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Abstract. We show that for every n € N, the direct product of the cyclic
semigroup of order n and period 1 and the left zero semigroup 2° has copies
in ON.

The addition of the discrete semigroup N of natural numbers extends to
the Stone-Cech compactification SN of N so that for each a € N, the left
translation A\, : BN 2  +— a + x € BN is continuous, and for each ¢ € SN,
the right translation p, : BN > z — 2 4 ¢ € AN is continuous.

We take the points of SN to be the ultrafilters on N, identifying the
principal ultrafilters with the points of N. For every A CN, A = {p € BN :
A€ p} and A* = A\ A. The subsets A, where A C N, form a base for the
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topology of AN, and A is the closure of A. For p,q € N, the ultrafilter p+gq
has a base consisting of subsets of the form (J, 4(z + B:), where A € p and
for each z € A, B; € q.

Being a compact Hausdorff right topological semigroup, SN has a small-
est two sided ideal K (8N) which is a disjoint union of minimal right ideals
and a disjoint union of minimal left ideals. Every right (left) ideal of SN
contains a minimal right (left) ideal, the intersection of a minimal right ideal
and a minimal left ideal is a group, and the idempotents in a minimal right
(left) ideal form a right (left) zero semigroup, that is, x+y =y (x +y = )
for all x,y.

An elementary introduction to SN can be found in [4].

In 1979, E. van Douwen asked (in [3], published much later) whether
there are topological and algebraic copies of SN contained in N* = SN\ N.
This question was answered in the negative by D. Strauss in [6], where
it was in fact established that continuous homomorphisms from AN to N*
have finite images. It follows that if ¢ : SN — N* is a continuous homo-
morphism, then p = ¢(1) is an element of a finite order n. That is, all
ip = p+...+p, where i € {1,...,n}, are distinct and (n + 1)p = mp

—

1
for some m € {1,...,n}. Conversely, every element p € N* of finite or-
der determines a continuous homomorphism ¢ : SN — N* by (1) = p.
In 1996, Y. Zelenyuk proved that SN contains no nontrivial finite groups
(see [4, Theorem 7.17]). Consequently, if p € SN is an element of order n,
then (n + 1)p = np.

As distinguished from finite groups, SN does contain bands (semigroups
of idempotents): for example, left zero semigroups, right zero semigroups,
chains of idempotents (with respect to the order x < y if and only if z+y =
y + x = x), and rectangular bands (direct products of a left zero semigroup
and a right zero semigroup). To ask whether SN contains a finite semigroup
distinct from bands is the same as asking whether SN contains an element
of order 2 which is the same as asking whether there exists a nontrivial
continuous homomorphism from AN to N* [4, Question 10.19].

The question whether SN contains an element of order 2 was solved in
the affirmative in [7, Theorem 1]. This result has an interesting Ramsey
theoretic consequence, the implication itself was established in [2, Corollary
3.5], see also [1, 8]. In [8], some further finite semigroups in SN consisting
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of idempotents and elements of order 2 were constructed, in particular null
semigroups (z+y = 0 for all z, y). In [10], it was shown that for every m > 1,
the direct product of the m-element null semigroup and the rectangular band
2¢ x 2¢ has copies in SN (that the rectangular band 2¢ x 2¢ has copies in SN
was established in [5]).

The question whether SN contains an element of finite order n > 2 was
solved in the affirmative in [9, Theorem 3|. In fact it was shown that for ev-
ery m > 1 and every n > 2, there are distinct elements p = p1, p2,...,pm in
ON of order n such that ps +p, = 2p for all s,¢t € {1,...,m}. The subsemi-
group generated by p1, ..., pm, consists of the elements p1,...,Pm,2p,...,np
and has defining relations (n 4+ 1)p = np and ps + p = 2p. We denote this
semigroup by Cy, . If m = 1, this is the cyclic semigroup of order n and
period 1, and if n = 2, this is the m-element null semigroup.

In this paper we combine and modify constructions in [10] and [9] and
prove that for every m > 1 and every n > 2, the direct product of the semi-
group Cy, , and the left zero semigroup 2° has copies in SN. In particular,
the direct product of the cyclic semigroup of order n and period 1 and the
left zero semigroup 2° has copies in SN.

Theorem 1.1. Let m > 1 and n > 2. There is an isomorphic embedding
€ : Cpm X 2° — PBN. Furthermore, € can be chosen so that (Cp,  x 2°) C
K(BN) and e(np, ) € K(BN) for all o < 2°.

In the rest of the paper we prove Theorem 1.1.

Let Il =m+mn —1. For every « € N, supp z is a unique finite nonempty
subset of w = NU {0} such that

T = 2k,
>

kesupp z
Pick an increasing sequence Iy C I; C ... C I; = w of subsets of w such
that I; \ I;,—1 is infinite for each i € {0,1,...,1} (with I_; = (}). Define a

function h from N onto the decreasing chain 0 > 1 > ... > [ of idempotents
(with the operation i * j = max{i,j}) by

h(z) =min{i <! :supp  C I;} = max{i <1: (supp =) N ([; \ [—1) # 0}
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and let the same letter h denote its continuous extension SN — {0,1,...,1}.
If z,y € N and maxsupp < minsupp y, then h(x +y) = h(z) x h(y). It
then follows (see [4, Theorem 4.21]) that for any v € N and v € H, where

(o]
H=)2'N,
n=0

one has h(u + v) = h(u) * h(v), in particular, the restriction of h to H is a
homomorphism. For each i € {0,1,...,1}, let

T, = h7'({0,1,...,i}) N H.

Then 7o C 17 C ... C1; = H is an increasing sequence of closed subsemi-
groups of H such that h(K (T;)) = {i} for each i <, and so T;NK(T;1+1) =0
for each i < [ and K(T;) = K(BN) N T; [8, Lemma 3.1], in particular, all
K(Ty), K(Ty),...,K(T}) are pairwise disjoint. Moreover, h(K(ON)) = {l},
and so T;—1 N K(BN) = 0.

To see this, let u € K(ON). Then u + SN is the minimal right ideal of
BN containing u and AN + u the minimal left ideal containing u. Let v be
the identity of the group (u+ AN)N(AN+wu). Then u = u+v and v € K(H),
s0 h(u) = h(u +v) = h(u) * h(v) = h(u) x 1 = 1.

For each i € {0,1,... 1}, let

Xi={z € N: (supp z) N (L; \ [i-1) # 0}.

Notice that for any v € X; NH and u € BN, u +v € X;, and for any v € X;
andw e H, v+w e X;.
Define ¢; : X; — w by

¢i(z) = max((supp =) N (; \ Ii-1))

and let the same letter ¢; denote its continuous extension X; — Sw. Notice
that {2 : k € I, \ I,_1} C X; and, since ¢;(2¥) = k, ¢; homeomorphically
maps {2k : k€ I; \ I;_1} onto [; \ I;_1. If z € N, y € X; and maxsupp = <
minsupp y, then x+y € X; and ¢;(z+vy) = ¢i(y). Andify € X;, z € N\ X;
and maxsupp y < minsupp z, then ¢;(y + z) = ¢;(y). It then follows that
for any v € X; NH and u € BN, ¢;(u + v) = ¢;(v), and for any v € X; and
weH \ X, gf)Z(U + U)) = QZSZ(U)
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To see for example the first statement, we first note that for any x € N
and v € X; NH, ¢;(z +v) = ¢;(v) because the continuous functions ¢; o A,
and ¢; agree on X; N 2"N, where n = (maxsupp x) + 1. Then for any
v € X;NH and u € BN, ¢;(u + v) = ¢;(v) because the continuous function
®i o py is constantly equal to ¢;(v) on N.

Notice that K(T;) € X; NH and T;,—1 C H\ X; (with T_1 = ).

We shall construct

(i) a chain eg > ey > ... > ¢ of idempotents with e; € K(T;),

(ii) for each ¢ € {0,1,...,1}, a left zero semigroup {e; : @ < 2°} C
K (T;) such that e; g = e; and e; o = €, + €; for all a < 2°, and

(iii) for each i € {1,m + 1,...,1 — 1}, a right zero semigroup {e;(j) :
j € w} C K(T;) such that €;(0) = e;, €;(j) < e;—1 for all j € w, and
di(ei(s)) # dilei(k)) if j # k.

Notice that (i) and (ii) imply that

€i,a T €58 = Cixja

for all 7,5 € {0,1,...,1l} and «, 8 < 2.
Indeed,

Ciat+ejg=e€oate+este =epqt(e;i+e)+enste;
= €0, T € + (60 + 60”3) +ej=¢epatet+ete;

= €0,a T €ixj = €ixja-

The construction goes by induction on 7 € {0,1,...,[}.
For i = 0, pick an injective 2°-sequence {rg, : @ < 2} in {2¥ : k € Ip}*.

Lemma 1.2. (roo+T;) N (rog+711) =0 if « # S.

Proof. Consider the function N 3 x — minsupp = € w and let 6 denote its
continuous extension SN — fw. If x,y € N and maxsupp « < minsupp v,
then O(x +y) = 0(x). It then follows that for any v € N and v € H,
O(u+ v) = 6(u). Consequently, 0(ro.o +1;) = {0(r0,0)} and 0(ro s+ 1}) =
{0(ro.5)}. Since 0(2%) =k, 0(ro.a) # 0(ro5), 0 (ron +T1) N (ros + 1)) =
0. O

For every o < 2°, choose a minimal right ideal Ry, of Tp contained in
70, + Tp. Pick a minimal left ideal L of T, and for every a < 2%, let eg o
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be the identity of the group Ro. N Lo. By Lemma 1.2, eg o # €g g if o # .
Put €0 = €0,0-

For ¢ = 1, choose a minimal right ideal R; , of T} contained in eg + T7.
Pick an injective sequence (rm)?‘;o in {2F : k € I\I}*, and for every j € w,
choose a minimal left ideal L ; of T} contained in T + r1; 4 eg. For every
J € w, let e1(j) be the identity of the group Ry N L1 j. Then ¢i(e1 ;) =
¢1(r1,5 + €o) = ¢1(r1,5). Since e1(j) € eg + T1, one has ey + e1(j) = e1(j),
and since e1(j) € T1 + r1,j + eo, one has e1(j) + ep = e1(j), so e1(j) < eo.
Put e; = e1(0). For every a < 2°, put €14 = €go +€1. Then e o + €15 =
eoate1+epgter =epat(e1+ep)t+egster =epater+(eoteps)+er =
eoateitepter =epater =eiq, s0{e1q: <2 is aleft zero semigroup
(in K(T1)). Since e1,o = €ga + €1 € 70,0 + 1o + €1 C ro,o + 11, by Lemma
1.2, e10 # €15 if a # B.

For i € {2,...,m}, pick a minimal right ideal R; of T; contained in
ei—1 + T; and a minimal left ideal L; of T; contained in T; + e;—1 and let ¢;
be the identity of the group R; N L;. For every o < 2°, let ;.o = €0,o + €;.
Then {e; o : @ < 2} is a left zero semigroup and e; o # €; 5 if a # .

For i € {m+1,...,1 —1} (for n > 3), choose a minimal right ideal
R; of T; contained in e;_1 + T;. Pick an injective sequence (ri,j);-";o in
{2% .k € I, \ I;_1}*, and for every j € w, choose a minimal left ideal L;;
of T; contained in T 4+ r; ; + e;—1, and let e;(j) be the identity of the group
R;N L;j. Then ¢;(e;(j)) = ¢i(rij +eo) = ¢i(rij) and e;(j) < e;—1 for all j.
Put e; = €;(0). For every a < 2°, put €, = €p o + €;. Then {e; o : @ < 2}
a left zero semigroup and e; o # €; g if o # f5.

For i = [, pick a minimal right ideal R; of T} contained in e;_1 + 1} and
a minimal left ideal L; of T} contained in 1; + ¢;_1 and let ¢; be the identity
of the group R; N L;. For every o < 2%, put e, = €9, + €;-

Now let

Dllz{{el+el(j):j<w} ifn=2
{e1+e-1(j):j<w} ifn>3

and pick ¢;_1 € D;_1\D;—_1. Then inductively, for each i € {{—2,...,m+1}
(for n > 4), let

Di ={eit1 + qit1 +ei(j) 1 j <w}
and pick ¢; € D; \ D;. For i = m (for n > 3), let

D, = {em—i-l + qm+1 +el(]) g < w}
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and pick ¢, € Dy, \ D

Since ¢; € K(BN) and K (AN) is an ideal of SN [4, Theorem 4.44], we have
inductively that for each i € {I — 1,...,m}, D; C K(N) and ¢; € K(ON).

For each s € {0,1,...,1}, ¢, = es +¢; and es € X, so ¢ € Xg. It then
follows inductively that for each i € {I — 1,...,m}, D; C X;NH and ¢; €
XsNH. Notice that for each i € {I—1,...,m+1} (for n > 3), ¢; is injective
on D; (because ¢;—1(e;+e;—1(7)) = d1—1(e1—1(7)) and ¢;(eir1+qir1+ei(j)) =
¢i(ei(4))), and ¢; is injective on Dy, (¢1(em+1+e1(f)) = é1(ei(j)) forn =2
and ¢1(em+1 + gm+1 + €1(j)) = ¢1(e1(j)) for n > 3).

An ultrafilter ¢ € N* is right cancelable (in ON) if the right translation
of BN by ¢ is injective. An ultrafilter ¢ € N* is right cancelable if and only
if ¢ ¢ N* + ¢ [4, Theorem 8.18]. From the next lemma we obtain that all
Gm, - - -, q—1 are right cancelable.

Lemma 1.3. Let i € {0,1,...,1}. Also, let D be a countable subset of
X;NH, and suppose that ¢; is injective on D. Then every q € D\ D is right
cancelable.

Proof. This is [9, Lemma 5]. O
The next lemma gives us relations between ¢,,...,q—1 and e; 4.

Lemma 1.4. For every a < 2°,

(1) -1 +e—1,a =€,

(2) if n =2, then for each s € {1,...,1}, qi—1 + €50 = €1,

(3) ifn >3, then for eachic {m+1,...,1—1}, ¢; + €i—1,0 = ai,

(4)

(5)

if n >3, then for each i € {m,...,1 =2}, ¢+ €;o = €41 + gi+1, and
if n >3, then for each s € {1,...,m}, gm + €50 = €m+1 + Gm+1-

Proof. (1) Forn >3, (e;+e1-1(j)) +e1-1,0 = 1+ (e1-1(j) +e1—2) €110 =
e +e—1(j) + ((ei—2 +e—10) = g +e—1(j) +e—1 = e +e-1 = e,
and since Per_1.o 18 constantly equal to e; on D;_q, pel_m(ql,l) = e, SO
qi—1 + €i—1,o = €;. The case n = 2 is included in (2).

(2) (e;+e1(y)) +esa =€+ (e1(j)+eo) +esa =€ +e1(4) + (eo —l—es,a) =
eite1(f)tes =e+ei(j)+(e1+es) =e+(e1(j)+e1)+es = e tertes = e

(3) Fori=1—-1, (eg+e—1(j)) +e1—2.0 = &1+ (e1—1(j) +€1-2) + €1—2.0 =
eite—1(J)+(e1—2tei—2.4) = e+e—1(j)+e—2 = ej+e-1(j), and for i <12,
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(€it1+ Gir1+€i(j)) +eim1,a = i1+ Gip1 + (€i(J) +€i—1) + €im1,0 = €41 +
Giv1+ei(j)+(eic1+ei1a) = eip1+qiy1+ei(d) Feim1 = eip1+qiv1 +eid).

(4) For i > m+ 1, (eix1 + git1 + €i(§)) + €ia = €ix1 + qiv1 + (ei(§) +
ei—1) + €ia = €ix1 + qiv1 +€i(J) + (eim1 + €ia) = €41 + Giy1 +€i(j) + e =
€i+1 + qi+1 + € = €it+1 + gi+1- The case i = m is included in (5).

(5) emt1 + @mr1 +e1(j) + esa = emy1 + gmy1 + (e1(j) +eo) + esa =
em41+qma1 +61(j) + (60 +€s,a) = em+1+qmr1 +el(j) +eés =emt1t+gm+1+
e1(j)+(e1+es) = emi1+qmr1+(e1(j) +e1) +es = emp1 +qmy1 +e1t+es =
€m+1 + Gm+1 + €s = Emiy1 + Gmt1- O

Now for each s € {1,...,m} and each a < 2, let

ps(a) = €s,a + gm-

Lemma 1.5. For alli > 2, s1,...,s, € {1,...,m}, and ai,...,a; <2°,

Em+i—1,01 + Qmri—1+ ...+ aqm lf’L <n-1

Psy (1 —i——l—pla: :
s1< ) s( Z) {el7a1+ql1+---+qm otherwise.

Proof. We use Lemma 1.4. If n = 2, then

Ps; (1) + psy(02) = €s51.01 + G + €59,00 + qm®
= €101 + (@m + €s9,00) + Gm
=€s;,00 T €+ qm
= €.a; + Gm, and

Ps; (1) + Dsy (a2) + pss(a3) = (psy (1) + psy (@2)) + pss (a3)

= €La; T qm + €s3,05 + Im
= ela; + (@m + €s3.03) T I
=€la, T e+ aqm

= €l + Gm.-
Let n > 3. We first notice that for each j € {m,...,l — 2},

¢+ .-+ Gmtesa=¢€jt1+qir1+ ...+ gme1 and
G-1+...+tam+esa=€+q-1+...+ qmt1.
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Indeed, inductively, ¢, + €50 = €m+1 + @m+1, and for j > m + 1,

Qj+-'-+Qm+es,a:C_Ij_‘_(qul“—---"i'q”z"'es,a)
=qjte+q + ...+ qm1
=ejr1+qir1+qi+...+ gmi1,

and then

QZ71+~-+Qm+es,aZQI71+(QI72+--~+Qm+€s,a)
=q-1te-1+qg-1+...+qms1
=e+q-1+...+qm+1.

Now by induction on i € {2,...,n — 1},

Dsy (O‘l) + Dsy (a2) = €s1,00 T dm + €sy,00 T Im
= €s1,01 T (Qm + 682,042) + m
= €s1,01 + em+1 + @m+1 + gm

= Em+1,01 + gm+1 + Qm,

and for ¢ > 2,

Ps, (041) +... 1P (al) = (p51 (al) T+t Dsiy (041'_1)) + Ds; (al)
=€m+ti—2,a1 T dm+i—2 + ..+ qm + €50, +
= em+i—2,a01 T Em+i—1 + Gm+i—1+ .- + qm+1 + dm
= ém+i-1l,a01 T Gm+i—-1 + -+ qm,

and then

psi(01) + ...+ ps, (o) = (P (1) + ..+ Doy (n—1)) + Ds,, ()
=€-l,a; Tq-1+ ...+ Gm +€s,,0; + Gm
=€l-la; T T q-1+...+qmt1+gm
=€ tq-1+...+adm

and

Ps; (a1) + ... + Pspia (ant1) = (psy (1) + ...+ ps, () + Pspia (nt1)
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= €l,an +q-1+...+qm+ €snt+1,an+1 + am
=€l T +Tq-1+. ...+ Gmt1 +qm
=€l Tq-1+.-..+qm-

O]

It follows from Lemma 1.5 that for each i > 2, ps, (1) + ... +ps,(04) =
ip(aq), where p(a) = p1(«), and for i > n, ip(a) = np(a).

Lemma 1.6. All elements ps(«) and ip(«), where a < 2°, s € {1,...,m},
and i € {2,...,n}, are pairwise distinct.

Proof. Since all eg o are distinct and gy, is right cancelable (Lemma 1.3), it
follows that all ps() = es o+ qm are distinct. Suppose that ips(a) = jpi(B)
for some o, f < 2% s,t € {1,...,m}, and i,j € {1,...,n} with i +j > 3.
We show that ¢ = j and a = S.

Without loss of generality one may suppose that ¢ > j and i = n (by
adding (n — i)ps(a) to both sides of the equality from the right), and con-
sequently, we have

€s,8 1+ qm ifj=1
Clat@-1+. ...+ G@m=9q€mtj—18+Gnyj-1+...+aqm if2<j<n
eg+q-1+...+aqm if j =n.

If 7 = 1, then canceling the equality by ¢, we obtain €; o +q—1 + ...+
gm+1 = €, in the case n > 3 or ¢, = e, g in the case n = 2. The second
possibility is impossible, and the first also gives a contradiction because
gm+1 is in K(BN) and so is € o + -1 + ... + gm+1, and es 3 € T, (and
Ts N K(BN) = (). Thus j > 2.

If j = n—1, then canceling by ¢, ..., q—1 we obtain e; , = €;—1 g which
is impossible, and if j < n — 2, then canceling we obtain

€latq-1+...+q =e€ntj-—13,

where £ = [ — (1 — j — 1), which also gives a contradiction because g
is in K(AN) and so is ej o + -1 + ... + qx, and ep4j_18 € Tj—1 (and

Ti-1 N K(BN) = 0). Hence j = n = 4. Then canceling we obtain €; , = ¢; 3,
whence a = f. ]
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Define ¢ : Cy, , x 2° — BN by
e(ips, @) = ips(a).
By Lemma 1.6, € is injective, and

e((ips, ) + (Jpt, B)) = e(ips + jpe, a + B) = e((i + J)ps, @) = (i + J)ps(a)
and
e(ips, a) +e(jpt, B) = ips(a) + jpe(B) = (i + j)ps(a),

so € is an isomorphic embedding.

Since gy, is in K(BN), so are £(ps, a) = ps() = €50 + ¢m and (ip, o) =
ie(p, ), and since e; o are in K(ON), so are e(np, o) = np(a) = e o +q-1+
ceo T Qm-

This finishes the proof of Theorem 1.1.
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