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1. Introduction

If f and g are two continuous functions on [a, b] satisfying m ≤ f(t) ≤ M

and p ≤ g(t) ≤ P for all t ∈ [a, b], m,M, p, P ∈ R,∣∣∣∣∣ 1
b−a

b∫
a

f(t)g(t)dt− 1
(b−a)2

b∫
a

f(t)dt
b∫
a

g(t)dt

∣∣∣∣∣ ≤ 1
4 (M −m)(P − p). (1.1)

(1.1) inequality is well-known in literature as Grüss Inequality. It is defined as

the integral inequality that establishes as a connection between the product of

two functions and the product of the integrals [1].
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Grüss type inequalities are now vast and many extensions of the classical

inequalities were intensively studied by many authors. Integral inequalities

and applications have been addressed extensively by several researchers. For

example, we refer the reader to [4, 5, 6, 7, 8, 9] and the references cited therein.

Also, there are many extensions of Grüss type inequalities by using Riemann-

Liouville fractional integrals [2, 13, 14, 16].

2. Preliminaries

In this section, we will give some definitions, lemmas and theorems which

we use later in this article.

Definition 2.1. [12] Let f ∈ L1[0,∞).The Riemann- Liouville fractional inte-

gral of order α ≥ 0 is defined by

Iαf (t) = 1
Γ(α)

∫ t
0
(t− x)α−1f (x) dx, (2.1)

I0f (t) = f(t),

where Γ is the gamma function.

Definition 2.2. [10, 11] A function f(t) is said to be in the Lp,k[0,∞) space

if

Lp,k[0,∞) =

{
f : ‖f‖Lp,k[0,∞)

=
(∫ b

a
|f(t)|p tkdt

) 1
p

<∞, 1 ≤ p <∞, k ≥ 0

}
.

(2.2)

For k = 0,

Lp[0,∞) =

{
f : ‖f‖Lp[0,∞)

=
(∫ b

a
|f(t)|p dt

) 1
p

<∞, 1 ≤ p <∞
}
.

Definition 2.3. [10, 11] Let f ∈ L1,k[0,∞). The Generalized Riemann-

Liouville fractional integral Iα,kf (x) of order α ≥ 0 and k ≥ 0 is defined

by

Iα,kf(x) = (k+1)1−α

Γ(α)

∫ x
0

(xk+1 − tk+1)α−1tkf(t)dt, (2.3)

I0,kf (x) = f(x),

where Γ is the gamma function.

Definition 2.4. Let f ∈ L1[0,∞) and h(x) be an increasing and positive mono-

tone function on [0,∞) and also derivative h′(x) is continuous on [0,∞) and

h(0) = 0. The space Xp
h(0,∞) (1 ≤ p < ∞) of those real-valued Lebesque

measurable functions f on [0,∞) for which

‖f‖Xph =
(∫∞

0
|f(t)|p h′(t)dt

) 1
p <∞, 1 ≤ p <∞ (2.4)
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Integral inequalities for riemannlLiouville fractional integrals of · · · 3

and for the case p =∞

‖f‖X∞h = ess sup
0≤t<∞

[h′(t)f(t)].

In particular, when h(x) = x (1 ≤ p <∞) the space Xp
h(0,∞) coincides

with the Lp[0,∞)-space and also if we take h(x) = xk+1

k+1 (1 ≤ p <∞, k ≥ 0)

the space Xp
h(0,∞) coincides with the Lp,k[0,∞)-space.

Definition 2.5. [10, 11] Let f ∈ Xp
h(0,∞) and h(x) be an increasing and

positive monotone function on [0,∞) and also derivative h′(x) is continuous on

[0,∞) and h(0) = 0. The Riemann-Liouville fractional integral of a function

f(x) with respect to another function h(x) is defined by

Iαh f (t) = 1
Γ(α)

∫ t
0
(h(t)− h(x))α−1f (x)h′(x)dx. (2.5)

For the convenience of establishing our results, we give the semi-group prop-

erty:

Iαh I
β
h f (t) = Iα+β

h f (t) , α ≥ 0, β ≥ 0, (2.6)

which implies the commutative property

Iαh I
β
h f (t) = Iβh I

α
h f (t) . (2.7)

From Definition 5, if f (t) = hγ(t), then we have

Iαh
[
h
γ

(t)
]

=
hγ+α(t)Γ(γ + 1)

Γ(γ + α+ 1)
, α ≥ 0, β ≥ 0. (2.8)

(2.5)− (2.8) results for (2.5) Riemann-Liouville fractional integral are reduced

(2.1) fractional integral and its properties when h(x) = x.

In [15]some special applications and convergency cases of (2, 5) are studied.

Dahmani et al. [2] gave the following fractional integral inequalities for the

integral (2.1) in Definition 1.

Theorem 2.6. Let f ,g ∈ L[0,∞) and satisfy the following conditions:

m ≤ f(t) ≤M, p ≤ g(t) ≤ P, t ∈ [0,∞), m,M, p, P ∈ R,

then for all t > 0 , α > 0, β > 0,

i)
∣∣∣ tα

Γ(α+1)I
α(fg)(t)− Iαf(t)Iαg(t)

∣∣∣ ≤ ( tα

Γ(α+1) )2(M −m)(P − p),
(2.9)
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ii)
(

tα

Γ(α+1)I
β(fg)(t) + tβ

Γ(β+1)I
α(fg)(t)− Iαf(t)Iβg(t)− Iβf(t)Iαg(t)

)2

≤
{(
M tα

Γ(α+1) − I
αf(t)

)(
Iβf(t)−m tβ

Γ(β+1)

)
+
(
Iαf(t)−m tα

Γ(α+1)

)(
M tβ

Γ(β+1) − I
βf(t)

)}
×
{(
P tα

Γ(α+1) − I
αg(t)

)(
Iβg(t)− p tβ

Γ(β+1)

)
+
(
Iαg(t)− p tα

Γ(α+1)

)(
P tβ

Γ(β+1) − I
βg(t)

)}
.

(2.10)

Jessada Tariboon et al. [3] gave the following fractional integral inequalities

for functions in Theorem 2, Theorem 3, Theorem 4, and Lemma 1 which are

bounded with integrable functions.

Theorem 2.7. Let f ∈ L[0,∞). Suppose that

(H1) there exist two integrable functions ϕ1, ϕ2 on [0,∞) such that

ϕ1(t) ≤ f(t) ≤ ϕ2(t), ∀t ∈ [0,∞).

Then for t > 0, α, β > 0, one has

Iβϕ1(t)Iαf(t) + Iαϕ2(t)Iβf(t) ≥ Iαϕ2(t)Iβϕ1(t) + Iαf(t)Iβf(t). (2.11)

Theorem 2.8. Let f ,g ∈ L[0,∞). Assume that

(H1) holds and moreover one assumes that

(H2)there exist two integrable functions ψ1, ψ2 on [0,∞) such that

ψ1(t) ≤ g(t) ≤ ψ2(t), ∀t ∈ [0,∞).

Then for t > 0, α, β > 0, the following inequalities hold:

(a) Iβψ1(t)Iαf(t) + Iαϕ2(t)Iβg(t) ≥ Iβψ1(t)Iαϕ2(t) + Iαf(t)Iβg(t),

(b) Iβϕ1(t)Iαg(t) + Iαψ2(t)Iβf(t) ≥ Iβϕ1(t)Iαψ2(t) + Iβf(t)Iαg(t),

(c) Iαϕ2(t)Iβψ2(t) + Iαf(t)Iβg(t) ≥ Iαϕ2(t)Iβg(t) + Iβψ2(t)Iαf(t),

(d) Iαϕ1(t)Iβψ1(t) + Iαf(t)Iβg(t) ≥ Iαϕ1(t)Iβg(t) + Iβψ1(t)Iαf(t).
(2.12)

Lemma 2.9. Let f, ϕ1, ϕ2 ∈ L[0,∞). Assume that the condition (H1)holds.

Then, for t > 0, α > 0, we have

tα

Γ(α+1)I
αf2(t)− (Iαf(t))2 = {Iαϕ2(t)− Iαf(t))(Iαf(t)− Iαϕ1(t))

− tα

Γ(α+1)I
α((ϕ2(t)− f(t))(f(t)− ϕ1(t))

}
+ tα

Γ(α+1)I
αϕ1(t)f(t)− Iαϕ1(t)Iαf(t)

+ tα

Γ(α+1)I
αϕ2(t)f(t)− Iαϕ2(t)Iαf(t)

+Iαϕ1(t)Iαϕ2(t)− tα

Γ(α+1)I
αϕ1(t)ϕ2(t).

(2.13)
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Integral inequalities for riemannlLiouville fractional integrals of · · · 5

Theorem 2.10. Let f ,g, ϕ1, ϕ2, ψ1, ψ2 ∈ L[0,∞) and satisfy the conditions

(H1) and (H2) on [0,∞). Then for all t > 0, α > 0, one has

∣∣∣ tα

Γ(α+1)I
α(fg)(t)− Iαf(t)Iαg(t)

∣∣∣ ≤√T (f, ϕ1, ϕ2)T (g, ψ1, ψ2), (2.14)

where T (u, v, w) is defined by

T (u, v, w) = (Iαw(t)− Iαu(t))(Iαu(t)− Iαv(t))

+ tα

Γ(α+1)I
α(v(t)u(t))− Iαv(t)Iαu(t)

+ tα

Γ(α+1)I
α(w(t)u(t))− Iαw(t)Iαu(t)

+Iαv(t)Iαw(t)− tα

Γ(α+1)I
α(v(t)w(t)).

(2.15)

Main Results: In this section, we will obtain Grüss type inequalities by using

(2.5) h(x)-Riemann-Liouville fractional integral. Our first result is the following

theorem.

Theorem 2.11. Let f ∈ Xp
h(0,∞) and h(x) be an increasing and positive

monotone function on [0,∞), and also derivative h′(x) is continuous on [0,∞) and

also h(0) = 0. Suppose that there exist two integrable functions ϕ1, ϕ2 on [0,∞)

t > 0, α, β > 0 such that

ϕ1(t) ≤ f(t) ≤ ϕ2(t) ∀t ∈ [0,∞). (2.16)

Then we obtain the following inequality

Iβhϕ1(t)Iαh f(t) + Iαhϕ2(t)Iβh f(t) ≥ Iαhϕ2(t)Iβhϕ1(t) + Iαh f(t)Iβh f(t). (2.17)

Proof. From (3.1), for all x ≥ 0, y ≥ 0, we have

(ϕ2(x)− f(x))(f(y)− ϕ1(y)) ≥ 0,

ϕ2(x)f(y) + ϕ1(y)f(x) ≥ ϕ1(y)ϕ2(x) + f(x)f(y). (2.18)

If we multiply both sides of (3.3) by
(h(t)− h(x))α−1h′(x)

Γ(α)
, and integrate

with respect to x on (0, t), we obtain

f(y)Iαhϕ2(t) + ϕ1(y)Iαh f(t) ≥ ϕ1(y)Iαhϕ2(t) + f(y)Iαh f(t). (2.19)

If we multiply both sides of (3.4) by
(h(t)− h(y))β−1h′(y)

Γ(β)
, and integrate

with respect to y on (0, t), we get

Iβhϕ1(t)Iαh f(t) + Iαhϕ2(t)Iβh f(t) ≥ Iαhϕ2(t)Iβhϕ1(t) + Iαh f(t)Iβh f(t). (2.20)

This proves the theorem.
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Corollary 2.12. Let h(x) = x in Theorem 5, then we have the inequality

(2.11) in Theorem 2.

Corollary 2.13. Let h(x) = xk+1

k+1 , k ≥ 0 in Theorem 5, then we have the

results in [13].

Corollary 2.14. Let f ∈ Xp
h(0,∞). Suppose that m ≤ f(t) ≤M , ∀t ∈ [0,∞)

and m,M ∈ R. Then for t > 0 , α > 0, β > 0, we have

m
hβ(t)

Γ(β + 1)
Iαh f(t) +M

hα(t)

Γ(α+ 1)
Iβh f(t)

≥Mm
hα(t)

Γ(α+ 1)

hβ(t)

Γ(β + 1)
+ Iαh f(t)Iβh f(t).

(2.21)

Theorem 2.15. Let f and g be two integrable functions on [0,∞) and h(x)

be an increasing and positive monotone function on [0,∞), derivative h′(x) is

continuous on [0,∞) and also h(0) = 0, t > 0, α, β > 0. Suppose that (3.1)

holds and moreover assume that there exist ψ1 and ψ2 integrable functions on

[0,∞) such that

ψ1(t) ≤ g(t) ≤ ψ2(t), ∀t ∈ [0,∞). (2.22)

Then the following inequalities hold:

(a) Iβhψ1(t)Iαh f(t) + Iαhϕ2(t)Iβh g(t) ≥ Iβhψ1(t)Iαhϕ2(t) + Iαh f(t)Iβh g(t),

(b) Iβhϕ1(t)Iαh g(t) + Iαhψ2(t)Iβh f(t) ≥ Iβhϕ1(t)Iαhψ2(t) + Iβh f(t)Iαh g(t),

(c) Iαhϕ2(t)Iβhψ2(t) + Iαh f(t)Iβh g(t) ≥ Iαhϕ2(t)Iβh g(t) + Iβhψ2(t)Iαh f(t),

(d) Iαhϕ1(t)Iβhψ1(t) + Iαh f(t)Iβh g(t) ≥ Iαhϕ1(t)Iβh g(t) + Iβhψ1(t)Iαh f(t).
(2.23)

Proof. From (3.1) and (3.7) for ∀t ∈ [0,∞), we have

(ϕ2(x)− f(x))(g(y)− ψ1(y)) ≥ 0,

then

ϕ2(x)g(y) + ψ1(y)f(x) ≥ ψ1(y)ϕ2(x) + f(x)g(y). (2.24)

If we multiply both sides of (3.9) by
(h(t)− h(x))α−1h′(x)

Γ(α)
and integrate with

respect to x on (0, t), we get

g(y)Iαhϕ2(t) + ψ1(y)Iαh f(t) ≥ ψ1(y)Iαhϕ2(t) + g(y)Iαh f(t). (2.25)

If we multiply both sides of (3.10) by
(h(t)− h(y))β−1h′(y)

Γ(β)
and integrate

with respect to y on (0, t), we get

D
ow

nl
oa

de
d 

fr
om

 ij
m

si
.ir

 a
t 1

1:
39

 +
03

30
 o

n 
S

at
ur

da
y 

N
ov

em
be

r 
3r

d 
20

18

http://ijmsi.ir/article-1-696-en.html
www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

Integral inequalities for riemannlLiouville fractional integrals of · · · 7

Iβhψ1(t)Iαh f(t) + Iαhϕ2(t)Iβh g(t) ≥ Iαhϕ2(t)Iβhψ1(t) + Iαh f(t)Iβh g(t). (2.26)

This proves (a).

To prove (b)− (d), we use the following inequalities:

(b) (ψ2(x)− g(x))(f(y)− ϕ1(y)) ≥ 0,

(c) (ϕ2(x)− f(x))(g(y)− ψ2(y)) ≤ 0,

(d) (ϕ1(x)− f(x))(g(y)− ψ1(y)) ≤ 0.

The following inequalities are the special case of Theorem 6.

Corollary 2.16. Let f, g ∈ Xp
h(0,∞) , t > 0 , α > 0, β > 0. Suppose that

there exist real constants m,M,n,N, such that

m ≤ f(t) ≤M, n ≤ g(t) ≤ N, ∀t ∈ [0,∞).

Then we have

(a∗) n
hβ(t)

Γ(β + 1)
Iαh f(t) +M

hα(t)

Γ(α+ 1)
Iβh g(t)

≥ nM hα(t)

Γ(α+ 1)

hβ(t)

Γ(β + 1)
+ Iαh f(t)Iβh g(t),

(2.27)

(b∗) m
hβ(t)

Γ(β + 1)
Iαh g(t) +N

hα(t)

Γ(α+ 1)
Iβh f(t)

≥ mN hα(t)

Γ(α+ 1)

hβ(t)

Γ(β + 1)
+ Iβh f(t)Iαh g(t),

(c∗) NM
hα(t)

Γ(α+ 1)

hβ(t)

Γ(β + 1)
+ Iαh f(t)Iβh g(t)

≥M hα(t)

Γ(α+ 1)
Iβh g(t) +N

hβ(t)

Γ(β + 1)
Iαh f(t),

(d∗) mn
hα(t)

Γ(α+ 1)

hβ(t)

Γ(β + 1)
+ Iαh f(t)Iβh g(t)

≥ m hα(t)

Γ(α+ 1)
Iβh g(t) + n

hβ(t)

Γ(β + 1)
Iαh f(t).

Corollary 2.17. Let f, g ∈ L1[0,∞) and h(x) = x, t > 0 , α > 0, β > 0.

Suppose that there exist real constants m,M,n,N, such that

m ≤ f(t) ≤M, n ≤ g(t) ≤ N, ∀t ∈ [0,∞).

Then we have the results in [3].
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Corollary 2.18. Let f, g ∈ L1,k[0,∞) and h(x) = xk+1

k+1 , k ≥ 0, t > 0, α > 0,

β > 0. Suppose that there exist real constants m,M,n,N such that

m ≤ f(t) ≤M, n ≤ g(t) ≤ N, ∀t ∈ [0,∞).

Then we have the results in [13].

Lemma 2.19. Let f ∈ Xp
h(0,∞) and assume ϕ1, ϕ2 be two integrable func-

tions on [0,∞) and h(x) be an increasing and positive monotone function on

[0,∞), derivative h′(x) is continuous on [0,∞) and also h(0) = 0, t > 0,

α > 0. Suppose that the condition (3.1) holds. Then

hα(t)

Γ(α+ 1)
Iαh f

2(t)− (Iαh f(t))2

= (Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))

− hα(t)

Γ(α+ 1)
(Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))

+
hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)f(t))− Iαhϕ1(t)Iαh f(t)

+
hα(t)

Γ(α+ 1)
Iαh (ϕ2(t)f(t))− Iαhϕ2(t)Iαh f(t)

+Iαh (ϕ1(t)ϕ2(t))− hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)ϕ2(t))

(2.28)

Proof. For any x, y > 0, we have

(ϕ2(y)− f(y))(f(x)− ϕ1(x)) + (ϕ2(x)− f(x))(f(y)− ϕ1(y))

−(ϕ2(x)− f(x))(f(x)− ϕ1(x))− (ϕ2(y)− f(y))(f(y)− ϕ1(y))

= f2(x) + f2(y)− 2f(x)f(y) + ϕ2(y)f(x) + ϕ1(x)f(y)

−ϕ1(x)ϕ2(y) + ϕ2(x)f(y) + ϕ1(y)f(x)− ϕ1(y)ϕ2(x)

−ϕ2(x)f(x) + ϕ1(x)ϕ2(x)− ϕ1(x)f(x)− ϕ2(y)f(y)

+ϕ1(y)ϕ2(y)− ϕ1(y)f(y).

(2.29)

If we multiply both sides of (3.14) by
(h(t)− h(x))α−1h′(x)

Γ(α)
and integrate

with respect to x on (0, t), we get

(ϕ2(y)− f(y))(Iαh f(t)− Iαhϕ1(t)) + (Iαhϕ2(t)− Iαh f(t))(f(y)− ϕ1(y))

−Iαh (ϕ2(t)− f(t))(f(t)− ϕ1(t))− (ϕ2(y)− f(y))(f(y)− ϕ1(y))
hα(t)

Γ(α+ 1)

= Iαh f
2(t) + f2(y)

hα(t)

Γ(α+ 1)
− 2f(y)Iαh f(t) + ϕ2(y)Iαh f(t) + f(y)Iαhϕ1(t)

−ϕ2(y)Iαhϕ1(t) + f(y)Iαhϕ2(t) + ϕ1(y)Iαh f(t)− ϕ1(y)Iαhϕ2(t)

−Iαh (ϕ2(t)f(t)) + Iαh (ϕ1(t)ϕ2(t))− Iαh (ϕ1(t)f(t))− ϕ2(y)f(y)
hα(t)

Γ(α+ 1)

+ϕ1(y)ϕ2(y)
hα(t)

Γ(α+ 1)
− ϕ1(y)f(y)

hα(t)

Γ(α+ 1)
.

(2.30)
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If we multiply both sides of (3.15) by
(h(t)− h(y))α−1h′(y)

Γ(α)
and integrate

with respect to y on (0, t), we get

(Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))

+(Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))

−(Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))
hα(t)

Γ(α+ 1)

−(Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))
hα(t)

Γ(α+ 1)

=
hα(t)

Γ(α+ 1)
Iαh f

2(t) +
hα(t)

Γ(α+ 1)
Iαh f

2(t)

−2Iαh f(t)Iαh f(t) + Iαhϕ2(t)Iαh f(t) + Iαhϕ1(t)Iαh f(t)

−Iαhϕ1(t)Iαhϕ2(t) + Iαhϕ2(t)Iαh f(t) + Iαhϕ1(t)Iαh f(t)

−Iαhϕ1(t)Iαhϕ2(t)− hα(t)

Γ(α+ 1)
Iαh (ϕ2(t)f(t))

+
hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)ϕ2(t))− hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)f(t))

− hα(t)

Γ(α+ 1)
Iαh (ϕ2(t)f(t)) +

hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)ϕ2(t))

− hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)f(t)).

(2.31)

This proves lemma.

Corollary 2.20. Let h(x) = x in Lemma 2, then we have inequality (2.13) in

Lemma 1.

Corollary 2.21. Let f ∈ Xp
h(0,∞) and h(x) be an increasing and positive

monotone function on [0,∞), derivative h′(x) is continuous on [0,∞) and also

h(0) = 0. Suppose that m ≤ f(t) ≤ M,∀t ∈ [0,∞) and m,M ∈ R. Then for,

t > 0, α > 0, β > 0, we have

hα(t)

Γ(α+ 1)
Iαh f

2(t)− (Iαh f(t))2

=

(
M

hα(t)

Γ(α+ 1)
− Iαh f(t)

)(
Iαh f(t)−m hα(t)

Γ(α+ 1)

)
− hα(t)

Γ(α+ 1)
Iαh ((M − f(t))(f(t)−m)).

(2.32)

Corollary 2.22. Let f ∈ L1,k[0,∞) and h(x) = xk+1

k+1 . Suppose that m ≤
f(t) ≤ M , ∀t ∈ [0,∞) and m,M ∈ R.Then for k ≥ 0, t > 0 , α > 0, β > 0,

we have the results in [13].

Theorem 2.23. Let f, g, ϕ1,ϕ2, ψ1 and ψ2 be six integrable functions on [0,∞)

and h(x) be an increasing and positive monotone function on [0,∞), derivative
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h′(x) is continuous on [0,∞) and also h(0) = 0. Satisfying the conditions (3.1)

and (3.7) on [0,∞). Then for all t > 0 , α > 0, one has

∣∣∣∣ hα(t)

Γ(α+ 1)
Iαh (f(t)g(t))− Iαh f(t)Iαh g(t)

∣∣∣∣ (2.33)

≤
√
T (f, ϕ1,ϕ2)T (g, ψ1, ψ2) ,

where T (u, v, w) is defined by

T (u, v, w) = (Iαhw(t)− Iαh u(t))(Iαh u(t)− Iαh v(t))

+
hα(t)

Γ(α+ 1)
Iαh (v(t)u(t))− Iαh v(t)Iαh u(t) +

hα(t)

Γ(α+ 1)
Iαh (w(t)u(t))

− Iαhw(t)Iαh u(t) + Iαh v(t)Iαhw(t)− hα(t)

Γ(α+ 1)
Iαh (v(t)w(t)).

(2.34)

Proof. Let f and g be two integrable functions defined [0,∞) satisfying (3.1)

and (3.7). Define

H(x, y) = (f(x)− f(y))(g(x)− g(y)), x, y ∈ (0, t), t > 0. (2.35)

Multiplying both sides of (3.20) by
(h(t)− h(x))α−1h′(x)(h(t)− h(y))α−1h′(y)

2Γ2(α)
,

x, y ∈ (0, t) and integrating the resulting identity with respect to x and y, from

0 to t, we can state that

1

2Γ2(α)

∫ t
0

∫ t
0
(h(t)− h(x))α−1(h(t)− h(y))α−1H(x, y)h′(y)h′(x)dxdy

=
hα(t)

Γ(α+ 1)
Iαh (f(t)g(t))− Iαh f(t)Iαh g(t).

(2.36)

Applying the Cauchy-Schwarz inequality to (3.21), we have

(
1

2Γ2(α)

∫ t
0

∫ t
0
(h(t)− h(x))α−1(h(t)− h(y))α−1(f(x)− f(y))(g(x)− g(y))h′(y)h′(x)dxdy

)2

≤ 1

2Γ2(α)

∫ t
0

∫ t
0
(h(t)− h(x))α−1(h(t)− h(y))α−1(f(x)− f(y))2h′(y)h′(x)dxdy

× 1

2Γ2(α)

∫ t
0

∫ t
0
(h(t)− h(x))α−1(h(t)− h(y))α−1(g(x)− g(y))2h′(y)h′(x)dxdy.

(2.37)

From (3.21) and (3.22) we obtain
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(
hα(t)

Γ(α+ 1)
Iαh (f(t)g(t))− Iαh f(t)Iαh g(t)

)2

≤
(

hα(t)

Γ(α+ 1)
Iαh f

2(t)− (Iαh f(t))2

)
×
(

hα(t)

Γ(α+ 1)
Iαh g

2(t)− (Iαh g(t))2

)
.

(2.38)

Since (ϕ2(t)− f(t))(f(t)− ϕ1(t)) ≥ 0 and (ψ2(t)− g(t))(g(t)− ψ1(y)) ≥ 0,

for t ∈ [0,∞), we have

hα(t)

Γ(α+ 1)
Iαh ((ϕ2(t)− f(t))(f(t)− ϕ1(t))) ≥ 0, (2.39)

hα(t)

Γ(α+ 1)
Iαh ((ψ2(t)− g(t))(g(t)− ψ1(y))) ≥ 0. (2.40)

Thus, from Lemma 2, we obtain

hα(t)

Γ(α+ 1)
Iαh f

2(t)− (Iαh f(t))2

≤ (Iαhϕ2(t)− Iαh f(t))(Iαh f(t)− Iαhϕ1(t))

+
hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)f(t))− Iαhϕ1(t)Iαh f(t)

+
hα(t)

Γ(α+ 1)
Iαhϕ2(t)− Iαhϕ2(t)Iαh f(t)

+Iαhϕ1(t)Iαhϕ2(t)− hα(t)

Γ(α+ 1)
Iαh (ϕ1(t)ϕ2(t))

= T (f, ϕ1,ϕ2),

(2.41)

hα(t)

Γ(α+ 1)
Iαh g

2(t)− (Iαh g(t))2 ≤ (Iαhψ2(t)− Iαh g(t))(Iαh g(t)− Iαhψ1(t))

+
hα(t)

Γ(α+ 1)
Iαh (ψ1(t)g(t))− Iαhψ1(t)Iαh g(t)

+
hα(t)

Γ(α+ 1)
Iαhψ2(t)− Iαhψ2(t)Iαh g(t)

+Iαhψ1(t)Iαhψ2(t)− hα(t)

Γ(α+ 1)
Iαh (ψ1(t)ψ2(t))

= T (g, ψ1,ψ2).
(2.42)

From (3.22), (3.26), and (3.27), we get (3.18).

Corollary 2.24. If T (f, ϕ1,ϕ2) = T (f,m,M), T (g, ψ1,ψ2) = T (g, p, P ) and

m,M, p, P ∈ R, then inequality (3.18) reduces to∣∣∣∣ hα(t)

Γ(α+ 1)
Iαh (f(t)g(t))− Iαh f(t)Iαh g(t)

∣∣∣∣
≤
(

hα(t)

2Γ(α+ 1)

)2

(M −m)(P − p).
(2.43)
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Corollary 2.25. Let h(x) = xk+1

k+1 , k ≥ 0 if T (f, ϕ1,ϕ2) = T (f,m,M), T (g, ψ1,ψ2) =

T (g, p, P ) and m,M, p, P ∈ R, then we have the results in [13].

Corollary 2.26. Let h(x) = x, if T (f, ϕ1,ϕ2) = T (f,m,M), T (g, ψ1,ψ2) =

T (g, p, P ) and m,M, p, P ∈ R, then we have the results in [3].
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