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Abstract. We continue the study of the concept of one-local retract in the
settings of modular metrics. This concept has been studied in metric spaces
and quasi-metric spaces by different authors with different motivations. In
this article, we extend the well-known results on one-local retract in metric
point of view to the framework of modular metrics. In particular, we show
that any self-map v : X, — X, satisfying the property w(A, ¢ (z), ¥ (y)) <
w(A, z,y) for all z,y € X and XA > 0, has at least one fixed point whenever
the collection of all g,,-admissible subsets of X, is both compact and normal.

1 Introduction

The concept of modular metric spaces was introduced by Chistyakov [2] in
2010. He developed the theory of modular metric on an arbitrary set and
investigated the theory of metric spaces induced by a modular metric. He
defined a modular metric in the following way. Let X be a nonempty set.
Then the function w : (0,00) X X x X — [0, 0] is called a modular metric
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if it satisfies (a) w(A,x,y) = 0 if and only if z = y whenever A > 0, (b)
w(\, z,y) = w(A,y,z) whenever z,y € X and A > 0 and (c) w(\ + p) <
w(A, z,2) +w(w, z,y) whenever x,y,z € X and A\, u > 0.

For a € X, the modular set X,,(a) is defined by

Xp(a) ={r € X : lim w(\, z,a) = 0}.
A—00
In the sequel, we are going to write X, in place of X,,(a). We point out
that Chistyakov equipped the set X,, with the metric g,,, where

quw(z,y) =inf{A > 0: w(\, z,y) < A}

whenever z,y € X,,.

We are aware that a similar concept was studied by Abdou in [1]. Our
approach is different from what was done in [1], the author used the set
By(x,r) :={y € Xy : w(l,z,y) < r}, where x € X, and r > 0 which
she called modular ball to define w-boundeness and other concepts related
to this modular ball. In this article, we use the concept of entourage
Byu(z) = {y € Xo : w(\,z,y) < p}, where A\, > 0 and = € X, (see
below) introduced in [4] to defined the w-boundedness and the topology
induced by a modular metric w on a modular set X,,. It turns out that the
modular ball due to [1] is just the entourage B) ,(x), where A = 1.

Moreover, we continue the study of the concept of one-local retract on
modular metric in more general settings and we attempt to make connec-
tions between this concept in metric and modular metric frameworks. Fur-
thermore, we extend some well-known results from [7, 8] in metric settings
to the structure of modular metrics. For instance, we show that if a subset
A of X, is gy,-bounded then A is w-bounded. In addition, we show that
most results of [1] on fixed point theorem on a modular set still hold in our
context.

2 Basic definitions

Let us consider the set w equipped with a modular metric W. For any
xr € Xy and A, p > 0, the sets By ,(z) and C) ,(x) are defined by

Byu(z) :={z € Xy 1w\ z,2) < p}
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and
Copu(@) = {2z € Xy 1 w(\ 2, 2) < p}.

The set By ,(x) is called a w <-entourage about x relative to A and p,
and the set C) ,(z) is called a w <-entourage about x relative to A and u.
Note that if 0 < ¢ < A and z € X, then

Cup(z) € Cax(z) and By, (x) C Bya(x).
Definition 2.1. [4] Let w be a modular metric on a set X. Given z,y € X,

(i) the limit from the right of w at each point A > 0 denoted by wo(X, z,y)
is defined by wio(\, z,y) = liI§\1+ w(p, z,y) = sup{w(p, ,y) : p > A}
n—

(ii) the limit from the left of w at each point A > 0 denoted by w_o(\, z,y)
is defined by w_o(X, z,y) = h%\l w(p, z,y) = inf{w(,u, z,y) 0 < pu<
H—A"
)\}. Furthermore,

(iii) w is said to be continuous from the right on (0, 00) if for any A > 0
we have w(\, x,y) = wio(A, z,y).

(iv) w is said to be continuous from the left on (0, co) if for any A > 0 we
have w(\, z,y) = w_o(\, x,y).

(v) w is said to be continuous on (0, 00) if w is continuous from the right
and continuous from the left on (0, 00).

Remark 2.2. If w is continuous from the right on (0,00), then for any
x,y € Xy and A > 0 we have g, (x,y) < A if and only if w(\, z,y) < A.

Definition 2.3. ([4, Definition 4.3.1]) Let w be a modular metric on a set
X and ) # O C X. Then O is called 7(w)-open (or modular open) if for any
x € O and A > 0, there exists y > 0 such that By ,(z) C O.

Remark 2.4. Note that in Definition 2.3, one can use C) ,/(x) in place of
B () by taking p/ = &.

Remark 2.5. Let w be a modular metric on a set X and ¢ : (0,00) —
(0,00) be a function. For any z € X, we have (Jysq B0 (7) is 7(w)-
open whenever the following two conditions are satisfied:

(1) ¢ is nondecreasing on (0, 00).
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(2) w is convex and A — Ap(A) is nondecreasing on (0, 00).
(3) In view of (1) above and [4, Remark 4.3.3] note that

{ALJOBA’C(@ e > 0}

may not form a neighborhood base for 7(w).
(4) For any A > 0 and n € N, the set By ;/,(x) is 7(w)-open for any
z € Xy.

It is very useful to note that if w is a modular metric on a set X, then
for any z,y € X, and 0 < p < A, we have

whz,y) = wd —p+pz,y) < (WA —pz,0) +wlpr,y) = wlp,z,y).
(2.1)

3 w-boundedness

In this section we introduce and discuss concepts of w-boundedness and
diameter function on a subset of a modular set.

Lemma 3.1. Let w be a modular metric on a set X. Then for all x,y € Xy,
and XA > 0 we have:

(a) By, (z,A) € Ba(2),
(b) Cg,(x,A) C Crn(@),

where the sets By, (x,\) and Cy, (x,\) are known as open ball and closed
ball centred at x with radius X\, respectively.

Proof. We only prove (b) and (a) follows by similar arguments.
Let y € Cy, (z,A). Then gy(x,y) < A. It follows that

pf=inf{u>0:w(pz,y) < p} <\
Thus we have w(u/,z,y) < p' < A, it follows that
w\z,y) <w(,x,y) <y <X by the inquality (2.1).

Hence y € Cy x (). O
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Example 3.2. Let R be equipped with its usual metric ¢(x,y) = |z — y|
for all z,y € R. Then for any x,y € R, the function w(\,z,y) = q(f\’zy) is

modular metric. For any A > 0 and x € R,,, we have

W=

B, (#,A) = {y € Ry : qu(z,y) = q(z,y)3 <A} = (2= A%, 2+ %)

and
B)\’)\(.’L’) = {y ERy: W()\,$,y) < )‘} = ($ - )\3",1: + )‘3)

Clearly, By, (z,\) = By (z) for any A > 0.

Example 3.3. (compare [4, Example 4.2.2 (2)]) Let (X,q) be a metric
space. Then for any =,y € X, the function

oo if0<A<q(z,y)

0 if A>q(z,y) (3:1)

w(\, z,y) = {

is modular metric on X. It is readily checked that for any A > 0 we have
qu(ﬂj7 )‘) = BQ(xa >‘) C Cq(fL', )‘) = B)\,)\($)
whenever x € X,, = X.

Definition 3.4. ([9, p.99]) Let w be a modular metric on X. A nonempty
subset A of X, is said to be w-bounded if there exists x € X, such that
A C Oy x(x) for some A > 0.

Remark 3.5. Let w be a modular metric on a set X and A C X,,. If A is
¢w-bounded, then A is w-bounded.

Proof. Suppose that A is ¢,-bounded. Then there exist x € X, and A > 0
such that A C Cy, (z,A). Since Cy, (x,A) C Cy (), it is follows that A is
w-bounded. O

The following observation follows from Remarks 2.2 and 3.5.

Remark 3.6. Let w be a modular metric on a set X which is continuous
from the right on (0,00). Then Cy \(z) = Cy, (2, ) whenever A > 0 and
T € Xy.
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The following result is a consequence of Remarks 3.5 and 3.6.

Lemma 3.7. Let w be a modular metric on a set X which is continuous
from the right on (0,00). Then boundedness in (Xy,qw) 15 equivalent to
w-boundedness.

We next introduce the diameter function on a subset of a modular set.

Definition 3.8. Let w be a modular pseudometric on X and () # A C X,.
Let a function ®4 : (0,00) — [0, o] defined by

Pa(A) = sup{w(A, z,y) 1 z,y € A}.
The modular metric diameter of A is defined by ®4(\) for some A > 0.

Lemma 3.9. Let w be a modular metric on X and ) # A C X,,. It is easy
to see that the function ® 4 is well defined for any A C X,,. Then we have
the following properties:

(a) if 0 <A < p, then ®4(p) < Pa(N),
(b) if AC B, then ®4o(\) < ®p(A) for any A > 0,
(¢) ®4(A) =0 for some X\ > 0 if and only if A is a singleton set.

Proof. (a) Suppose that 0 < A < p. Let z,y € A. Then
wlp, z,y) <wh,2,y).
It follows that
sup{w(p, z,y) : ,y € A} <sup{w(\, z,y) : z,y € A}.

Thus
Da(p) < Pa(N).

(b) Suppose A C B and A > 0. Let z,y € A C B. Then

Moreover,
sup{w(A,z,y) 1 z,y € A} < @p(N).
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So ®4(A) < @p(N).

(c) Suppose A is not a singleton set. There exist x,y € A with = # y.
Then w(\, x,y) # 0 for any A > 0. Then

sup{w(\, z,y) : x,y € A} # 0.

Thus ®4(A) # 0 for any A > 0.
Conversely, suppose that ® 4(\) # 0 for some A > 0. It follows that for any
z,y € A we have w(\, z,y) = 0 for some A > 0. Thus z = y. O

Lemma 3.10. Let w be a modular pseudometric on X and ) # A C X,,.
Then we have ® 5(\) < diamg, (A) for some X > 0.

Proof. Let x,y € A. By the definition of g,, we have
qu(z,y) =1inf{A > 0w\, z,y) < A}

So it follows that w(\, z,y) < qu(z,y) for some A > 0 such that w(\, z,y) <
A. Thus for some A > 0

Da(N) = sup{w(\z,y):x,y€ A}

< sup{qu(z,y) :z,y € A}
= diamg, (A).

O]

Lemma 3.11. Let w be a modular pseudometric on X. If A is a w-bounded
subset of Xy, then ®4(\) < oco.

Proof. Suppose that A is w-bounded. Then for some A > 0 we have A C
CY\(x) for some z € X,
If z,y € A, then w(\, z,z) < A. Thus

w2\, y, 2) < (w\,y,z) + wA, z,2) <2
Moreover,
sup{w(N,y,2) : z,y € A} <2\ < oo for some N =2\ > 0.

Therefore, ® 4(\) < oo for some X' > 0. O
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Suppose that w is a modular pseudometric on a set X. For A > 0, we

set:
r4(A) = sup{w(\,z,y):y € A}
ra(A) = inf{rji(\) 2z e X,}
Ra(A) = inf{rj(\):x € A}
Ca(N) = {xe Xy :r5(N) =ra(N)}
covy(A) = ﬂ{C :C < —entourage and A CC}.

Lemma 3.12. Let w be a modular pseudometric on a set X and A be a
w-bounded subset of X,,. Then:

(1) covw(A) = NCrz (x5 (1) (@) 1 7 € Xy and A > 0}.

(2) Tfovw(A)()‘) =714(N) for any x € X, and some X > 0.

(3) Teovw(a)(A) = 1a(A) for some A > 0.
Proof. (1) Let z € X, and y € A. Then
W), 7, y) < sup{w(rh(V), z,y) v € A} = r5(N).
Then y € Cyz (n) 2 (\) (z) for some A\ > 0. It follows that
AC Cra ()7 () (z) for some A > 0.
Thus
covy(A) C ﬂ{crg(,\),rjg(A) () :x € Xy and A > 0}, (3.2)

Suppose that A is a w-bounded. Then for some x € X, and A > 0,
A C Cyx(x). For any y € A, we have w(\, z,y) < A for some A > 0.
Then

r4(A) = sup{w(\, z,y) 1y € A} < X for some A > 0.
It follows that

Crﬁ()\)77“ﬁ(>\)($) - C)\’A(ZE) for some A\ > 0.
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Hence
ﬂ{Crz()\)7ri()\)(x) cx € Xy and XA > 0} C Oy x(x) for some A > 0.

Thus
ﬂ{crﬁ(/\)ﬂ"i@) () :x € Xy and A > 0} C covy,(A). (3.3)

Therefore, we have covy(A) = ({Crz (n) 1z (1) (@) : ¢ € Xy and A > 0} from
(3.2) and (3.3).
(2) Let z € X,,, we have
1) = sup{w (5 (), 2,9) : y € covu(A)}.
By (1), we have y € (Y{Cyz (3),z (1) () : @ € Xy and A > 0}. Thus
Yy < CT%O\)J‘%()\) (LIZ‘) for some A\ > 0.
Hence w(rf(A), z,y) < r%4(A) for some A > 0. Furthermore,
Toove (4)(A) = sup{w(ri(A), z,y) 1 y € covy(A)} < r(A) for some A > 0.

Thus
Tfovw(A)()\) < 7% (\) for some A\ > 0. (3.4)

Since A C r%, (A) by definition, it follows

COVyy

Teova(4)(A) = 74(A)  for some A > 0. (3.5)
From (3.4) and (3.5) we have

rfovw(A) ()‘) = Tfl(A)

for any = € X, and some A > 0.

(3) Let € X,. From the axiom (2) above we have

Teove (4)(A) = T4 (A)

for some A > 0. Therefore,
Teovy (4)(A) = Inf{rg ) (A) 1@ € Xy} =inf{rj(A) : v € Xy} =ra())

for some \ > 0. O
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Remark 3.13. Note that a w-admissible subset of X,, can be written as
the intersection of a family of the form Cj x(x), where z € X, and A > 0.

Definition 3.14. [9] Let w be a modular quasi-pseudometric on a nonempty
set X. We say that X, is w-Isbell-convex if for any family of points (z;);cr
in X, and family of point (\;)ier in (0, 00) such that

w(Xi + Aj, i, 25) < A+ A,

for all ¢,j € I, then
ﬂ [CM,M (xz):| # 0.
el

Lemma 3.15. Let w be a modular pseudometric on X. If X, is w-Isbell-
convex and A C X,,. Then:

(1) ra(A) = (I)A2(>\) for some A > 0.

(2) @4(N) = Prop, (a)(A) for some A > 0.
(3) If A = covy(A), then ra(A) = Ra(\) and Ra(N\) = 1/2®4(\) for
some A > 0.

Proof. (1) Let us consider the set {Cg ,(1)/2,6,,(1)/2(a) : a € A} for some
A>0.
If a,b € A, then

w(@ (M), a,b) < Ba(N) = Ba(N)/2 + Ba(N)/2.

Then we have by the w-Isbell-convexity,

a€A
Let
ze () [C%(t)/zm(x)/z(a)}

a€A

thus
w(Pa(N)/2,a,2) < Py(N)/2 for some A > 0.
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So i (A) < P4(N)/2.
Let z € X, and a,b € A. We have
w(®a(N),a,b) <w(Pa(N)/2,a,2) + w(Pa(N)/2,z,b).
Then

Da(N)

sup{w(®a(N),a,b) : a,b e A}
inf{w(®a(N)/2,a,2) : x € Xy} + inf{fw(Pa(N)/2,2,b) : x € Xy}
TA(/\) —i—T’A()\).

IN

Thus ®4(A) < 2r4(A). Therefore, we have
Da(N) <2ra(X) <2r3(N) < Pa(N).

Da(N)

Hence r4(\) = — for any A > 0.

(2) The result follows from (1) above and Lemma 3.12(3).
(3) Indeed for some A > 0 we have

Da(N)
2

<ra(A) < Ra(M). (3.6)

Since A = [;c;Ci, where C; is <-entourages with A C C; for any i € I.
Since

N Coyo 2400 (a) # 0,

a€A

it follows that the collection of sets
{Ci:ieItU{Ca,0 o 00 (a) a€ A}
2 ) 2

has the mixed binary intersection property. By the w-Isbell-convexity of
Xw, we have

C=ANn{Cos,» <1>A(>\)(a):aEA}ZﬂCZ‘ﬂ{C@A(A) o, (a):a€ A} #£0.
2 T2 icl 2 T2
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Let x € C. Then

T4(A) < (I)AQ()\) since w<(I)A2()\),a, x) < (I)AZ()\). (3.7)

Combining inequalities (3.6), (3.7) and the definition of 7% (), we have

24N
2

ra(A) < <ra(A) < Ra(d) <ri(A).

Therefore, for some A > 0.
rA(A) = Ra(X) = 1/2P4(N).
O

Definition 3.16. Let w be a modular pseudometric on X. Given a subset
A of X, for A > 0, the A-parallel set of A is defined as

na=U 0]

Proposition 3.17. Let w be a modular pseudometric on X. If Xy, is w-
Isbell-convex and A is a w-admissible subset of Xy, that is, A = (), Cx; .z, (74)
where x; € Xy and N\; > 0 for each i € I # (), then

PA(4) =) [CAZ-JFA,,\Z-H(%)} (3.8)
icl

whenever A > 0.

Proof. Let y € Py\(A). Then we have w(\,a,y) < A for some a € A. More-
over, for each ¢ € I,

whi + A z,y) <w(i,xi,a) Fw a,y) < N+ A

It follows that y € Cy, 1 x,+x(xi) whenever i € I. Hence,

Py(A) C ﬂ [C)\i—i-)\,)\i—&-)\(xi)]‘

el
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Suppose that y € (;c; [C')\i+>\7,\i+,\(xi)].
Then

for any i € I. For any a € A and i,j € I we have
w()\z- + /\j,xi,xj) < w()\i, xi,a) + w()\j,a,xj) <N+ A
by the definition of A and the triangle inequality.

Thus, the families of w <-entourages

(Ca s (©2a(0)]

satisfy the hypothesis of w-Isbell-convexity of X,,. Then

0 # (ﬂ@\ﬂi%)) N (C’,\,,\(y)>

icl
= ANCa(y).

It then follows that w(\,y,a) < A for some a € A. Therefore, y € Py(A).
O

Definition 3.18. (compare [10, Definition 2.6]) Let w be a modular pseu-
dometric on X. A nonempty and w-bounded subset A of X, is called
w-admissible if A = cov,,(A).

Remark 3.19. Note that a w-admissible subset of X,, can be written as
the intersection of a family of the form CY, (z), where z € X, and A > 0.

It should be observed that the collection of all w-admissible subsets of
X will be denoted by A, (X,).

Definition 3.20. Let w be a modular metric on X. We say that:

(i) The collection Ay, (Xy,) is compact if every descending chain of nonempty
subsets of A, (X, ) has a nonempty intersection.

Archive of SID.ir



Archive of SID.ir

214 O. Olela Otafudu and T.O. Phawe

(ii) The collection A, (Xy) is w-normal (or has a w-normal structure) if
for any A € A, (X,) with A having more than one point, there exists
A > 0 such that A < ®4(A) and for a € A with A C CY)(a).

Remark 3.21. In line of Remark 3.5 it is easy to see that Ag, (X,) C
Aw(Xyw). Then the compactness of Ay, (X,,) implies the compactness of
Ay (Xy).

Theorem 3.22. Let w be a modular metric on X. If Xy 1s qu-bounded
and  : Xy — Xy s @ map such that w(\, ¥(x),¥(y)) < w(\ z,y) for all
x,y € Xy and X > 0, then 1) has at least one fixed point whenever Ay (Xy)
s compact and normal.

Proof. Suppose that X, is ¢,-bounded and A, (X,,) is compact and normal
from the compactness. Since the map v : X,, — X, satisfies the property

wA (), (y) < wA z,y)

for all z,y € X, and A > 0, it follows from the corollary of [3, Theorem
5.2] with k£ =1 that

Gw(¥(),¥(Y)) < quw(z,Yy)

for all z,y € Xy. Thus ¥ : (Xy,qw) — (Xuw,qw) 1S a nonexpansive map
and Ag, (Xy) is compact and normal by the hypothesis. By [8, Theorem
5.1], the map 9 : (X, qw) — (Xw, qu) has at least one fixed point. O

4 One-local retract

In this section we study the concept of one-local retract and we also inves-
tigate some fixed point theorems. We recommend to the reader [5, 6] for
more details about one-local retract on metric spaces.

Definition 4.1. Let w be a modular metric on X. A subset A of X, is
said to be a 1-local retract of X,, if for any family {A;};c; of <-entourages

on A for which
[ A #0
i€l

it follows that AN (N;c; Ai) # 0.
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The following lemma is obvious therefore we leave the proof to the
reader.

Proposition 4.2. Let w be a modular metric on X and A C X,,. If A is a
1-local retract of (Xuw, qw), then A is a 1-local retract of Xy, in the sense of
Definition 4.1.

Let us recall that the fixed point set Fix(¢)) of a map ¢ : X,, — Xy, is
defined by Fix(¢) = {x € X, : ¢(x) = x}.

Theorem 4.3. Let w be a modular metric on X. If Xy, is qu-bounded for
which Ag, (Xy) is compact and normal and ¢ : X,y — X,y is a map such
that w(A\, ¥ (z), ¥ (y)) < w(A z,y) for all x,y € Xy and X > 0, then Fix(t))
of ¥ is nonempty 1-local retract of X,,. Furthermore, Fix(1)) is compact and
w-normal in the sense of Definitions 3.20 and 4.1, respectively.

Proof. Indeed the fixed point set Fix(¢)) # 0 by Theorem 3.22. In order
to show that Fix(¢) is a 1-local retract of X,,, we consider a family of
<-entourages

{Cri2a (Ta) baer,
where z, € Fix(y)) and A\, > 0 for all a € I" such that

A=) Crgral@a) # 0.

ael

It follows that A is w-admissible and w-normal. Then the map ¢ : A — A
satisfies the same property with .
Therefore, ¥ has a fixed point by Theorem 3.22 and then

0 # Fix(v).

Thus the fixed point set Fix(¢) is a 1-local retract of S. Furthermore, the
definition of 1-local retract assures that A, (Fix(1))) is compact.

To finish, we need to show that A, (Fix(¢)) is w-normal. Let C €
Ay (Fix(¢))). From Lemmas 3.12 and 3.15 we have

Doy, () (A) = Po(N)
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and
Tcovw(C)()‘) = TC(A) for some M\ > 0.

Moreover, the w-normality of C,(X,,) implies that
A< Doy, (cy(A)  for some A > 0.
Then it follows that
A< ®c(A) for some A > 0.
Thus Ay, (Fix(¢))) is w-normal. O

Theorem 4.4. Let w be a modular metric on X. If X, is nonempty qu-

bounded for which Ay (Xy) is compact and normal, then any commuting

family of maps {Ya}aef1,.. n}, (with for all a, Yo+ Xoy — Xy satisfies the

property of the map 1) in Theorem 3.22) has a nonempty common fized point
n

set. Moreover, the common fixzed point set ﬂ Fiz(1),,) is a 1-local retract

a=1

of X in the sense of Definition 4.1.

Proof. We note first that Fix(v,) # (0 by Theorem 3.22 for any a €
{1,---,n}. Thus there exists z € X,, such that ¢,(z) = z for all a €
1, ,n.

Since 11 and ¥ commute, let us show that s (Fix(1)) C Fix(¢)y). If for
some x € Xy, then we have z = ¢ (z) and ¥a(z) = VY2(¢1(2)) = Y1 (Y2(x)).
Thus 2(x) € Fix(¢1).

We conclude that 19 : Fix(11) — Fix(t1) has a fixed point z € Fix(t)1),
which is a fixed point of 19 and ;. By mathematical induction for each
finite family {¢)a}ae(1,... ny Of self-maps on X, satisfying the same property

of the map ¥ in Theorem 3.22, the set of common fixed point ﬂ Fix(¢q) #

0.

a=1

n
To complete the proof, let us show that ﬂ Fix(1q) is 1-local retract.

a=1

n
Consider a family of <-entourages {C, 1, (Za)}aer, where z, € ﬂ Fix(¢q)

a=1
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and A, > 0 for all @ € T" such that

A= ﬂ Fix(1pq) # 0.

a=1

For any o € {1,--- ,n}, we have ¢, : A — A is such that for all z,y € A
and >‘ > O: w()‘awa(x)”(/]a(y)) S ’LU()\,ﬁ,y)

Since A is w-admissible, Ay, (A) is compact and normal. Then by The-
orem 3.22, the map v, has a fixed point in A, that is

ﬂ Fix(1he) N A # 0.

a=1
This proves that (,_, Fix(¢,) is a 1-local retract of X,. O

Theorem 4.5. Let w be a modular metric on X. Also, let X,, be nonempty
qw-bounded for which Ay (Xy) is compact and w-normal. Suppose that
(Hu)aer be a descending family of 1-local retracts of X, where we assume
that T is totally ordered such that oy, a9 € T and a1 < ag holds if and only
if Hoy € Ha,. Then (\yer Ho is nonempty and is a 1-local retract of X, .

Proof. Indeed, the descending family (Hy)aer is 1-local retract of (X, qu)
since the descending family (H,)aer is a 1-local retracts of X,, by Propo-
sition 4.2. From the well-known result of Khamsi [7, Theorem 6] we have

naEF Ha 7& @
We now show that H := ﬂaef‘ H, is 1-local retract of X,. Let us

consider a family of <-entourages {Cx, x;(zs)}ger’, where Ag > 0 and x5 €
H for all § € T” for which

ﬂ Cxgng(zp) # 0.

Bel”

By fixing a € T', since H, is 1-local retract of X,, and since 3 € H,
whenever 8 € I', thus Ao = Ngep Oxgng(25) N Ho # 0.

0 # Nda= ] N Coslon N

acl ael’ -pel”
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= ﬂ C)‘B:)‘B(xﬁ) N ﬂ H,

per’ ael’
= ﬂ C)\ﬁ,)\ﬁ(xﬁ) NH,
Bel”

since the family {Aq }aer is descending. Therefore H = () cp Hq is 1-local
retract of X,. ]

The next result is a consequence of Theorem 4.5 and an application of
Zorn’s lemma.

Corollary 4.6. Let w be a modular metric on a set X and X, be a
nonempty qy-bounded. If {Hy}oer is a family of 1-local retract of sub-
sets of Xy such that ﬂ H, s 1-local retract of X, whenever ¥ C T is
ac¥
finite, then ﬂ H,, is nonempty and 1-local retract of X, .
acl’

Theorem 4.7. Let w be a modular metric on X. If X, is nonempty g, -
bounded for which Agq,(Xy) is compact and normal, then any commuting
family of maps {Vqa}acr satisfying the property of the map 1 in Theorem
3.22, has a common fized point. Furthermore, the common fized point set
Naer Fiz(va) is 1-local retract of Xy.

Proof. For any a € T and z,y € X, and A > 0, we have w(\, ¥ (x),¥(y)) <
w(A, z,y). It follows the corollary of [3, Theorem 5.2] with k& = 1 that
Yo+ (Xuw, qw) — (Xu, qw) is a nonexpansive map for all & € T and since
Ay (Xy) is compact and normal on (X, gy). We have the family of maps
{¥a}aer has a common fixed point by Theorem [7, Theorem 8]. Moreover,
the set [, er Fix(¢q) is 1-local retract of X,, by Theorems 3.22, 4.3 and
Corollary 4.6. O
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