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ABSTRACT. We will present an approach to deal with a problem of ex-
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1. INTRODUCTION

Let B be as usual the unit ball and let S be a unit sphere. Let also U™ =
{z=(z1,...,2n) 1 |7;| <1, j =1,...,n} be the unit polydisk in n- dimensional
complex space C™ and T" be a boundary of U™ (see [3], [15]). Let further X
be some topological space of analytic functions in U™ or B™ in which the
set of polynomials in z1,..., 2, is dense. We will assume that the operators
S(f)(z) = 21 znf(z1,. -, 2m), ®(f) = f(2), 2 = (21,...,20) € U™ or
z € B™ are continuous in X.
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Definition 1. Let f € X and assume there exists a sequence of polynomials
{Px}5° such that

lim Py(z1,...,20)f(21,...,20) = 1,
on the topology of the space X, then we say f is weakly invertible in X.

Weakly invertibility in one dimension has been studied by many authors
(see [8], [5] and references there). In this research area in spaces of function of
one variable the most intensive investigation was done in fundamental work of
Nikolai Nikolski (see [8]).

The problem of extension of one variable results to higher dimension appears
naturally. Recently some research was done in this direction (see for example
[13] and references there). Our intention is to provide an approach that will
work in the unit ball and polydisk and will solve some natural questions con-
cerning the problem of generalization of one variable results to the case of unit
ball and polydisk.

We use ma, to denote the volume measure on U™ and m,, to denote the
normalized Lebesgue measure on T". When n = 1, we simply denote U' by
U, T by T, ma, by ma, my, by m. Let dv denote the volume measure on B,
normalized so that v(B) = 1, and let do denote the surface measure on S
normalized so that o(S) = 1. For a > —1 the weighted Lebesgue measure dv,
is defined by dv, = co(1 — |2]?)%dv(2) where ¢, = % is a normalizing
constant so that v, (B) =1 (see [15]).

We denote by H(B) the class of all holomorphic functions on B. Let also
H(U) be a space of all holomorphic functions in the unit disk U, and similarly
H(U™) be a space of all holomorphic functions in U".

For « > —1 and p > 0 the weighted Bergman space AP (B) consists of
holomorphic functions f in LP(B, dv, ), that is, A2 (B) = L?(B, dv,) N H(B).

As usual, we denote by @ the vector (o, ..., ).

For aj > —-1,j =1,...,n, 0 < p < o0, recall that the weighted Bergman
space A%(U ™) consists of all holomorphic functions on the polydisk satisfying
the condition || f[|% = [y [f(2)[P TTiZy (1 = [2i]*)* dman(2) < co. When a; =
.. = &, = a then we use notation AR (U™).

For any f function from L!(B) we denote by P[f] the Bergman projection
of f function (see [15, Chapter 2]).

Throughout the paper, we write C' (sometimes with indexes) to denote a
positive constant which might be different at each occurrence (even in a chain
of inequalities) but is independent of the functions or variables being discussed.

The notation A =< B means that there is a positive constant C' such that
% < A < CB. We will write for two expressions A < B if there is a positive
constant C' such that A < CB.
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Remark 1. Note that weakly invertible functions in higher dimensions can
be defined also otherwise (we consider for simplicity only case of bidisk) via
following ,mixed “ conditions

(1) ‘51‘1p | P (2:) f (21, 22) — 1||le_(U) —0, m—o0, 1,j=1,2, 1#j or
z;|<1

(2) ||||Pm(27,)f(21722) - 1||Xzi(U)||ij(U) - 07 m — oo, l,] = 1727 175]

2. WEAKLY INVERTIBLE FUNCTIONS IN HIGHER DIMENSIONS

The goal of this section is to provide some generalizations of known onedi-
mensional assertions on weakly invertible functions in higher dimensions. First
we present general arguments then we consider concrete situations. For the
proof of our main results we will need several lemmas.

Lemma A. [15] There exists a positive integer N such that for any 0 <r <1
we can find a sequence {ay} in B with the following properties:

(1) B =, D(ak,r);
(2) The sets D(ax, ) are mutually disjoint;
(3) Each point z € B belongs to at most N of the sets D(ag, 4r).

We are going to call as usual {ar} an r-lattice in the Bergman metric or
sampling sequence.

Lemma B. [15] For each r > 0 there exists a positive constant C, such that

1—lal? <c

_ 2
Ofl < 1 |CL| < OT7 O;l S — <
11— (z,a)]

for all a and z such that B(a, z) < r. Moreover, if r is bounded above, then we
may choose C,. independent of .

Lemma C. [7, page 126] Let Qy,(p) = {z = (@1,...,2m) e R™ : (321 |$i|p)% <
p}, p €[1,00), h be positive measurable function and p < 1. Then

h(||z||)dx = C(m pmflh dt,
/Qm(p) (llzl))dz = O >/0 £ )t

1
where ||z|| = (301~ |2:[P)? and C(m) is a constant depending on m.

Lemma 1. Let f € H(B) and F(z1,...,2m) = C(a) [5 Hf(z)(lf‘z‘)ad“ﬁ(ﬁ)n )
io (1= (z2))
a > —1, C(a) is a constant of Bergman representation forn;ulla.

1° Letp<1. Then Fe HBx---xB) and
[f(@)|P(1 — |wl])*dv(w)

. aflfn
B [Ty 11— (Z, @) =57

(3) |F(z1,...,2m)[P < C
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wheret=(n+14+a)p—(n+1), z;€B,3=1,...,m, t > —1.
2° Letp>1 7= p(“*”“ Tg), T<0 M+ =l o>
O,p—i— =1. Then F € HB x --- x B) and

(4)

| (21,...,

pl_ 1— 2\T ... 1— m27’
|p</|f W= L) (1= ) (= o)
[Ty 11— e, @) P70
where z; € B, j=1,.

Proof. Using known properties of sampling sequence {ay} we get the following
chain estimates (p < 1) from Lemma A and Lemma B and the fact that

%) p %)
(zak> Y w0 pel
k=1 k=1

p
(1 — fw)®
| (Zl,'_'7 |P< max / P ndU(w)
ZD(%;T) D(ak,r) H;nZI |1 - <E, ZJ>| o

k>0

1 — |ax)P® (v(D(ak,r)))?
S max | Lol 0Plow )
k>0D(a &) [Iio 11— (@K, z5) [P

Then using the relation
1 —(w,2)| < |1 - {(ag,2)|, we D(ag,r), z€ B, (see [15, page 63])
and Lemma 2.24 from [15] and Lemma A we finally get

P(1 — o)) dv(w
Fle1,. .. o)l < C |fw)[P(Q | l) a+(1+3 '
B ;2 1= & w)| P
For p > 1 the proof is based on Hélder’s inequality applied twice and the
estimate (see [15, Theorem 1.12]): [ B 1u|,z|>\31d”(z) < —(1_|w|)g,n,l,y,

Bv>-1 s1>v+n+1, apphed m times for s = 7op'm.

w €

P L L LT ST SO
a---, H;Cn:1|1_<zk7w>|prl Ll
szB,jzl,...,m,T:p(%’;ﬁ—m),7<0. O

The estimate in the following lemma can be obtained without difficulties.

Lemma 2. Lett > —1, ﬁj>i g=1,...,n. Then

n ?

(1—|w|)td '
/ H |w|)!d|w] < C z; €U, €% eT.

T = Jwlez P = T, 1= yeepi 2

Let us turn now to some general observations concerning weakly invertible
functions. Our arguments can be applied in the unit ball and unit polydisk.
Our first observation is the following. In the mentioned paper [8] a series of
results of the following type were proved.

Let X ¢ H(U), X1 C X be topological subspaces of H(U). Then there exist a
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function f, f € X; which is not weakly invertible in X. Our intention is to find
an expansion of this f (and a class X;) from diagonal (z, . . ., z) using an integral
operator T, acting between two functional classes of different dimensions such
that if T,,f = ® then ®(z,...,2) = f(z), Taf = f, n > 1, n € N, and to show
that ® € X,,(B), n € N. Then we obtain the estimate of the type

IDfillx < Cllfillk, (B

where X; = X, X,, € X,,, (Df1)(2) = fi(2,...,z). Putting into last estimate
fi = Pn,® — 1 we will immediately get ® is not weakly invertible in )N(n
Moreover, it is easy to see for n = 1 our assertion will coincide with above
mentioned onedimensional result.

The integral operators acting between dimensions unit disk and unit ball
and unit polydisk that we will consider are of the following type

(w) (1 — [w])*dmg (w)
n at2 9

U Hk:l(l - <wvzk>) "
where C'(«) is a constant of well-known Bergman representation formula, z =
(#1,.-.,%n) is in unit ball B or unit polydisk. Note in the case of polydisk this

integral operators are not new (see for example [3]). For the case of unit ball
B these are new integral operators.

(TR f) (21, 20) = Cla)

a>—1,

We turn now to our second general observation concerning the concept of
weak invertibility in spaces of analytic functions in higher dimensions, unit
ball and polydisk. Various assertions for weakly invertible functions have the
following form (see [8]): Every function from a class Xy, f # 0, f € X3 is
weakly invertible in X, X; C X, X and X are subspaces of H(U). We would
like to propose a general approach in higher dimension to this problem by
following scheme. From our definition of weakly invertible functions via || Py f —
1||x in higher dimension it follows that to show that f is weakly invertible
in X ¢ HB) or X C H(U™) it is enough to show for any linear bounded
functional ® on X such that ®(g) = 0 for any g € E(f) where E(f) is a closure
of a set {Pf}, P is a set of polynomials in n variables the following equality
holds ®(1) = 0. For that reason we apply the following general procedure. We
find a sequence G (z), Gx € X such that || Py, f—Grllx < Cllf|1x, || Pr—Grllx.
Then using the fact that polynomials are dense in X we find P, : ||P, —
Grllx — 0 as |m| — oo (P, is a polynomial of degree m). So that G, € E(f).
Hence for all @ linear bounded functionals such that @(f) —0forall feE (f)
we have &(Gy) = 0, for all k = (k1,..., ky).

Since we can represent all linear bounded functionals on X for many known
analytic X spaces in unit ball B and unit polydisk U™ by Causchy duality we
will get

®(G) = lim g G5 (p§)g(p€)do(§) =0,

p—1
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() ®(G3) = lim - G (§)g(p€)dmn (£) = 0,
where g(z) = ®(l,), 1.(§) = m, Eryz € U™

Finally from (5) using properties of f function and X space we will show that
®(1) = 0 which will complete the proof of the fact that f is weakly invertible in
X. In dimension one in the unit disk the modification of this scheme is known
(see [8, p.132-134)).

We provide now concrete applications of approaches we mentioned above
connected with weakly invertibility in higher dimension.

The following proposition use ideas we indicate above for the study of weak

z+1
z—1

invertibility of generalization of exp ( ) function in polydisk. In unit disk

z+1
z—1

the weak invertibility of exp ( ) was studied in [8] systematically.

Proposition 1. Let A be an increasing positive function on [0,1), log(A(r)) =

%) (log ﬁ) , ¥ =1logy and ¢ is conver near +o00 and let

1 :
/ (M) dr < .
0 1—r

then the ® function, ® = TX(fo), a> -1, n>1, fo(z) = e%, z € U, is not
weakly invertible in

3=

a0 = {Fe HO = sup L oy Rz = (H A<|zk|>>
k=1

zeUn A(|z])
Proof. Since ® = T%(fo) using Holder’s inequality for n functions we get

(6) [®]|a,n) < const| folla,(n)-

We assumed in addition that

(7) /U M= — [z])*dma(2)

1 —(w,z)|**2
It is easy to note that
1P fo—1lla,2) < CillPn®—1]a.(x)s P = P2, -+, 2)s Prn = Pu(21,- .., 20).

< OA(|w)), w e U.

It remains to use the fact that fy is not weakly invertible in A3 (A\) (see [8]). O
Remark 2. For n = 1 Proposition 1 were obtained in [8, page 163].

Remark 3. Various other assertions can be obtained similarly for ® = T.%(fo)
function concerning it is weakly invertibility based on results of [8] for n = 1.

Remark 4. Note that if exp (jﬂ) is not weakly invertible in X (U) then fy =

n

Thoo 2 L ESEIE T . a1
exp | ——=— ) and f3 = exp T ) are not weakly invertible in
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Y(U™) or Y(B) as soon as ||g(z,...,2)||x < const||g(z1,...,2n)|ly, g € HB)
or g € H(U™). The Proposition 1 we formulated gives such an example.

If f is weakly invertible in X and if (T3 f)(z1, ..., 2,) = C [, f<z><t*"z<'>ad;';z<fg
g:l 1—(Z,z))

is acting from X (U) to X1 (U™) for a > ag. Then any ® function
1 P(z)—1)d 1
Po(z1,.. oy zn) Ju Tl (1= (2,Zk) P21,y 2n)

is weakly invertible in X; as soon as f is weakly invertible in X (U), where P,

is a sequence of polynomials such that | P, f — 1|x — 0, m — oo and P, is
any sequence of polynomials of n variables.
Using arguments we provided above we formulate the following proposition.

Proposition 2. Let f be an inner function and ® = TS(f~1) for some fived
&> —1. Then let ® € AL(U™), o > —1. Then there exist a sequence of poly-

nomials {Pp,(2)} such that for any v > @ — 2, the @ function

1 2P (2) — 1)(1 — |2])Ydma(z 1
Do, o) = — /(f() (z) = 1)( ||)w+2 2(2) | _
Pr(z1,. .., 20) JU szl(l —(Z,21)) Pr(z1y. .., 2n)
is weakly invertible function in A% (U™), for any sequence of polynomials ﬁm(zh ceey Zn)

so that ® € AL(U™).
Remark 5. For n =1 it is was proved in [8, page 92].

Proof. The proof follows from theorem on diagonal map in A% (U) classes (see
[3]) and the following onedimensional assertion from [8]:
Let f be an inner function f € AP (U), % € AP (U), then f is weakly invertible
in AP (U).

Indeed since ® € AL (U™), f~1 € AL, o, o(U),also f € AL o »(U),a >
—1, n € N, hence there exists a sequence of polynomials such that

1P f — 1| a» ,— 0 as m— oo

an+2n—

It remains again apply the theorem on diagonal map in A? classes (see [3]). O

Note any theorem on traces and diagonal map in A2, HP, @Q,, Bloch type
classes (see [3], [4], [14] and references there) can be applied in this situation
or more generally as we see estimates connecting functional spaces in various
dimensions can be applied in problems connected with weak invertibility.

In recent note [9] a result of the similar nature was proved. Namely it was
proved by authors in [9] that if f € H?(U"), n € N, then f € H?"(B) and
there holds
sw [1769P o) < ¢ s ([ 1r60Ram©)

0<r<1 0<r<1
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Note for n = 1 the estimate we provided above is obvious. We add now new
results in this direction.

Theorem 1. 1° Letp € (0,00), t > -1, a = -1+ %2 Lk =1,....n
f e HU™). Then [, |f(z ...,2)P(1 —|z|) dma(z)

n

1 1
SC/O /0 /T(l—minrk H 1—7re)f(ri&, ... rn&)|Pdm(€)dry - - - dry;

2° LetB=a—mn, 8>—1, pe(#ﬂq,l], p <1, fe€ H(B). Then

/Q (sup (PI/))(Rs,..., R) ZRk% )Ry ---dR, S C /B ()P (1)) dv(w);

m(p) SET™

3 Letp<l, a>n-—1, fe HU"). Then

[ a=nrswpiseorar < c [ =) e )

k=1
4° Letp<1l, s>0, (a+2)p>s+1, fe HU). Then
1
/ (1— r)* sup (T2 f)(ré) [Pdr < C / FEP = |2 dma(2).
£€es U

0

Proof. 1° The following dyadic decomposition of subframe and polydisk were
introduced in [3] and will be also used by us.

1 1
Ukp ooyt = Unp X XUy 1, = {18150 Tbn) 175 € (1= gy 1= ]y
wl; w(l; +1) ks ks .
ki =0,1,2,...; 2—,;<§j_#, lj==2%...2% -1, j=1,...,n}.

We have .
Sy 1o PO dma(=) € Saso B2 70 (Jo 1o 2P [2]) dima(2))

2m1nk
_(kitekn)t o kytkn
sC }: }: ( sup If(Z)I”>2 T2t
kn

ks kn >0 5 gmink; 2€Uj ky,...,
2mink 1
<C Z Z gminkjnoki 4 kn o= (T =1 k;) (5 + )/ |£(2)|P dma(2)
kyekn>0 ;__omink; Ujki,....kn

n

syl VO | [CEEA N min [zx[) " dman(z), @ = 1+ ——,
un k=1

where we used the fact that

SupZEUj,kl . |f(z)|P < C2min kj7L2k1+-..kn fU]*k . |f(z)|pdm2n(z) which follows

from subharmonicity of |f(z)[?, 0 < p < co and where U}, . are enlarged dyadic
cubes (see [3]). We used at the last step also the fact that U, . is a finite
covering of polydisk U™ (see [3]).
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2°  According to Bergman representation formula (see [15, Chapter 2]) in ball we
have

)1 —
f(z1, .0 2n /fl— |w|)a+nfiv),a>—1,z€B,z:(zl,...,zn).

For p <1 consider the same integral but with (z1,...,2,) € U™ we will have
< / HGIE )“”””’”("“)da(é)dr
(1= r(Siy R D e

then using Lemma C we can easily get what we need.

(iuTEL(P[fD(R“ .., R

)

Part 3° and 4° can be obtained similarly as 2°, but instead of integral represen-
tation in the unit ball we have to use known integral representation in the polydisk
and disk respectively. The proof of 3° follows from Lemma 1 for p < 1 and Lemma
2. Theorem 1 is proved. O

Estimates connecting quasinorms like

supsup |f(r&)|[(1 = r)*, a >0, f € H(B),
r<1¢€S

sup sup |f(r€)] Hl—rk “ a>0, fe HU"),

rp<l&eTn kel
with sup [Df (=)|(1 = [2)" or sup |f(2)|(1 = [2I)', f € H(D)
z€ zE

with

sup |77 f(2)|(1 = [2*)7,
z€eB
can be obtained similarly and easier.

Remark 6. The complete analogues of assertions in Theorem 1 are true also
for p > 1. In this case we should use Lemma 1 for p > 1 and repeat arguments
we provided for p < 1 above.

Remark 7. All estimates of Theorem 1 are obvious for n = 1 or coincide with
classical assertions from the theory of analytic functions of one variable (see

[15]).

Remark 8. Various other estimates connecting functional classes in the unit
disk, with classes on subframe and expanded disk can be found also in [6] and
[14]. They also allow to get various assertions on weakly invertible functions
in higher dimensions directly from onedimensional results.

The problem of weak invertibility of function were considered in [8] in par-
ticular in the following classes in the unit disk (see [8], p.148-150):

AR (s e W) [ <sup Ifr(Z)I(l—IZI)"> A(r)dr < o0}, 0< p,q <,

|z|<1
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Bt = (e ) [ ([ 1 lama )) A(r)dr < o0}, 0 < p,q < o,
—(0.1),

under some conditions on A = A(r) function, where f.(z) = f(rz), r €
0,1), ze U.

We showed that the concept of weak invertibility is closely related in higher
dimension with integral T, operators.

We will obtain sharp estimates for these integral operators acting in A}
and BI{'? classes to get information on weak invertibility in AI{"? and BIY?
in polydisk.

Let S be a set of positive on (0,1) functions w, w € L'(0,1) such that
My < % < My, for all r € (0,1), X € [quw, 1] and some fixed M,,, My, qu
such that my,, g, € (0,1), M,, > 0. S classes were studied in [12]. We note if
w € S then w(z) € [z, 2z P], z € (0,1), a, = Bl g, = oMy

In qu In ﬁ

Theorem 2. (a) Let0<p<oo, aj >—1, j=1,...,n, thenif f € HU™)

y (o7 (o7 P
and i 171 gy = ey = Sy (5101 1 U DI = 21 - (1 = 200 ) Ar)er <
00, A €8, then f(z,...,z) € AIf\j’Ia‘(U), la| = >77_, aj. And the reverse is
also true:
If f e AIf’la‘(U), then there exists a function g € AIY®(U™) such that

g9(z,...,2) = f(z), z€ U.
) Letp < q <1, X € S then if f € H(U™) and if HfHBIqun =

Jr U 1 fe(z1, 0y 20) | dman (2)) 4 A(r)dr < oo,

D
then || fllranwy = [;(Jy (2, 2)9(1 = [2])?"2dma(2)) s A(r)dr < oc.
And the reverse is also true: If f € BIY®"(U), then there exists a function
g € BIYY(U™) such that g(z,...,z) = f(z), z€ U.

One part of Theorem 2 follows immediately from known results on diagonal
map in Bergman classes (see [3]). For the proof of the second part of Theorem 2
(the reverse statements) we use standard methods applied in proofs of Diagonal
map theorems (see [14], [4], [3] and [10]).

Different corollaries of these results for weak invertibility in AIY'? and BIY?
classes in higher dimension can be obtained immediately. Namely, we have to
repeat arguments applied above for other classes of functions in polydisk and
to use known onedimensional results from [8].

Below we present another technique to get results on weakly invertible func-
tions in higher dimension from various onedimensional results. It is based on
arguments connected with slice functions (see [11] and [15, Chapter 1]). We
give only one example in this direction.
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First we consider Toeplitz operators defined with the help of Bergman pro-
jection To(f) = P[®f], ® € LY(B), f € AP(B). We consider the particular
case of analytic symbol ®. The general case can be considered similarly.

We are going to prove that if (f¢)(z) € AL(U), fe(z) = f(€z), €€ 8, z€ U
and (P¢(2)) € X(U) c H(U) for all £ € S™ and (P¢)(2)(fe)(2) = (Taf)(2) is
acting and bounded from A2 (U) to A2(U), a > —1,£ €8, 0 < p < 00, then
(Tof)(2) = ®(2)f(2), = € B™ is also bounded operator which is acting from
AP (B) to A2(B™), 0 < p < oo, a>—1.

We have by formula from survey of A.B.Aleksandrov (see [1], [2]):

[ 7o ) (1 = o)) do)
— o [ 0@ [ [TasGoPIs 2 - el ama)
< £ [aote) [ 1FGOPIRGOIIE 21~ 2] dm(z
< o [ao(@) [ 15GOPIP 0 - e dma)

<c /B Fa)P (L [w])*dv(w).

These estimates will hold if ®¢(z) := ®(2£) € X(U) for every fixed € € S™.
We now apply the arguments we presented above for ® =1 and f = P, f — 1.

Theorem 3. Let f € HB), p € (0,00), a> =1, fe(z) = f(&2), £ €8S,
z € U. (PS)(2) = P,(£2) be a sequence of polynomials such that ||(fe¢)(2)(PS)(2)—
U az @y — 0, n — oo uniformly by & € S. Then f is weakly invertible in A, (B).
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