely generated. This is defined by dim X =
dim Supp g X, where the dimension of the support is understood in the Zariski
topology of Spec R. In particular, dim X < 0 means X = 0. We prove that
dimH?J(R) <n—iforalli>cand dimHj ;(R) =n —c, when n = dim R
and I, J are proper ideals of R with ¢ = inf{i|H§7J(R) # 0}.

2. MAIN RESULTS

Let (R,m) be a local Gorenstein ring and n = dim R. Let R —» E de-
note a minimal injective resolution of R as an R-module. Let I,J C R be
two ideals and ¢ = inf{i\H}’J(R) # 0} and d = n — ¢. The local cohomology
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modules er (R), © € Z, are-by definition— the cohomology modules of the
complex T'7 ;(E). Because of 'y ;(E(R/p)) = 0 for all p ¢ W(I,J), it fol-
lows that 'y s(E*) = 0 for all i < c. Therefore Hf ;(R) = Ker (T 5(E)* —
[ 7(E)“t1). This observation provides an embedding Hf ;(R)[~c] — IN{02)
of complexes of R—modules.

Definition 2.1. The cokernel of the embedding H ;(R)[—c] — I (E) is

defined as C(I,J), the generalized truncation complex. So there is a short
exact sequence of complexes of R—modules

(*) 00— H} (R)[~d — T 4(E) — C(I,]) — 0

In particular it follows that H'(C(I,.J)) = 0 for i < ¢ or i > n and
HY(C(I,)) = ?J(R) for c <i <n.
Next Lemma is a generalization of [2, Lemma 2.2].

Lemma 2.2. With the previous notation there are an exact sequence
0 — Hy H(C(I,J)) — Hy(H; ;(R)) — B+ Hy(C(1,J)) — 0,

isomorphisms Hmn:c(Hﬁj(R)) >~ H-YC(I,J)) for i< n and the vanishing
HFC(H?J(R)) =0 fori>n.

m

Proof. Take the short exact sequence of the generalized truncation complex
and apply the derived functor RT'y(=)./In the derived category this provides
a short exact sequence of complexes

0 — RI'w(H7 ;(R))[~¢] — REw(T'r,s(E)) — RIw(C(I,J)) — 0.
We know that H* (T ( 7.7l = H' (T ( 7.(R)). Since I y(E)is a

complex of injective R-modules we might use I'y,(I'; ;(E)) as a representative
of RT(T'7.;(F))/ But there is an equality for the composite of section functors
IFa(Tr,5(—)) = Tn(—). Now I'y(E(R/p)) = 0 for any prime ideal p # m while
I'wm(E) = E. So there is an isomorphism of complexes T'y,(E) = E[—n]. With
these observation, the above short exact sequence induces the exact sequence of
the statement and the isomorphisms Hy, “(HS ,(R)) = Hy, '(C(1,J)) for i <n
by view of the corresponding long exact cohomology sequence. Moreover by [2,
Lemma 1.2] we obtain the vanishing of H’,( 7.7(R)) for all i > n.

O

As a consequence there is the following necessary condition for a pair of
ideals I, J to be a cohomologically complete intersection.

Corollary 2.3. Let (R,m) be a local Gorenstein ring and n = dimR. Let
I,J C R be two ideals with ¢ = inf{i|H§,J(R) # 0} and d = n — c. Suppose
that Hy ;(R) =0 for all i # c. Then Hy(Hj ;(R)) = E and H,(H; ;(R)) =0
for all i # d, where E denotes the injective hull of the residue field R/m.
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Proof. By the assumption we have the vanishing of H} s(R) for all i # c. There-
fore the generalized truncation complex C(I,.J) is a bounded exact complex.
In order to compute the H;, (C(1,J)) consider the following spectral sequence

EYY = HL(HY(C(I,J)) = ERFT = HEF(C(I, ).

Hence, by the exactness of the truncation complex and because of the vanishing
of the initial terms, we have H;, (C(I,J)) = 0 for all i € Z. Hence the claim is
true by Lemma 2.2. O

Theorem 2.4. Let (R,m) be an n—dimensional local Gorenstein ring.” Let 1, J
be two ideals of R. Let ¢ = inf{i|H} ;(R) # 0} and d = n —¢. Then the
following hold:

(a) There are natural isomorphisms,

lim Bt (H3(R), R) 2 But§y(H; ;(R), R) = Hom h(Hy 5 (R), H. , (R)).

acW(1,J)
(b) If R is in addition complete, then

lim  Eut§,(H(R), R) = Homs( H(H;.  (R), E).

aceW(I,J)

Moreover if H?J(R) = 0 foralli # c, then the endomorphism ring
Hom r(Hjy ;(R), Hy ;(R)) is isomorphic to R.

Proof. (a) Let R — E be a minimal injective resolution of R as an R-module.
Consider the exact sequence

00— H?)J(R) - FI)J(E.)C — F[)J(E)CJ'J.

Since I'y, 7(E) is a submodule of F, it induces a natural commutative diagram
with exact rows;

0 — Homp(HS ;(R;HS ;(R) — Hompg(H ;(R),T1,s(E)° — Homg(HS ;(R), T (E))H!

1

0 — Ext %(H;J(R),R) — Hom r(HS ;(R), E)° — HomR(Hﬁ’j(R),
The last two vertical homomorphisms are isomorphisms, because Hom r (X, Er(R/p)
0 for an R—module X with Supp g X € W(I,J) and p € W (I, J). Therefore the
first vertical map is also an isomorphism. Moreover Hom g(H7 ;(R),H7 ;(R)) =

li;n Hom g(Hg(R),H7 ;(R)). Therefore we need only show that h£1 Ext 4 (H:(R), R) =
acW(I,J) acW(I,J)

h£1 Hom p(Hg(R),H7 ;(R)). Assume that a € W(I,J). Consider the fol-
aEW (1,J)
lowing natural commutative diagram with exact rows;

0 — Hompg(H{(R),HS ;(R) — Hompg(HS(R),T1,s(E))° — Hom g(HE(R), Ty, s(E))t

0 — Ext g(Hé(R), R) — HomR(Hé(R), E)° — HomR(HgtR), E)etl,
Since V(a) C W(I,J), by a similar argument as above, the last two vertical

7)o+,
)
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homomorphisms are isomorphisms which implies that the first vertical map is
also an isomorphism. Therefore their inverse limits are isomorphic and
lim Ext(H;(R), B)  Ext §(Hf ,(R). R).
aeW (I1,J)
For the proof of (b) recall that the local cohomology commutes with direct
limit. So, by the definition of H7 ;(R) and the Local Duality Theorem , we
have the following isomorphisms;

1(i£1 Ext 4 (H;(R),R) = 1(31 l(iLnExt%(Ext%(R/aa,R),R)
aceW(I,J) aeEW (I,J)

~ lim Hom (HL(H;(R)), E)
aeEW (I1,J)
>~ Hom z( lim HE(H(R)), E)
aevﬁ,‘])
= Hom r(Hy, (Hf ;(R)), B).
Note that Hom p(E, E) ~ R when (R, m) is a complete local ring. Now the
last statement follows immediately by Corollary 2.3. (]

Remark 2.5. Let ¢ = inf{i|H} ;(R) # 0}. Since Vi(a) € W (I, J), by [6, Theo-
rem 4.1], grade pa = inf{depth R,|p € V(a)} > inf{depth Ry|p € W(I,J)} =

c. Now Hg (R) # 0 implies that grade pa'= c. Therefore H7 ;(R) = h_r}n H:(R).

a€W(1,J)
grade pa=c
Theorem 2.6. Let (R,m) be a local Gorenstein ring and dimR = n. Let
I1,I',J be proper ideals of R such that I C I' and ¢ = inf{i|HiI,J(R) # 0} =
inf{i|HiI,’J(R) # 0} Then the following hold:
(a) There is a natural homomorphism
Hom g(Hj ;(R), H} ;(R)) — Hom r(HY ;(R), Hp ;(R)).

(b) Let<R be in addition complete. Then the homomorphism in (a) is a
monomorphism.

Proof. (a)Let R — F be a minimal injective resolution of R as an R-module.
Then from the exact sequence 0 — Hf ;(R) — Ty ;(E)® — Ty (E)*
we get the following natural commutative diagram with exact rows;
0 — HC/7J(R) — F]/7J(E)c — F[’7J(E)C+1
1 3 \

0 — Hj,(R) — Tyy(E)° — Tps(E)
Since the vertical homomorphisms are monomorphism, it follows that the nat-
ural homomorphism HY, ;(R) — Hf ;(R) is a monomorphism. Therefore
by applying the Ext »(—, R) to the short exact sequence 0 — Hf, ;(R) —
7.7(R) — X — 0 we obtain the natural homomorphism

Ext z(H7 ;(R), R) — Ext7(H7 ;(R), R).


www.sid.ir

12 A. Pour Eshmanan Talemi, A. Tehranian

Now by Theorem 2.4 (a) this proves the statement.

In order to prove (b) we claim that dim X < d — 1. Consider the short exact
sequence (7) 0 — Hf ;(R) — Hj ;(R) — X — 0 in which X =
Hf ;(R)/Hf, ;(R). Let p € W(I,J) be such that htp = c. Then by remark
2.5,

(HS (R = ( lim H(R)y = lim Hig (Ry) = lim Hp (Ry).
acW(1,J) acW(1,J) aCp
ht a=c ht a=c ht a=c
Similarly (H7 ;(R)), = hi>n Hyg, (Rp). Therefore X, = 0 forcall p €
aCp,acW(I’,J)
W(I,J) with htp = ¢, which implies that dim X < d — 1.. Now by apply-
ing the local cohomology with respect to the maximal ideal-to the short exact
sequence (1) and the fact that dim X < d —1 we obtain that the natural homo-
morphism HE ( 7 g(R)) — HE ( 7.7(R)) is an epimorphism. Therefore the
natural homomorphism Hom R(Hi(H?J(R)), E)+~— Hom R(Hﬂ(Hﬁ,J(R)), E)
is a monomorphism which by Theorem 2.4 (b), this proves the statement in
(b). O

The following result is another necessary condition for a pair of ideals I, J
to be a cohomologically complete intersection.

Corollary 2.7. Let the assumption be as Theorem 2.6. Assume in addition
that R is complete and Hy ;(R) = 0 for all i # c. Then there is a natural
monomorphism

Hom r(Hj ;(R), Hy ;(R)) — R.
Proof. The result follows by Theorem 2.4 and Theorem 2.6. O
The following result is a generalization of Schenzel [5].

Theorem 2.8.. Let (R, m) be a local Gorenstein ring with n = dimR. Let I,.J
be properideals of R such that ¢ = inf{i|H; ;(R) # 0}. Then the following
results hold:
(i) dimH@jJ(R) <n—1i foralli>ec.
(ii) dimH; ;(R) =n

— C.

Proof. (i) Let R — E be a minimal injective resolution of R as an R-

module. Then it is known that £ = @  E(R/p), hence I'; j(E?) =
ht p=i
peSpeC(R)
@ E(R/p). Therefore SuppHj ;(R) € Supp( @ E(R/p)) = {q €
ht p=i ht p=i
peEW((I,J) peEW(I1,J)

Spec (R)|q 2 p} for all ¢ > ¢. Let p € Supp H?J(R) be a prime ideal, so


www.sid.ir

Local Cohomology with Respect to a Cohomologically ... 13

htp > i which implies that dim R/p < n — i. Therefore dim HZ‘LJ(R) <n-—i.
(ii) Consider the exact sequence

0—Hj ,(R)— P ER/)— D ER/P).
ht p=c ht p=c+1
pEW(I,J) pEW (I,J)
This implies that Ass (H7 ;(R)) € {p € W(I, J)|htp = c}. Now let p € W (I, J)
be a prime ideal with htp = ¢. Then by above exact sequence, we have

(H7 ,(R))p = Er, (k(p)) 2 k(p)-
Therefore p € AssHj ;(R) which implies that dimHf ;(R) > n — ¢ Now by
part (i) we can conclude the statement. O
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