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ABSTRACT. In this article, we introduce a new<class of ideal convergent
sequence spaces using an infinite matrix, Musielak-Orlicz function and a
new generalized difference matrix in locally convex spaces. We investigate
some linear topological structures and algebraic properties of these spaces.

We also give some relations related to these sequence spaces.
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1. INTRODUCTION

Kostyrko'et al., [25] introduced the notion of I-convergence (I denotes the
ideal of the subsets of the set N of positive integers), which is a generalization
of statistical convergence (see [14, 35]) and further studied by many others (see
[6, 19, 20, 38, 39, 40]). Recently, Hazarika [21] introduced the notion general-
ized difference ideal convergent sequences and studied some interesting results.
Quite recently, Esi [11] introduced strongly almost ideal convergent sequence
spaces in 2-normed spaces defined by an Orlicz function and prove some results
related to this notion.
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Before proceeding let us recall a few concepts, which we shall use throughout
this paper.

Let X be a non-empty set, then a family of sets I C 2% (the class of all sub-
sets of X) is called an ideal if and only if for each A, B € I we have AUB € [
and for each A € I and each B C A we have B € I. A non-empty family of
sets F' C 2% is a filter on X if and only if ¢ ¢ F for each A, B € F we have
ANB € F and each A € F and each B D A we have B € F. An ideal I is
called non-trivial ideal if I # ¢ and X ¢ I. Clearly I C 2% is a non-trivial ideal
ifand only if F = F(I) ={X — A: A€ I} is afilter on X. A non-trivial ideal
I C 2% is called admissible if and only if {{z} : # € X} C I. A non-trivial
ideal I is maximal if there cannot exists any non-trivial ideal .J # I containing
I as a subset. Further details on ideals of 2% can be found in Kostyrko et al.,
[25]. Recall that a sequence x = (z) of points in R is said to be I-convergent
to a real number ¢ if {k € N : |z — €| > €} € I for everye > 0 ([25]). In this
case we write I — limxy = 4.

Throughout the article w, £, ¢, cg, denote the classes of all, bounded, con-
vergent, null sequences of complex numbers, respectively.

The notion of difference sequence space was introduced by Kizmaz [24],
who studied the difference sequence spaces ¢, (A), c(A), co(A). The notion
was further generalized by Et and Colak [12] introducing the sequence spaces
Lo (AP), ¢(AP), co(AP). For a nonnegative integer p, the generalized difference
sequence spaces are defined as follows. For a given sequence space Z we have

Z(AP) ={u = (z) € w: (APxy) € Z},
where APz, = AP~y = AP~ 1z, Az = 2, for all k € N, the difference
operator is equivalent to the following binomial representation:

p

APz = Z (-1)” (p)karV for all k € N.
v

v=0

Taking p = 1, we get the spaces o (A), c(A), co(A), introduced and studied by
Kizmaz [24].

Tripathy and Esi [36] introduced and studied the new type of generalized
difference sequence spaces

Z(N;) ={(zx) € w: Ajay, € Z,

for Z =l ¢, co where Ajz = (Ajxg) = (v — x4,) for all ki € N.
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Tripathy et al., [37] further generalized this notion and introduced the fol-
lowing sequence spaces. For p > 1 and i > 1,

Z(AY) = {(ay) e w: Alxy, € Z},

for Z = l, ¢, co. This generalized difference has the following binomial repre-
sentation,

n

v (P
APz, = Z (-1) (1/) T4q, for all k€ N.

v=0

Dutta [10] introduced the following difference sequence spaces
Z(AZ.)) ={(xx) Ew: A](Qi)xk € Z} for all p,i € N,

for Z =, ¢, ¢y where ¢, ¢y are the sets of statistically convergent and statisti-
cally null sequences, respectively, and A’(Di)z = (N(’i)xk) £ (N&;lxk—A%;lxk_i)
and A?i)mk = x for all k € N, which is equivalent to the following binomial
representation:
- p
A?Z)Ik = 2(:) (71)11 <l/> LTk—iv-

Basar and Altay [3] introduced the generalized difference matrix B(r,s) =

(bpk (7, s)) which is a generalization of A%l)—difference operator as follows:

T, if k = p;
bp(r,8) =< s, ifk=p-—1,
0, f0<k<p—1lork>np.

for all k,p € N,r, s € R — {0}.

Basarir and Kayikci [4] have defined the generalized difference matrix B? of
order p, which reduced the difference operator A?l) incase r =1,s = —1 and
the binomial representation of this operator is

P
BPxy = ; (i) rP7VsY
where r,s € R — {0} and p € N.
Recently Basarir et al., [5] introduced the following generalized difference
sequence spaces
Z(BZ,)) ={(zx) ew: Bﬁ.)xk € Z} forall p,i €N,

for Z = l,¢,¢y where ¢,¢y are the sets of statistically convergent and sta-
tistically null sequences, respectively, and B%’)x = (Bfi):ck) = (TBZ;lxk +

9
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st’Jla:k_i) and B?i)a:k =z, for all k£ € N, which is equivalent to the following
binomial representation:

P

Bz)xk = Z (f) PV x iy
v=0

Let X and Y be two nonempty subsets of the space w of complex se-

quences. Let A = (ank), (n,k = 1,2,3,...) be an infinite matrix of complex

numbers. We write Az = (A4, (x)) if A,(x) = > anrzr converges for each

k=1
n. If x = (z) € X = Az = (A, (z)) € Y we say that A defines a (matrix)
transformation from X to Y and we denote it by A: X — Y.

A sequence x = (x) € l is said to be almost convergent if all of its Ba-
nach limits coincide. Let ¢ denotes the space of all almost convergent sequences.

Lorentz [29] introduced the following sequence space.

c= {x €l : liin tm, k() exists uniformly in m}

Tp+Trr1t.. -+ Thtm

where t,, i (z) = i

The following space of strongly almost convergent sequences was introduced
by Maddox [30],

[€] = {:L‘ €l : li}gntm’kﬂm — Lel) exists uniformly in m, for some L}
where e = (1, 1,1, ...).

It is clear that

1 .
bop(z) = 4 it 2= Bk form >
" Lk form=20

An Orlicz function is a function M : [0,00) — [0,00), which is continuous,
non-decreasing and convex with M (0) =0, M(z) > 0 as z > 0 and M (z) — oo
as x — oo (see [26]).

An Orlicz function M can always be represented in the following integral
form:

M(z) = /OI p(t)dt

where p is the known kernel of M, right differentiable for ¢ > 0, p(0) = 0, p(t) >
0 for t > 0 and p(t) — oo as t — oo.
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If convexity of Orlicz function is replaced by M (z+y) < M (z)+ M (y) then
this function is called the modulus function and characterized by Ruckle [34].
An Orlicz function M is said to satisfy Ay — condition for all values of u, if
there exists K > 0 such that M(2u) < KM (u),u > 0.

Let M be an Orlicz function which satisfies Ay —condition and let 0 < § < 1.
Then for each ¢ > §, we have M (t) < K6~ 'M(2) for some constant K > 0.

Two Orlicz functions M; and My are said to be equivalent if there exist
positive constants «, 5 and xg such that

M (a) < My(x) < My(B)

for all z with 0 < z < zg.

Lindenstrauss and Tzafriri [28] studied some Orlicz type sequence spaces
defined as follows:

éM_{(xk)Ew:ZM<|JZ> < o0y forsomep>0}.
k=1
The space £;; with the norm
[|z|| = inf p>O:ZM<xk|> <1
k=1 P

becomes a Banach space which is called an Orlicz sequence space. The space
¢y is closely related tothe space ¢, which is an Orlicz sequence space with
M(t) =|t|P for 1 < p < 0.

A sequence M'= (My) of Orlicz functions is called a Musielak-Orlicz function
(for details see [9, 18,22, 23]). Also a Musielak-Orlicz function ¢ = (¢) is
called-a_complementary function of a Musielak-Orlicz function M if

or(t) = sup{| t|s — My(s) : s > 0},for k =1,2,3,....

For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space
Im and its subspace hyy are defined as follows:

Im = {z = (x) € w: hu(cz) < oo, for some ¢ > 0};

hv = {z = (z1) € w: Im(cz) < 00, for all ¢ > 0},

where Iy is a convex modular defined by

Inv = ZMk(l‘k),x = (l‘k) € lm-
k=1
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We consider I\ equipped with the Luxemburg norm

||x||:inf{k>0:IM(%)§1}

or equipped with the Orlicz norm
0 _: 1
[| z|]° = inf %(1+IM(ka:)):k>O :

The following well-known inequality will be used throughout the article. Let
p = (px) be any sequence of positive real numbers with 0 < p; < sup;, pr, =G,
D = max{1,2¢7'} then

|lax, + b [P* < D(|ax|P* + |bx[P*)

for all k € N and ay, by € C. Also |a|P* < max{1,|a|%} for all'a € C.

Subsequently Orlicz function was used to define sequence spaces by Parashar
and Choudhary [33] and many others (see [2, 27; 31, 41]).

Remark 1.1. Tt is well known if M is a convex function and M (0) = 0,
then M (A\x) < AM (z), for all A with 0.< A < 1.

Definition 1.2. A sequence space E is said to be solid (or normal) if
(agzy) € E, whenever (x5) € F and for all sequence (aj) of scalars with
lak| <1, for all k € N.

Let K = {k; < ko < ...} € N and E be a sequence space. A K-step space
of E is a sequence space AE = {(zy,) € w: (k,) € E}.

A canonieal preimage of a sequence {(zy,)} € AL is a sequence {y,} € w
defined as
{ Tk, ifke K
Y =

0, otherwise.

A canonical preimage of a step space AE is a set of canonical preimages of
all elements in )\f(, i.e. y is in canonical preimage of )\f( if and only if y is
canonical preimage of some z € A\E.

Definition 1.3. A sequence space FE is said to be monotone if it contains
the canonical preimages of its step spaces.

Lemma 1.1. Every normal space is monotone.
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Throughout the paper X we denote a locally convex Hausdorff topological
linear space whose topology is determined by a set @ of continuous seminorms
q. Also we denote [ is an non-trivial admissible ideal of N.

2. IDEAL CONVERGENCE IN A LOCALLY CONVEX SPACE
In this section we define I-convergence and almost I-convergence in a locally

convex space X and investigate some basic properties.

Definition 2.1. A sequence z = () in X is said to be I-convergent to
(e X ifforall g € @Q and all € > 0,

{keN:q(xy—0) >} el

In this case we can write I, —lim z, = £. We denote I, = {k € N.: g(z;—{) > €}.

Further, since X is Hausdorff, the limit of ideal convergent sequence is
unique.

Remark 2.1. We can introduced this concept in TVS-cone Normed Spaces
(for detalis on TVS-cone Normed Spaces see [32]) and in 2-inner Product Spaces
(for details on 2-inner Product Spacessee [1]).

Definition 2.2. A sequence z = (zj)in'X is said to be almost I-convergent
to £ € X if for all ¢ € Q and all & > 0,

{k € Naq(tm k() —0) > e} €I for all m € N.

In this case we can write jcq — limty, x(z) = £. We denote ./T; ={k e N:
q(tmk(x) —£) > e} for allm € N.

Definition 2.3. Let M be a Musielak-Orlicz function. We say that a
sequence @= (r3) in @! (M) if and only if there exists £ € X such that for all
q € @ and for every ¢ > 0,

1 & m —
{nENZ{Mk(quk(M>] 28}6]forp>0, for all m € N.
n P

k=1
(2.1)

When (2.1) holds we write
zp — L(@W"(M))).

The condition (2.1) provides a definition of strong ideal summability for a se-
quence in a locally convex space.
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Theorem 2.1. Let A = (ank) be a non-negative reguler matriz and u = (ug)
be a bounded sequence of strictly positive real numbers. Let M be a Musielak-
Orlicz function. Then x, — ((W(M, A, u)) implies that x — £(14(A)).

Proof. Let ¢ € Q. Assume that x — £(w(M, A, u)), then for p > 0 we have

J— uk
lim Zank {Mk (q(tm’“(Mﬂ =0 for ¢ € C, for all m € N.
n— oo 1 p

Let € > 0 be given. For all m € N. We define
K(e)={keN:qtmr(x)—0) >¢}

gank [Mk <W>:|tk
= > awm {Mk <q(t(M)]uk+ > |:Mk <W>rk

k€K (e) k¢ K (e)

o) il

Then we have xp, — ¢(I, q(A O

and we write

Theorem 2.2. Let A = (ank) be a non-negative reguler matriz and u =
(ur) be a bounded sequence of strictly positive real numbers. Let M be a
Musielak-Orlicz function. If x = (x) € lo and T — E(fq(A)), then xp —
(w(M, A, u)).

Proof. Suppose that = = (xr) € loo and xp — E(]A'q(A)). Then there is a set
K € F(I,) such that

li —{) =0 for all .
klgn}l(q(tm,k(x) £) =0 for all m € N

S (1)
N [ ((ms@) =0 o ap (Altmalz) =0\
= 3 [ () 3 e ()

kEK (e kg K(e)

= St [ (1)) 55 i o (A=)

If we consider the regularity of A, K¢ € I and boundedness of (xy) right side
tends to zero. Hence z, — £(w(M, A, u)). O

Now
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3. STRONGLY IDEAL CONVERGENT SEQUENCES IN A LOCALLY CONVEX SPACE

In this section we define some new classes of strongly I-convergent sequences
by using infinite matrix in a locally convex space X and investigate their linear
topological structures. Also we find out some relations related to these spaces.

Recall that a mapping g : X — R is called a paranorm on X if it satisfies
the following conditions:
(i) g(#) = 0 where 6 is the zero element of the space;
(i) g(z) = g(—2);
(i) g(z +y) < g(x) + g(y);
(iv) A" = A(n — o0) and g(z™ — x) — 0(n — oo) imply g(A"z™ — Az) —
0(n — o0) for all z,y € X. The ordered a pair (X;g) is called a paranormed
space with respect to the paranorm g.

The main aim of this article is to introduce the following sequence spaces
and examine some properties of the resulting sequence spacés:

Let I be an admissible ideal of N, w = () be a bounded sequence of
strictly positive real numbers and A = (a,x) be an infinite matrix. Let M be
a Musielak-Orlicz function. Further w(X) denotes the space of all X-valued
sequences. For each € > 0, for all ¢ € @ and for p > 0 we define the following
sequernce spaces.

i (A, B(Z)vauv‘I) =
[ g (B @) - )\
(z) € w(X): nEN:Zank M, >epelforlte X, forallmeN
P
k=1
()7 M:u:q):
[ (@ (B @)\ ]
(k) €Ew(X) i8N EN: D app | My | —————F >epelforalmeNy,
p
k=1
()7 M:u:q):
ug
e q (tm. k(B ()
{.Ik cw(X): 3K>05t{nEN:Zank|:Mk<(m> >KjyelforalmeNj},
p
k=1
(pz)7M’u’q):
a (tmr (B @)\ 1™
(z) € w(X) :supZank My | ——m—— 2~ < ooforallmeN p.
nGNk 1 P

Some classes are obtained by specializing p, A, M and u = (ug) for all k € N.
Here are some examples.
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(i) If p = 1, then above spaces are denoted by @' (A, B(;), M, u, q), @4 (A, By, M, u, q),
ﬂ)\go(A, B(i), M, u, q) and '&)\OO(A, B(i), M u q)

(ii) Ifi = 1 then above spaces are denoted by @w! (A, B?, M, u, q), Wi (A, B?, M, u, q),
WL (A, B?, M, u,q) and Wu (A, B?, M, u,q).

(iii) If My(z) =« for all z € [0,00),k € N then we obtain the above spaces

as ! (4, By, u,q), W (A, By, u,q), ® 1 (A, Bfy, u, q) and oo (4, By, u, q).

(iv) Ifu = (ux) = (1,1, 1...), then above spaces are denoted by @ (A, BZ),M, q),
ﬂ?é(A,Bp M, q), @l (A4, Bf’),M,q) and We (A4, Bf),M,q).

(v) If we take A = (C,1) ),i.e., the Cesaro matrix, then the above classes of
sequences are denoted by @ (B(l),M Uy q), W, (Bf) M, u, q); W (Bp) M, u,q)
and @oo(Bfi), M, u,q).

(vi) If we take A = (ank) is a de la Vallée Poussin mean,i.e.,

L ifkel,=[n—\+1n];
Ank = An .
0, otherwise.

where (\,,) is a non-decreasing sequence of positive numbers tending to

oo and Ap11 < A\p+1, A1 = 1, then the above classes of sequences are de-

noted by @ (), Bf) M, u, q), @6(/\,31’) M. u,q), W (N, BZ) M, u, q)

and Weo (A, B(i)7 M, u, q).

(vii) By a lacunary sequence 6 = (k,); where ko = 0 , we shall mean an
increasing sequence of non-negative integers with k. —k,_1 — coasr —
oo. The intervals determined by #-will be denoted by J,. = (k,.—1, k]

and we let h, = k,, — k,_1. As a final illustration let

hLa ifkejr:(krflakr];
ang = 40" )
0, otherwise.

Then the above ¢lasses of sequences are denoted by @' (0, B@), M, u, q),

W (8, BY,,, My, q), wl (0, BY Muq)andwoo(ﬂB M, u, q).

@) (@) (@)

Theorem 3.1. &' (A, B M, u ,q), W (A, BY (i) M, u ,q) and WL (A, B M,u,q)
are topological linear spaces

Proof. We will proved the result for the space @ (A, Bﬁ.), M, u, q) only and the
others can be proved in similar way. Let = (zx) and y = (y) be two elements
in @l (A, Bﬁ.),M, 1, q). Then there exist p; > 0 and ps > 0 such that

o Bp k
—AneN: S g | My (. (m@)( ) :

k=1

A

£
2
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and

Up

¢ (b (B )))

P2

B el

o0
= nGN:Zank M, >
k=1

Do ™

£
2

Let a, 8 be two scalars in R. Since Bpi is linear and the continuity of the
Musielak-Orlicz function M, the following inequality holds:

i N (tm,k(Bﬁ-) (az + By)))
an
=1 o lalp1 + |Blp2

Uk

o ¢ (b, (Bf ()

<D) ank M,
kz::l |alpy + [Blp2 p1

Ug

. i 18| Ik (tm,k(Bfi)(y)))
A, —_— .
""" Vol + [Bloa p2

Pk

0 (tm i (BL (@)))

P1

< DKy an | M
k=1

[e'g) tm BP‘ b
+DKZank My q ( K (@) (y))) 7
o P2

_ lalp1 |8]p2
where K = max{1, (i) | (e )

From the above relation we get

S ¢ (b, (Bf, (0 + By)) N
n e : A, > €
R (Jalor + 181p2)

Uk

o ton i (BY
L e DS a1 q < k(B (x)))
1 P1

Y
TRQ

Uk

>

= @ (b (Bl )))
USneN: DK au, | My @

(3.1)
k=1 P2

N ™

Since both of the sets on the right hand of (3.1) are belong to I, this completes
the proof of the theorem. O
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Remark 3.2. It is easy to verify that the space @OO(A,BZ),M,u, q) is a
linear space.

Theorem 3.3. Let S = (Si) and T = (Ty) be Musielak-Orlicz functions.
Then the following holds:

Wo(A, By, S, u,q) Ny (A, By, T,yu,q) C @y (A, By, S + T, u,q).

Proof. Let xz = (zy) € Wi (A, Bfi), S, u,q) NWE(A, BZ)7 T, u, ¢). Then the result
follows from the inequality

3 k(B s
Zank (Sk +Tk) q ( ’k( (z)(x)))
k=1 p
— m BP. Uk . \ o N
< Dzank Sk q(t K ( (z)(ﬁf))> +Dzank T q(t o (1)(96)))
k=1 P 2 ;

O

Theorem 3.4. Let S = (Si) and T = (I}) be Musielak-Orlicz functions.
Then the following holds:

@o (A, By, T, u, q)/C wy(A, By, ST, u,q)

provided h = inf ug > 0.

Proof. For agiven e > 0, wefirst choose £y > 0 such that sup,, (3} _; ank) max{el,cfl} <
e. Using the continuity of M, choose 0 < § < 1 such that 0 < § < ¢ implies

that Si(t) < go forall k € N. Let z = (x) € @6(A,BZ),T7U, q). For some

p > 0 we denote

uy,
< q | tm.k(B(; ()
As = nGN:Zank T ( @ ) > % eI, meN.
k=1 P
If n ¢ As, then we have
ug
n @ (tm 1 (BE, () .
Z ank | Tk <4
k=1 P
uk
¢ (tm (B (@) .
i.e. | Ty < 6" forall k,m eN
p
(a(tnr(BE @)
i.eTy < 6 forall k,meN
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¢ (b (BL(@)))
P

i.e.Sg | Tk < ¢gg for all k,m € N.

Consequently, we get

n q (tm.k (B (x)) n
Z ank | Sk | Tk ( @ ) < sup Zank max{eg, ESI} <eg,méeN.
k=1

ug

P " \k=1
i.e.
Uk
n @ (i (B ()))

Zank Sk | Tk <e,meN

k=1 P
This shows that

Uk
n ¢ (tms(BE (@)
neN:Zank Sk Ty > ¢ CA5EI.
k=1 P

This completes the proof. O

Theorem 3.5. The inclusions Z(A,Bfgl,M,u, q) C Z(A,BZ),M,u,q),
are strict for p > 1. In general Z(A,ngM,u,q) C Z(A,BZ)7M7u7q), for
j=0,1,2,...,p— 1 and the inclusions are strict, where Z = w}, w!, @l .

Proof. We shall give the proof for g (A, Bz;l7M,u7q) only. The others can
be proved by similar arguments. Let = (zj) be any element in the space
ﬁé(A,BZ;l,M,u,q). Tiet &€ > 0 be given. Then there exists § > 0 such that

the set

> q (tm,k(ngi;lzk)) 1™
nEN:Zank M;, >ep el
P
k=1
Since M is non-decreasing and convex, it follows that
4P
e q <tm,k(BZ)1'k)) *
> ank | My,
k=1 2p ]
Pk
00 (I(tm,k(B()lek:Jrl —B(Z) :r,k)>
= Z ang | My,
k=1 2p
1 Pk
> |1 q (tm,k(Bﬁ-) $k+1))
<D - M,
<D | oMk p
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1 q Pk
D nk | =M,
+ Za k| gk P
k=1 i
P
5o [ (L) |
< ank | M
k=1 P
_ P
e q <t7n,k(B(pi;1$k)) *
+DH Y an. | My, :
k=1 i P
where H = max{1, (3)“}. Thus we have
- Pk
N i M [ 2 (tmie(Bym) \ ]2
n e N: Ank & > e
k=1 2p
P
© q (tm,k(BZ-;lﬂka)) ' e
C{neN:DHY an | My >
p 2
k=1
p X
o q (tm,k(nglxk)) ’ c
USneN:DHY an | My > 5 (3.2)
k=1 P
Since both the sets in the right side of (3:2) belongs to I, we get
Pk
> q (hn,k(Bé)zk))
nEN:Zank M;, >ep el
k=1 2p
([l

If follow from the following example that the inclusion is strict.

Example 3:1. Let A = (C,1), My(z) = z, for all z € [0,00),u;, =1 for all
ke Nand r =1,s = —1. Consider a sequence x = (x) = (kP). Then z = (zy,)
belongs to w{ (A, BZ.), M, u, q) but does not belong to wi (A4, BZ.;I, M, u,q), be-
cause B}z, = 0 and Bﬁ;lxk = (-1 Hp-1)L

Theorem 3.6. (a) Let 0 < infup < wug <1, then @I(A,BZ),M,u,q) C
@7(A, B, M, q); @}(A, BL), M,u,q) C 9L(A, BT, M, q).

(b) If 1 < up < supuy < oo, then @I(A,BZ),M,(]) C @I(A,BZ),M,u,q);
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Proof. (a) Let « = (k) € @' (4, Bf;), M, u,q). Since 0 < infuy, < up < 1, we
have

4 (b 1 (Bly2) — 0) pk

> , > q (tmk(BZ)zk) — E)
> ank | My < ank | My,
k=1 P k=1

P
and therefore
o0 q (tmr(Byzr) — €
nEN:Zank M;, ( ® ) >¢
k=1 P
P
(tmk(BZ)xk) — f) ' )
>ep el

0 q
- neN:Zank M
k=1 P

(b) Let 1 < uy < supuy < oo and let © = (z3) € @I(ABZ),M,q). Then for
each 0 < € < 1 there exists a positive integer N such that

o0 mic (BY. —/
Zank M, ! (t a (;)xk) ) <e<l1
k=1

for all n > N. This implies that

Pk
© q (tmk(Bﬁ)xk) - é) d q (tmk(ng)xk) - é)
Z ank | My, < Z Qg | My,
k=1 P k=1 p

Thus we have

o0
nEN:Zank
k=1

N CCAIEDME

oo [ q (tmk(Bp. xk) é)
CdneN:S au | M, © >ebel
k=1 i P )
This completes the proof of the theorem. O

Corollary 3.7. Let A = (C,1) Cesdro matriz and let M be an Orlicz
function.

(a) If 0<infug <wup <1, then

(1) @I(Bﬁ'),MaUNI) - @I<B§)Z)7M7q)7
(b) If 1 <wup <supug < oo, then

(i) @' (B, M, q) C @ (BY,), M, u,q);

(i) @} (B, M.q) C @} (Bl M. u,q).
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Theorem 3.8. Let 0 < ug < v for all kK € N and (Z—’;) is bounded, then
’I:U\I(A,BZ),M,U,Q) C @I(A,BZ)7M,u7q).

Proof. The proof of the theorem is straightforward, so we should omitted here.
O

Theorem 3.9. If limur > 0 and v = (z) — xo(zﬂI(A,BZ.),M,u, q)),
then xq s unique.

Proof. Let limy, u, = ug > 0. Suppose that (z) — zo(@! (A4, BZ),M, u,q)) and
(xk) - y0<ﬁ]\1<"47 B;(Drt)a M7 u, Q))

Then there exist p1, p2 > 0 such that for all m € N

o @ (b (B (@) — 0)
Bi={neN:Y au | My @ >t 33
k=1 P1 2
and
p e
e q (tm,k(B(i) (2)) - yO) e
By=4neN:Y an | M >-bel (34)
k=1 P 2

Let p = max{2p1,2p2}. Then we have

> i)

Uk

IA

Uk

(e (B2, @) — 20 (tmos (B (@) = o)

Diank M;, 4 +D§:ank My, :
k=1 k=1

(41 P1
Thus from (3.3) and (3.4) we have for all m € N
oo o Uk
{nGN:Zank [Mk <q(xoyo)>} ZE}
k=1 P
Uk
o q (tm,k(Bf; (2)) - xo)
c{neN:DY au | My u > =
k=1 P 2
Uk
e ¢ (tm (B (@) o) .
USneN:DY an, | My > - CBUBy eI
P1 2

k=1
Also we have

(222 2
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Therefore we have

o (122 (152

Hence g = 4. [l

Theorem 3.10. The sequence spaces W} (A, Bfi), M, u, q) and Wl (A, Bfi), M, u, q)
are normal as well as monotone.

Proof. We give the proof for only @{ (A, Bfi), M, u,q). Let z = (z) € W} (A, BZ), M, u, q)
and a = () be be a sequence of scalars such that || < 1 for all k& € N. Then
for given € > 0, for all m € N we have

ug
i q (tmk(BZ) (Oékxk)))
neN: Z ank | My, >€
k=1 P
u
%) q (tmk(Bﬁ)xk)) i
- n€N5EZank M| ————————= >eqpel,

k=1 P

where E = max{1, |a|“}.
Hence (agxy) € @é(A,Bfi),M,u,q). Thus the space @é(A,BZ),M,u,q). is
normal. Also from Lemma 1.1, it follows that @/ (A4, BZ), M, u, q) is monotone.
(I

Theorem 3.11. Let-M = (My) be a Musielak-Orlicz function. Then the

following statements are equivalent:
(1) flﬁéo(Av BZ)? u, q) g ,&}éo(Av Bﬁ)? M7 u, q)
(i) @)(AByu,q) € BL(A, B M, u,q)

(iii) sup, Yop_; Gnk [Mk (%)] f <o (t,p>0).
Proof. (i)=(ii)is obvious, because @} (4, BZ),mq) C wl (A, BZ),u, q).

(ii)=>(iii). Suppose w5 (A, BZ), u,q) C wl (A, BZ‘)’ M, u, q). We assume that
(iii) is not satisfied. Then for some ¢,p > 0

e ()] =
p

" k=1

and therefore there exists a sequence (n;) of positive integers such that

j .1 Uk
> ann [Mk (Jﬂ >, =1,2,3,.. (3.5)
k=1 p
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Define a sequence x = (z) by

B;D

N {;, if1<k<n;j=123, .;
O =Y 0

, if k> ny

Then z = (z1) € @(I)(A,Bfi),u,q) but by equation (3.5) we have x = (x) ¢

Wk (A, BZ.), M, u, ¢) which contradicts (ii). Hence (iii) must hold.

(iii)=(i) Suppose (iii) is satisfied and @ € Wi, (A, B;). u,q). Suppose that
r ¢ Wl (A, Bfi),M, 1, q). Then

Uy
n q (tmk(Bpi ﬂCk))
sup Z Ak | My, ey

= o0, for all m € N. (3.6)
" ok=1 p

Putt=gq (tmk (Bﬁ)a:k)) for all k,m € N. Then by the equation (3.6) we have
n " up
supZank [Mk ()} =00
" k=1 P

which contradicts (iii). Hence (i) must hold. O

Theorem 3.12. Let M = (My) be a Musielak-Orlicz function. Let 1 <
u < suppuy < oco. Then the following statements are equivalent:
(i) @5(A, BY,), M, q) € T4CA, Bly,u,q)
u
(iii) inf, S°_, ank [Mk (%)} Y0 (tp > 0).

Proof. (i)=-(ii) is obvious.

(ii)=>(iii). Suppose w{ (A, By, M, u,q) C wk (A, B,y u, q). We assume that
(iii) does:not hold. Then for some ¢, p > 0

ianank |:Mk <t)] =0.
n p

k=1

We can choose an index sequence (n;) of positive integers such that

> i | My ( = >2,j=1,23,.. (3.7)
1 P J
Define a sequence x = (z) by

o ifl<k<n,j=123 .
BP_ — D> 1 = —= g ) &y 9y 5
()T { 0, if k> n;


www.sid.ir

Strongly Almost Ideal Convergent Sequences in a Locally Convex Space... 33

Then by equation (3.7) we have x = () € W} (4, Bfi), M, u,q) but x = (z1) ¢
Wl (A, Ba),u, q) which contradicts (ii). Hence (iii) must hold.

(iii)=(i) Let (iii) hold and = € w)(A4, Bf;), M, u,q). Then for every ¢ > 0,
for all m € N we have

Uk

n tou(BY
nGN:Zan;C M, M >ep el (3.8)

k=1 P

Suppose that x ¢ @} (4, BZ)7 u,q). Then for some integer €9 > 0 for.all m € N
we have

n€N: zn:ank {q (tmk(Bfi)xk))rk >eop & 1.
k=1

Therefore we have

Uk
ug q (tmk(B? xk)>
()] o )
p p
and consequently by the relation (3.8) we have
n 20 Ug
12f;ank {Mk (;)] =0
which contradicts (iii). Hence @E(A, BZ),M,q) - f&é(A,BZ.), u,q). O
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