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Abstract  
 
Two aspects of b-quark decays are investigated. First, according to the structure of penguin decays and second, ac-
cording to the Effective Hamiltonian theory. In this work, the gluonic penguin term is calculated according to the 
structure of penguin for various ܾ and തܾ quark decays. The total gluonic penguin amplitude to lowest order in ߙ௦ is 
used for the decay process, ܾ ՜ ௞݃ݍ ՜  ത௜ሻ௜ୀ௝. The magnetic dipole gluonic penguin term for various bݍ௜ݍ௞ݍതԢሺݍᇱݍ௞ݍ
quark decays is calculated. The tree-level and gluonic penguin terms of b-quark are also added to calculated the de-
cay rates of b and തܾ quark. It is shown that the gluonic penguin term is small for some decay. The decay rates of 
processes like ܾ ՜ ܿ݀ܿҧ൫ തܾ ՜ ܿҧ ҧ݀ܿ൯, ܾ ՜ ҧ൫ܿݏܿ തܾ ՜ ܿҧݏҧܿ൯, ܾ ՜ ത൫തܾݑ݀ݑ ՜ തݑ ҧ݀ݑ൯ and ܾ ՜ ത൫തܾݑݏݑ ՜  .൯ is obtainedݑҧݏതݑ
 

PACs: 25.75.Nq; 12.38.Mh; 14.65.Fy; 14.65.Bt 
Keyword: Gluonic Penguin; Effective Hamiltonian; b Quark; തܾ Quark; Magnetic Dipole; Tree Level; Decay Rate.  
  
1. Introduction 
  
 In the Standard Model (SM) [1], flavor-changing neu-
tral currents are forbidden, for example, there is no 
direct coupling between the b quark and the s or d 
quarks. Effective flavor-changing neutral currents are 
induced by one-loop, or penguin diagrams, where a 
quark emits and reabsorbs a W thus changing flavors 
twice, as in the ܾ ՜ ݐ ՜  .transition depicted in Fig.1 ݏ
Penguin decays have become increasingly appreciated 
in recent years [2-3]. These loop diagrams with their 
interesting combination of CKM matrix elements give 
insight into the Standard Models [1]. In addition, they 
are quite sensitive to new physics. The weak coupling 
of quarks are given by the CKM matrix. For the Stan-
dard Model with three generations, the CKM matrix 
can be described completely by three Euler-type an-
gles, and a complex phase.                                    
 Various types of the penguin processes are [5]: 
electromagnetic, electroweak, and gluonic. 
 In electromagnetic penguin decays such as ܾ ՜  ,ߛݏ
a charged particle emits an external real photon. The 
hard photon emitted in these decays is an excellent 
experimental signature. The inclusive rate is dominat-
ed by short distance (perturbative) interactions and can 
be reliably predicted. The QCD corrections enhance 
the rate and have been calculated precisely. The elec-
tromagnetic penguin decay ܾ ՜ -is further sup ߛ݀
pressed by | ௧ܸௗ|ଶ | ௧ܸ௦|ଶ⁄  and gives an alternative to  
଴ܤ െ | ത଴ mixing for extractionܤ ௧ܸௗ| [6,7]. Experimen-
tally, inclusive ܾ ՜  has large backgrounds from ߛ݀

the dominate  ܾ ՜  decays which must be rejected ߛݏ
using good particle identification or kinematic separa-
tion. The decay ܾ ՜ -ℓାℓି can proceed via an elecݏ
troweak penguin diagram where an emitted virtual 
photon or ܼ଴ produces a pair of leptons. This decay 
can also proceed via a box diagram [8]. The Standard 
Model prediction for the  ܾ ՜  ℓାℓି decay rate is twoݏ
orders of magnitude smaller than the ܾ ՜  rate ߛݏ
[9,10]. The rate for   ܾ ՜  ҧ is enhanced relative toݒݒݏ
ܾ ՜ -ℓାℓି  primarily due to summing the three neuݏ
trino flavors. These decays are expected to be domi-
nated by the weak penguin, since neutrinos do not 
couple to photons. The predicted rate is only a factor 
of 10 lower than for  ܾ ՜  Unfortunately, the .[11] ߛݏ
neutrinos escape detection, making this mode difficult 
to observe. 
 Another category of penguin is so-called vertical 
or annihilation penguin where the penguin loop con-
nects the two quarks in the B meson. These rates are 
expected to be highly suppressed in the Standard 
Model since they involve a ܾ ՜ ݀ transition and are 
suppressed by ሺ ஻݂ ݉஻ሻ⁄ ଶ ൎ 2 ൈ 10ିଷ  [12], where ஻݂ 
is the  B-meson decay constant which parameterizes 
the probability that the two quarks in the  B meson 
will ''find each other'', and  ݉஻ is the B meson mass. 
The ܤ ՜   decay is suppressed [13] relative to ߛߛ
ܾ ՜ ܤ ொ஼஽. Theߙ by an additional ߛݏ ՜ ℓାℓି decays 
are helicity-suppressed [7,14]. Because these decays 
are so suppressed in the Standard Model, they provide 
a good opportunity to look for non SM effects. 

An on- or off-shell gluon can also be emitted from 
the penguin loop. While the on-shell ܾ ՜  rate had ݃ݏ
been calculated to be ܱሺ0.1%ሻ [15], the inclusive on-
plus off-shell ܾ ՜   rate includes contribution from כ݃ݏ
ܾ ՜ ത and b՜ݍݍݏ  which increase the inclusive ݃݃ݏ
rate to 0.5-1% [16,17]. The ܾ ՜  penguin rate is כ݃݀
smaller by | ௧ܸௗ ௧ܸ௦⁄ |ଶ.   
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 Unfortunately, there are several difficulties asso-
ciated with gluonic penguins. There is no good signa-
ture for the inclusive ܾ ՜   decay, unlike the כ݃ݏ
ܾ ՜  case. The branching fraction of individual ߛݏ
exclusive gluonic penguin channels is typically quite 
small and hadronization effects are difficult to calcu-
late [18,19]. In addition, many gluonic penguin final 
states are accessible via other diagrams, so the gluonic 
penguin is difficult to assess. Thus the penguin 
processes such as ܤ଴ ՜  ଴ that have contributionsܭ߶
only from gluonic penguins are eagerly sought.    
 
        
 
 
 
 
 
Fig. 1: ࢈ ՜ ࢙  loop or penguin diagram.  
 
 While the gluonic penguin gives rise only to ha-
dronic final states, several other processes can contri-
bute to the same final states. One important contribu-
tion is from the tree-level ܾ ՜  decay. For example ݑ
the  ܾ ՜ ܾ ത transition and theݑݏݑ ՜ -penguin tran כ݃ݏ
sition both contribute to ଴ܤ   ՜  However, the .ିߨାܭ
ܾ ՜  ത  transition is Cabibbo-Suppressed, so theݑݏݑ
penguin process is expected to dominate [20-23]. On 
the other hand, in ܤ ՜  for example, the small ିߨାߨ
ܾ ՜  contribution is expected to be dominant by כ݃݀
the non-cabibbo-suppressed tree-level ܾ ՜ -ത tranݑ݀ݑ
sition. In general, most decays to hadronic final state 
with φ mesons or non-zero net strangeness are ex-
pected to be dominate by gluonic penguin and hadron-
ic final states with zero net strangeness are expected to 
be dominated by tree-level ܾ ՜  .ݑ
 Electroweak penguin also contributes to hadronic 
final states. Every gluonic penguin can be converted to 
an electroweak penguin by replacing the gluon with a 
ܼ଴ or γ. Electroweak penguin with internal ܼ଴ or γ  
emission are suppressed relative to the corresponding 
strong gluonic penguin. In the hairpin process the 
gluon, ܼ଴, or  γ is emitted externally and subsequently 
forms a meson. The vertical electroweak penguin dia-
gram, with the lepton pair replaced by a de-quark pair, 
is highly suppressed and is important only for decays 
such as ܤ଴ ՜ ߶߶, where there is no other diagrams 
contribution [24,25]. 
 In the annihilation diagram the b and ݑത quarks in a 
-meson annihilate form a virtual ܹି. The annihila ିܤ
tion diagram is suppressed by | ௨ܸ௕| and ஻݂ ݉஻⁄   and is 
expected to be mostly negligible. In the exchange dia-
gram, a ܾ ՜ transition and a ҧ݀ ݑ ՜  ത  transition occurݑ
simultaneously via the exchange of a W between the b 
and ҧ݀ quarks in a ܤത଴ meson. The exchange process is 
also suppressed by | ௨ܸ௕| and ஻݂ ݉஻⁄ , and is also ex-
pected to be negligible, except in decays such as 
଴ܤ ՜ -where there is no favored diagrams con ିܭାܭ
tribution [26-28]. 

 Although us →  loop diagrams are important in 
K decays, those decays are typically dominated by 
large non-perturbative effects. A notable exception is 
ାܭ ՜  ҧ. This decay is expected to be dominatedݒݒାߨ
by electroweak penguins and could eventually provide 
a measurement of | ௧ܸௗ|. Penguin processes are also 
possible in c and t decays, but these particles have the 
CKM-favoured decays ܿ ՜ ݐ and ݏ ՜ ܾ accessible to 
them. Since the b quark has no kinematically-allowed 
CKM-favoured decay, the relative importance of the 
penguin decay is greater. The mass of the top quark 
the main contributor to the loop, is large, and the 
coupling of the b quark, the t quark, | ௧ܸ௕|, is very 
close to unity, both strengthening the effect of the 
penguin. The ܾ ՜ ሺܾݏ ՜ ݀ሻ penguin transition is sen-
sitive to | ௧ܸ௦| | ௧ܸௗ|⁄  which will be extraordinarily dif-
ficult to measure in top decay. Information from the 
penguin decay will complement information on | ௧ܸ௦|  
and | ௧ܸௗ| from ܤ௦ െ ଴ܤ ത௦  andܤ െ  .ത଴ mixing [29]ܤ
 Since the Standard Model loops involves the hea-
viest known particles (t, W ,Z), rates for these 
processes are very sensitive to non-SM extension with 
heavy charged Higge or supersymmetric particle. 
Therefore, measurement of loop processes constitutes 
the most sensitive low energy probes for such exten-
sions to the Standard Model. 
 
 2. Gluonic Penguin   
 
Conservation of the gluonic current requires the 
ܾ ՜ :௞݃ vertex to have the structure [30,31]ݍ               
 
Γఓ

௔ሺݍଶሻ ൌ ሺ݅݃௦ ⁄ଶߨ4 ሻ ݑത௞ ሺ݌௞ሻܶ௔
ఓܸሺݍଶሻ ݑ௕ሺ݌௕ሻ,   

 (1)       
where  
 
 ఓܸሺݍଶሻ ൌ ൫ݍଶ݃ఓ௩ െ ଵܨ௩ሾߛ௩൯ݍఓݍ

௅ሺݍଶሻ ௅ܲ ൅
ଵܨ

ோሺݍଶሻ ோܲሿ ൅ ଶܨ௩ሾݍఓ௩ߪ݅
௅ሺݍଶሻ ௅ܲ ൅ ଶܨ

ோሺݍଶሻ ோܲሿ.                               
                    (2)     

 Here ܨଵ and ܨଶ are the electric (monopole) and 
magnetic (dipole) form factors, ݍ ൌ ௚ݍ ൌ ௕݌ െ  ௞  is݌
the gluon four momentum, ௅ܲሺோሻ ؠ ሺ1 ט ହሻߛ 2⁄  are the 
chirality projection operators and ܶ௔ሺܽ ൌ 1, ڮ ,8ሻ are 
the ܷܵሺ3ሻ௖ generators normalized to ܶݎሺܶ௔ܶ௕ሻ ൌ
௔௕ߜ 2⁄ . The തܾ ՜   :ത௞݃ vertex isݍ
 
Γఓ

௔ሺݍଶሻ ൌ െሺ݅݃௦ ⁄ଶߨ4 ሻ ݒҧ௕ ሺ݌௕ሻܶ௔ തܸఓሺݍଶሻ ݒ௞ሺ݌௞ሻ,   
                                                                              (3)         

here തܸఓ has the form (2) with the form factors 
ଵ,ଶܨ

௅,ோሺݍଶሻ replaced by ܨതଵ,ଶ
௅,ோሺݍଶሻ. To lowest order in ߙ௦  

the penguin amplitude for the decay process ܾ ՜
௞݃ݍ ՜ ത௝൯ݍ௜ݍ௞ݍതԢ൫ݍᇱݍ௞ݍ

௜ୀ௝
  is: 

 
݃݊݁݌ܯ ൌ
െ݅ሺݏߙ ⁄ߨ ሻ ቂݑഥ ݇ ቀ݇݌ቁ ܶܽΛܾݑߤ ቀܾ݌ቁቃ ቈݑഥ Ԣݍ ൬ݍ݌Ԣ൰ ഥԢݍݒܽܶߤߛ ቆ݌

   ,ഥԢቇ቉ݍ
                                 (4)   

sb 
t 

ܹି
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where  ߙ௦ ൌ ݃௦
ଶ ⁄ߨ4  and: 

 
Λߤ ؠ
ߤߛ ൤1ܨ

ܮ
ቀ2ݍቁ ܮܲ ൅ 1ܨ

ܴ
ቀ2ݍቁ ܴܲ൨ ൅ ቀ݅ݒݍݒߤߪ 2ൗݍ ቁ ൤2ܨ

ܮ
ቀ2ݍቁ ܮܲ ൅

2ܨ
ܴ

ቀ2ݍቁ ܴܲቃ. 
                (5)     

Similarly, for തܾ ՜  :തԢ, the amplitude isݍԢݍത௞ݍ
 
݃݊݁݌ܯ ൌ  
െ݅ሺߙ௦ ⁄ߨ ሻൣݑത௞ሺ݌௞ሻܶ௔Λఓݑ௕ሺ݌௕ሻ൧ൣݑത௤ᇲ൫݌௤ᇲ൯ߛఓܶ௔ݒ௤തᇱ൫݌௤തᇲ൯൧, 

 (6)       
where Λഥఓ is obtained from Eq. 5 by the replacement of 
all the ܨሺݍଶሻ form factors by ܨതሺݍଶሻ form factors. The 
top quark dominates in the sum for ܨଶ, hence at value 
of ݍଶ (a good approximation), we have ܨଶ

௅ሺݍଶሻ ൎ
ଶܨ

௅ሺ0ሻ and ܨଶ
ோሺݍଶሻ ൎ ଶܨ

ோሺ0ሻ [32], therefore: 
 
ଵܨ

௅ሺݍଶሻ ൌ ൫ܩி √2⁄ ൯ ෍ ௜ܸ௞
כ

௜ୀ௨,௖,௧
௜ܸ௕ ଵ݂ሺݔ௜, ,ଶሻݍ ଵܨ 

ோሺ0ሻ

ൌ 0,  
                                                                                   (7) 
2ܨ

ሺ0ሻܮ ൗݍ݉ ൌ 2ܨ
ܴሺ0ሻ ܾ݉ൗ ൌ ቀܨܩ ඥ2⁄ ቁ ෍ ݍܸ݅

כ

݅ൌݐ,ܿ,ݑ
ܸܾ݂݅2ሺ݅ݔሻ, 

                     .                                                  (8)          
where ݔ௜ ؠ ݉௜

ଶ ௐܯ
ଶ⁄ ሺ݅ ൌ ,ݑ ܿ,   :ሻ andݐ

 
݂2ሺݔሻ ൌ െ൫ݔ 4⁄ ሺ1 െ ሻ4൯ൣ2ݔ ൅ ݔ3 െ 2ݔ6 ൅ 3ݔ ൅ ݔ6 ln  ,൧ݔ

                                                                       (9) 
݂1ሺݔሻ ൌ ൫1 12⁄ ሺ1 െ ݔሻ4൯ൣ18ݔ െ 2ݔ29 ൅ 3ݔ10 ൅ 4ݔ െ
൫8 െ ݔ31 ൅ 2൯ݔ18 ln      ,൧ݔ

                                           (10) 
݂1 ቀ݅ݔ, 2ቁݍ ൌ ൫10 9⁄ ൯ െ ൫2 3⁄ ൯ ln ݅ݔ ൅ ൫2 3⁄ ൯݅ݖ

െ ൫2 ൫2݅ݖ ൅ 1൯ 3⁄  ,൯݅ݖ൯݃൫݅ݖ
 (11)       

here ݖ௜ ؠ ଶݍ 4݉௜
ଶ⁄  and [33,34]: 

 
݃ሺݖሻ

ൌ

ە
ۖ
۔

ۖ
ۓ ඨ1 െ ݖ

ݖ arctan ቆට
ݖ

1 െ ቇݖ ݖ                           , ൏ 1

1
2

ඨ1 െ ݖ
ݖ ቈln ቆ

ݖ√ ൅ ݖ√ െ 1
ݖ√ െ ݖ√ െ 1

ቇ െ ቉ߨ݅ ݖ           . ൐ 1

 

 (12)       
For the u quark, ݅ݖ is large and we use the asymptotic 
form of (11): 
 
݂1 ቀݑݔ, 2ቁݍ ൌ ൫10 9⁄ ൯ െ ൫2 3⁄ ൯ ൤ln ൬2ݍ ܹܯ

2
ൗ ൰ െ   ,൨ߨ݅

 (13)           
 To obtain ܨଵ

௅ ب ଵܨ
ோ and ܨଶ

ோ ب ଶܨ
௅. For the 

ܾ ՜ ଵܨ തԢ  amplitude we find thatݍԢݍ݀
௅ is dominant. 

Processes like  ܾ ՜ ҧ and  തܾݏݏ݀ ՜ ҧ݀ݏݏҧ are expected to 
be penguin dominated [35] and ܨଵ

௅ dominates all the 
other form factors. In the ܾ ՜  തԢ  transition, weݍԢݍ݀
again find that  ܨଵ

௅ ب ଵܨ
ோ, ܨଶ

ோ ب ଶܨ
௅ and the ܨଵ

௅ ampli-
tude to be dominant.  
 

3. Penguin Amplitude Decays of  ࢈ ՜    ഥ࢐ࢗ࢏ࢗ࢑ࢗ
3.1. First Step (Penguin term): 
 
According to Eq. 4, to lowest order the penguin ampli-
tude for the decay process ܾ ՜   :ത௝ isݍ௜ݍ௞ݍ
 
 
݃݊݁݌ܯ ൌ
െሺݏߙ ⁄ߨ ሻ ቂݑഥ ݇ ቀ݇݌ቁ ܶܽΛܾݑߤ ቀܾ݌ቁቃ ቂݑഥ ݅ ቀ݅݌ቁ ത݆ݒܽܶߤߛ ቀ݌ത݆ቁቃ,              

 (14)      
where  
 
Λఓ ؠ γఓܨଵ

௅ሺݍଶሻ ௅ܲ,                                                   (15)        
 
because ܨଵ

௅ dominates for all of the form factors,  
௅ܲ ൌ ሺ1 െ ହሻߛ 2⁄  and here we neglect the magnetic 

dipole terms (see (5)). We will calculate the magnetic 
dipole terms later. The second term with ߛఓ can be 
written as: 
  
ఓߛ  ൌ ఓߛ ሺ1 െ ହሻߛ 2⁄ ൅ ఓߛ ሺ1 െ ହሻߛ 2⁄ .                                    

(16)                
Hence, the lowest order penguin amplitude becomes: 
 
௣௘௡௚ܯ ൌ െ݅ሺߙ௦ ⁄ߨ ሻൣݑത௤௞൫݌௤௞൯ܶ௔Λఓݑ௕ሺ݌௕ሻ൧

ൈ ఫҧ൯݌௅ఫҧ൫ݒ෤ఓܶ௔ߪ௜ሻ݌ത௅௜ሺݑൣ
൅  ఫҧ൯൧݌ோఫҧ൫ݒఓܶ௔ߪ௜ሻ݌തோ௜ሺݑ

 (17)           
Using Eq. 15, we have:  
 

݃݊݁݌ܯ ൌ െ݅ሺݏߙ ⁄ߨ ሻ1ܨ
ܮ

ቀ2ݍቁ 
ቄቂݑഥ ݇ܮ ቀ݇݌ቁ ෩ߪܽܶ ܾܮݑߤ ቀܾ݌ቁቃ ቂݑഥ ݅ܮ ቀ݅݌ቁ ෩ߪ ത݆ܮݒܽܶߤ ቀ݌ത݆ቁቃ

൅ ቂݑഥ ݇ܮ ቀ݇݌ቁ ෩ߪܽܶ ܾܮݑߤ ቀܾ݌ቁቃ ቂݑഥ ܴ݅ ቀ݅݌ቁ ෩ߪ ത݆ܴݒܽܶߤ ቀ݌ത݆ቁቃቅ. 
(18)         

 Now we can obtain the penguin amplitude for b 
quark spin projections +1/2 and –1/2: 
 

݃݊݁݌ܯ ൌ ൫െ 2݅ ܸ⁄ ൯ሺݏߙ ⁄ߨ ሻ1ܨ
ܮ

ቀ2ݍቁ ቄ1ܣ൫ߪ෩ ൯ߤ ቀߪ෩ ቁߤ

൅ ෩ߪ2൫ܣ  ,൯ቅߤߪ൯൫ߤ
(19)        

here 
                     
1ܣ ൌ ට൫1 ൅ ൯݇ݒ 2⁄ ට൫1 ൅ ൯݅ݒ 2⁄ ටቀ1 ൅ ത݆ቁݒ 2⁄  ,                                
 
2ܣ ൌ ට൫1 െ ൯݇ݒ 2⁄ ට൫1 ൅ ൯݅ݒ 2⁄ ටቀ1 െ ത݆ቁݒ 2⁄  .                                    

(20)           
 Terms ൫ߪ෤ఓ൯ሺߪ෤ఓሻ௅௅ and ൫ߪ෤ఓ൯ሺߪఓሻ௅ோ for spin +1/2 
and –1/2 obtain by the matrix elements of L-L handed 
and L-R handed for the b quark  
 

ܮെ݅หۃ ෩ߪ ቚߤ ܾ൫1 2⁄ ൯ܮۄ ෩ߪܮെ݇หۃ ܮۄหെ݆ߤ
ൌ sin ቀቀ݇ߠ െ ݆ߠ െ ቁ݅ߠ 2⁄ ቁ

൅ sin ቀቀ݇ߠ ൅ ݆ߠ െ ቁ݅ߠ 2⁄ ቁ.  
ܮെ݅หۃ ෩ߪ ቚߤ ܾ൫െ1 2⁄ ൯ܮۄ ෩ߪܮെ݇หۃ ܮۄหെ݆ߤ ൌ
cos ቀቀ݇ߠ െ ݆ߠ െ ቁ݅ߠ 2⁄ ቁ െ cos ቀቀ݇ߠ ൅ ݆ߠ െ ቁ݅ߠ 2⁄ ቁ.  

(21)    
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 When dealing with penguin amplitudes we will 
also need the matrix elements: 
 
ܮെ݅หۃ ෩ߪ ቚߤ ܾ൫1 2⁄ ൯ܮۄ ܴۄหെ݆ߤߪെ݇หܴۃ

ൌ sin ቀቀ݅ߠ െ ݇ߠ െ ቁ݆ߠ 2⁄ ቁ

െ sin ቀቀ݅ߠ ൅ ݇ߠ െ ቁ݆ߠ 2⁄ ቁ, 
 
หܾ൫െ1ߤ෥ߪܮ|െ݅ۃ 2⁄ ൯ܮۄ ܴۄหെ݆ߤߪܴ|െ݇ۃ

ൌ cos൫൫݅ߠ െ ݇ߠ െ ൯݆ߠ 2⁄ ൯
െ cos൫൫݅ߠ ൅ ݇ߠ െ ൯݆ߠ 2⁄ ൯. 

 (22)    
 Thus the amplitudes for spin projection +1/2 and –
1/2 are given by:  
 
1ܯ 2⁄

݃݊݁݌ ൌ ቀെ݅2 ඥ2 ܸൗ ቁ ሻݔሺߦ ቄ1ܣ ቂsin ቀቀ݅ߠ െ ݆ߠ െ ቁ݇ߠ 2⁄ ቁ

൅ sin ቀቀ݅ߠ ൅ ݆ߠ െ ቁ݇ߠ 2⁄ ቁቃ

൅ 2ܣ ቂsin ቀቀ݇ߠ െ ݅ߠ െ ቁ݆ߠ 2⁄ ቁ

െ sin ቀቀ݇ߠ ൅ ݅ߠ െ ቁ݆ߠ 2⁄ ቁቃቅ, 
(23) 

െ1ܯ 2⁄
݃݊݁݌ ൌ ቀെ݅2 ඥ2 ܸൗ ቁ ሻݔሺߦ ቄ1ܣ ቂcos ቀቀ݅ߠ െ ݆ߠ െ ቁ݇ߠ 2⁄ ቁ

െ cos ቀቀ݅ߠ ൅ ݆ߠ െ ቁ݇ߠ 2⁄ ቁቃ

൅ 2ܣ ቂcos ቀቀ݇ߠ െ ݅ߠ െ ቁ݆ߠ 2⁄ ቁ

൅ cos ቀቀ݇ߠ ൅ ݅ߠ െ ቁ݆ߠ 2⁄ ቁቃቅ. 
(24)        

where: 
  
ሻݔሺߦ  ൌ ൫ߙ௦ ⁄ߨ2√ ൯ሺ4 3⁄ ሻܨଵ

௅ሺݍଶሻ.                           (25)          
 
Since the colour factor is given by: 
 

෍ ܶ௔ܶ௔
଼

௔ୀଵ

ൌ ሾሺ1 3⁄ ሻ െ ሺ1 6⁄ ሻ ൅ ሺ1 2⁄ ሻሿଶ ൌ 4 9⁄ . 

(26)           
 Also, according to Eq. 7 the  ܨଵ

௅ሺݍଶሻ is:  
 
ଵܨ

௅ሺݍଶሻ ൌ ൫ܩி √2⁄ ൯ ෍ ௜ܸ௤
כ

௜ܸ௕
௜ୀ௨,௖,௧

ଵ݂ሺݔ௜ሻ,  

ൌ ൫ܩி √2⁄ ൯൛ ௨ܸ௤
כ

௨ܸ௕ ଵ݂ሺݔ௨ሻ ൅ ௖ܸ௤
כ

௖ܸ௕ ଵ݂ሺݔ௖ሻ ൅
௧ܸ௤
כ

௧ܸ௕ ଵ݂ሺݔ௧ሻሽ,                                                          (27)     
 
here q refers to d and s quarks. We used Eqs.10, 11 
and 13, to obtain ଵ݂ሺݔ௨ሻ, ଵ݂ሺݔ௖ሻ and ଵ݂ሺݔ௧ሻ, respec-
tively. 
 
 3.2. Second step (magnetic dipole term)  
 
A charge particle in orbital motion generates a mag-
netic dipole moment of a magnitude proportional to its 
orbital angular momentum. Furthermore, a particle 
with intrinsic angular momentum or spin has an intrin-
sic magnetic moment. The magnetic dipole term in the 
penguin amplitude, according to Eq. 5, is: 
  
Λఓ ؠ ൫݅ߪఓ௩ ௩ݍ ⁄ଶݍ ൯ሾܨଶ

௅ሺݍଶሻ ௅ܲ ൅ ଶܨ
ோሺݍଶሻ ோܲሿ.                              

(28)            

 Also, according to Eq. 8 magnetic (dipole) form 
factor at  ݍଶ ൌ 0ሺݍଶ ௐܯ

ଶ⁄ ا 1ሻ is: 
 
ଶܨ

௅ሺ0ሻ
݉௞

ൌ
ଶܨ

ோሺ0ሻ
݉௕

ൌ
݃ଶ

ଶ

ௐܯ8
ଶ ෍ ௜ܸ௞

כ

௜
௜ܸ௕ ଶ݂ሺݔ௜ሻ. 

(29) 
 The top quark is dominant for ܨଶ

ோሺ0ሻ, so we can 
write: 
  
ଶܨ

ோሺ0ሻ ൌ ݉௕൫ܩி √2⁄ ൯൫ ௧ܸ௞
כ

௧ܸ௕ ൯ ଶ݂ሺݔ௧ሻ.                                 
(30)               

Here ଶ݂ሺݔ௧ሻ defined by Eq. 9 and ݔ௧ ൌ ݉௧
ଶ ௐܯ

ଶ⁄ , also 
we saw that ܨଶ

௅ሺ0ሻ ا ଶܨ
ோሺ0ሻ, because ݉௞ ا ݉௕, so 

the magnetic dipole term becomes:  
  
Λఓ ؠ ൫݅ߪఓ௩ݍଶ൯ܨଶ

ோሺ0ሻ ோܲ.                                         (31)                  
 
 Substituting in the penguin amplitude, according to 
Eq. 4: 
 
݌݅݀ܯ

ൌ
ݏ݃

2

2ߨ4 ሾݑഥ݇൫݇݌൯ܶܽ൫݅ݒߤߪ ݒݍ ⁄2ݍ ൯2ܨ
ܴ൫0൯ܴܾܲݑ൫ܾ݌൯ ቂݑഥ݅൫݅݌൯ݒܽܶߤߛത݆ ቀ݌ത݆ቁቃ, 

(32)   
where 
  
ఓ௩ߪ ൌ ሺ݅ 2⁄ ሻሾߛఓ, ௩ሿߛ ൌ ሺ݅ 2⁄ ሻሺߛఓߛ௩ െ .ఓሻߛ௩ߛ                                     

(33)              
and 
 
௩ߛఓߛ ൌ ቀ 0 ఓߪ

෤ఓߪ 0 ቁ ቀ 0 ௩ߪ

෤௩ߪ 0 ቁ ൌ ቀߪఓߪ෤௩ 0
0   .௩ቁߪ෤ఓߪ

 (34)           
Therefore:  
  
ఓ௩ߪ ൌ ௜

ଶ
ቀߪఓߪ෤௩ െ ෤ఓߪ௩ߪ 0

0 ௩ߪ෤ఓߪ െ                                           .ఓቁߪ෤௩ߪ
(35)         

The wave function of b and ݍ௞ is given by: 
 
ఓ௩ሾሺ1ߪത௞ݑ ൅ ହሻߛ 2⁄ ሿݑ௕ ൌ
௜
ଶ

൬߰௞௅
߰௞ோ

൰
௙

൬
௩ߪ෤ఓߪ െ ఓߪ෤௩ߪ 0

0 ෤௩ߪఓߪ െ ෤ఓߪ௩ߪ
൰ ൬ 0

߰௕ோ
൰ ൌ

ሺ݅ 2⁄ ሻ߰௞௅൫ߪ෤ఓߪ௩ െ   .ఓ൯߰௕ோߪ෤௩ߪ
 (36)         

Substituting in the penguin amplitude: 
 

݌݅݀ܯ ൌ െ
ݏ݃

2

2ߨ8 2ܨ
ܴሺ0ሻቀܶܽܶܽቁ ቈݑഥ݇ܮ

ݒݍ

2ݍ ൫ߪ෥ݒߪߤ

െ ቉ܴܾݑ൯ߤߪݒ෥ߪ ቂݑഥ݅൫ߪ෥ߤ ൅  .ത݆ቃݒ൯ߤߪ

 (37)     
Substituting ݒݍ ൌ ൫݌௕ െ  ൯௩ in the above equation, we݇݌
have: 
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݌݅݀ܯ ൌ െ ݏ݃
2

2ߨ8 2ܨ
ܴ

൫0൯ ቀܶܽܶܽ
ቁ

1
2ݍ ቂቀݑഥ ෩ߪܮ݇ ߤ ቀܾ݌ݒߪ

ݒ

െ ݇݌ݒߪ
ቁܴܾݑ൯ݒ

െ ቀݑഥ ܮ݇ ቀߪ෩ ܾ݌ݒ
ݒ െ ෩ߪ ݇݌ݒ

ቁݒ ቁቃܴܾݑߤߪ

ൈ ቂݑഥ ෩ߪ݅ ത݆ݒߤ ൅ ഥݑ  ,ത݆ቃݒߤߪ݅
(38)        

or 
              
ௗ௜௣ܯ ൌ 

െ
݃௦

ଶ

ଶߨ8 ଶܨ
ோሺ0ሻሾሺܶ௔ܶ௔ሻ

1
ଶݍ ൣൻ݇௅หߪ෤ఓሺߪ௩݌௕

௩ െ ௞݌௩ߪ
௩ሻหܾோൿ

െ ൻ݇௅หሺߪ෤௩݌௕
௩ െ ௞݌෤௩ߪ

௩ሻߪఓหܾோൿ൧
ൈ ሾ݅ۦ௅|ߪ෤ఓ|݆௅ۧ ൅  .ఓ|݆ோۧሿߪ|ோ݅ۦ

 (39)        
We known that: 
 
௕݌ ෤ఓߪ

ఓ|ܾ௅ۄ ൌ ݉௕|ܾோߪ            ,ۄ෤ఓ ݌௞
ఓ|݇௅ۄ ൌ ݉௞|݇ோۄ, 

 
௕݌ ௩ߪ

௩|ܾோۄ ൌ ݉௕|ܾ௅ߪ            ,ۄ௩ ݌௞
௩|݇ோۄ ൌ ݉௞|݇௅ோۄ, 

 
௕݌௩ߪ෤ఓ ሺߪ

௩ሻ ൌ ௕݌ ෤ఓߪ௞ఓ ,                ൫݌
௩൯ߪ௩ ൌ  .௕ఓ݌

 (40)      
and  
  
ሺ݌௕ ൅ ௞ሻఓ݌ ൌ ൫2݌௕ െ ௜݌ െ ௝൯݌

ఓ
.                                                                                     

(41)             
Also according to conservation of current  
 
ቀ݅݌ ൅ ቁ݆݌

ߤ
ቂർ݅ܮቚߪ෩ ඀ܮቚ݆ߤ ൅ ർܴ݅ቚߤߪቚ݆ܴ඀ቃ

ൌ ݉݅ ቂർܴ݅ቚ݆ܮ඀ ൅ ർ݅ܮቚ݆ܴ඀ቃ

െ ݆݉ ቂർ݅ܮቚ݆ܴ඀ ൅ ർܴ݅ቚ݆ܮ඀ቃ ൌ 0. 
 (42)       

Since in the penguin decays ݉௜ ൌ ௝݉ and |݆ۄ is the 
antiparticle: 
 
ۄ௝ఓ|݆௅݌෤ఓߪ ൌ െ ௝݉|݆ோ(43)                                              .ۄ            
 
Consequently, the magnetic dipole term of penguin 
amplitude becomes:  
  

ௗ௜௣ܯ ൌ െ
݃௦

ଶ

ଶߨ8 ଶܨ
ோሺ0ሻሺܶ௔ܶ௔ሻ

1
ଶݍ ൣ݉௕ൻ݇௅หߪ෤ఓหܾ௅ൿ

െ ݉௞ൻ݇ோหߪఓหܾோൿ
െ ሺ݌௕ ൅ ௅|ܾோۧ൧݇ۦ௞ሻఓ݌
ൈ ሾ݅ۦ௅|ߪ෤ఓ|݆௅ۧ ൅  .ఓ|݆ோۧሿߪ|ோ݅ۦ

                                          (44)      
We neglected the term  ݉݇ൻܴ݇หߤߪหܾܴൿ, because 
݉௞ ا ݉௕: 
 
ௗ௜௣ܯ ൌ ሺ4 3⁄ ሻ଼݀ሺ1 ⁄ଶݍ ሻൣ݉௕ൻ݇௅หߪ෤ఓหܾ௅ൿ݅ۦ௅|ߪ෤ఓ|݆௅ۧ ൅
݉௕ൻ݇௅หߪ෤ఓหܾ௅ൿ݅ۦோ|ߪఓ|݆ோۧ െ
ሺ݌௕ ൅ ෤ఓ|݆௅ۧߪ|௅݅ۦ௅|ܾோۧ݇ۦ௞ሻఓ݌ െ
ሺ݌௕ ൅            .ఓ|݆ோۧ൧ߪ|ோ݅ۦ௅|ܾோۧ݇ۦ௞ሻఓ݌

(45)    
 

Using Eq. 42 for the second part of Eq.45, results in:   
 
ௗ௜௣ܯ  ൌ ሺ4 3⁄ ሻ଼݀ሺ1 ⁄ଶݍ ሻൣ݉௕ൻ݇௅หߪ෤ఓหܾ௅ൿ݅ۦ௅|ߪ෤ఓ|݆௅ۧ ൅
݉௕ൻ݇௅หߪ෤ఓหܾ௅ൿ݅ۦோ|ߪఓ|݆ோۧ െ ෤ఓ|݆௅ۧߪ|௅݅ۦ௅|ܾோۧ݇ۦ௕ఓ݌2 െ
         ,ఓ|݆ோۧ൧ߪ|ோ݅ۦ௅|ܾோۧ݇ۦ௕ఓ݌2

 (46)    
here b meson is at the rest  ቀ݌௕ఓ ൌ ൫݉௕, 0ሬԦ൯ቁ and  
                  
ሺܶ௔ܶ௔ሻ ൌ 4 3⁄ ,  

଼݀ ൌ െ
݃௦

ଶ

ଶߨ8 ଶܨ
ோሺ0ሻ

ൌ െ
݃௦

ଶ

ଶߨ8 ݉௕
݃ଶ

ଶ

ௐܯ8
ଶ ෍ ௜ܸ௞

כ
௜ܸ௕ ଶ݂ሺݔ௜ሻ

௜

, 

ൌ െ൫2√2ܩி൯ሺ݉௕ 2⁄ ሻሺߙ௦ ⁄ߨ4 ሻ ෍ ௜ܸ௞
כ

௜ܸ௕ ଶ݂ሺݔ௜ሻ
௜

. 

(47)    
 Hence, the magnetic dipole of penguin amplitude 
is given by: 

ௗ௜௣ܯ ൌ ሺ4 3⁄ ሻ଼݀ሺ݉௕ ⁄ଶݍ ሻൣൻ݇௅หߪ෤ఓหܾ௅ൿ݅ۦ௅|ߪ෤ఓ|݆௅ۧ
൅ ൻ݇௅หߪ෤ఓหܾ௅ൿ݅ۦோ|ߪఓ|݆ோۧ
െ ෤ఓ|݆௅ۧߪ|௅݅ۦ௅|ܾோۧ݇ۦ2
െ  .ఓ|݆ோۧ൧ߪ|ோ݅ۦ௅|ܾோۧ݇ۦ2

                                                          (48)    
 Now we must calculate each term of Eq. 48 for b 
spins project -1/2 and +1/2, then squaring these terms 
and adding all of them and at least averaging.  
The b quark is at the rest and to have spin projection –
1/2 along angle ߠ௕, thus the spin projection of b quark 
of  +1/2 is along ߠ௕ െ ௕ߠሺߨ ՜ ௕ߠ െ   :ሻߨ
  
ሺെ݊݅݌ݏ ܾ 1 2⁄ ሻ ܽ݊݀ ݈ܽ݊݃݁ ߠ௕ ן 

൫1 √2⁄ ൯ ቆ– sinሺߠ௕ 2⁄ ሻ
cos ሺߠ௕ 2⁄ ሻ

ቇ,                                                            

 
ሺ൅݊݅݌ݏ ܾ 1 2⁄ ሻ ܽ݊݀ ݈ܽ݊݃݁ ߠ௕ ן 

൫1 √2⁄ ൯ ൬cosሺߠ௕ 2⁄ ሻ
sin ሺߠ௕ 2⁄ ሻ൰.                    

(49)      
 Substituting the factor of ൫1 √2⁄ ൯ in the  ܯௗ௜௣ and 
negligible terms ݇ۦ௅|ܾோۧ, thus the amplitude of mag-
netic dipole becomes:  
 
݌݅݀ܯ ൌ 8݀8ܣ ቂൻ݇ܮหߪ෩ ൿܮหܾߤ ർ݅ܮቚߪ෩ ඀ܮቚ݆ߤ ൅ ൻ݇ܮหߪ෩ ൿܮหܾߤ ർܴ݅ቚߤߪቚ݆ܴ඀ቃ, 

 (50)      
here 
 
଼ܣ ൌ ൫1 √2⁄ ൯ሺ4 3⁄ ሻሺܾ௕ ⁄ଶݍ ሻ.   

                       (51)      
 The first term of Eq. 50 for b spin project –1/2, ac-
cording to Fierz transformation:     
  
ർ݇ܮቚߪ෩ ඀ܮቚܾߤ ർ݅ܮቚߪ෩ ඀ܮቚ݆ߤ ൌ െൻ݇ܮหߪ෩ ൿܮหܾߤ ർ݅ܮቚߪ෩                     ,඀ܮቚ݆ߤ

(52)         
is given by: 
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ଵሺିଵܯ ଶ⁄ ሻ

ௗ௜௣ ؠ ൻ݇ܮหߪ෥ߤหܾܮൿ   ൻ݅ܮหߪ෥ߤห݆ܮൿ, 
ൌ െ cos൫൫ߠ௕ െ ௜ߠ െ ௞ߠ ൅ ௝൯ߠ 2⁄ ൯

െ cos൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯. 
 (53)    

 
and the first term for b spin project +1/2 is given by: 
     
ଵሺାଵܯ ଶ⁄ ሻ

ௗ௜௣ ؠ െ݇ۦ௅|ߪ෤ఓ|ܾ௅ۧ   ൻ݅௅หߪ෤ఓห݆௅ൿ, 
ൌ െ sin൫൫ߠ௕ ൅ ௜ߠ െ ௞ߠ െ ௝൯ߠ 2⁄ ൯

൅ sin൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯. 
 (54)       

 Also the second term of Eq. 50 for b spin project –
1/2 is given by: 
 
ଶሺିଵܯ ଶ⁄ ሻ

ௗ௜௣ ؠ െ݇ۦ௅|ߪ෤ఓ|ܾ௅ۧ   ൻ݅ோหߪఓห݆ோൿ, 
ൌ െ cos൫൫ߠ௕ ൅ ௜ߠ െ ௞ߠ െ ௝൯ߠ 2⁄ ൯

െ cos൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯. 
 (55)       

 In addition the second term for b spin project +1/2 
is given by: 
 
ଵሺାଵܯ ଶ⁄ ሻ

ௗ௜௣ ؠ െൻ݇ܮหߪ෥ߤหܾܮൿൻܴ݅หߤߪห݆ܴൿ, 
ൌ െ sin൫൫ߠ௕ െ ௜ߠ െ ௞ߠ ൅ ௝൯ߠ 2⁄ ൯

൅ sin൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯. 
(56)    

 Thus the amplitudes for spin projection +1/2 and –
1/2 are given by:  
  
ଵሺାଵܯ ଶ⁄ ሻ

ௗ௜௣ ൌ െ଼଼݀ܣ൛ൣെ sin൫൫ߠ௕ ൅ ௜ߠ െ ௞ߠ െ ௝൯ߠ 2⁄ ൯
൅ sin൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯൧
൅ ൣെ sin൫൫ߠ௕ െ ௜ߠ െ ௞ߠ ൅ ௝൯ߠ 2⁄ ൯
൅ sin൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯൧ൟ, 

          
 (57)    

ଵሺିଵܯ ଶ⁄ ሻ
ௗ௜௣ ൌ ൛ൣെ଼଼݀ܣ cos൫൫ߠ௕ െ ௜ߠ െ ௞ߠ ൅ ௝൯ߠ 2⁄ ൯ െ

cos൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯൧ ൅
ൣെ cos൫൫ߠ௕ ൅ ௜ߠ െ ௞ߠ െ ௝൯ߠ 2⁄ ൯ െ
cos൫൫ߠ௕ െ ௜ߠ ൅ ௞ߠ െ ௝൯ߠ 2⁄ ൯൧ൟ.   

 (58) 
 
3.3. Final step (Penguin + Magnetic Dipole) 
 
We want to consider all terms in Eq. 5, by adding the 
two amplitudes of penguin (see Eqs. 23 and 24) and 
magnetic dipole (see Eqs. 57 and 58) terms  . In this 
case, the amplitudes for spin projection +1/2 and –1/2 
are given by:  
 

ሺାଵܯ ଶ⁄ ሻ
௣ାௗ ൌ ሺെ݅ ܸ⁄ ሻ൛ሾߦሺݔሻሺܣଶ െ ଵሻܣ

െ ଵܣሺ଼଼݀ܣ
െ ଶሻሿܣ sin൫൫ߠ௞ െ ௜ߠ െ ௝൯ߠ 2⁄ ൯
൅ ሾെܣଵߦሺݔሻ
൅ ሿ଼଼݀ܣଶܣ sin൫൫ߠ௞ െ ௜ߠ ൅ ௝൯ߠ 2⁄ ൯
൅ ሾെܣଶߦሺݔሻ
൅ ሿ଼଼݀ܣଵܣ sin൫൫ߠ௞ ൅ ௜ߠ െ ௝൯ߠ 2⁄ ൯ൟ, 

                                 (59) 
ሺିଵܯ ଶ⁄ ሻ

௣ାௗ ൌ ሺെ݅ ܸ⁄ ሻ൛ሾߦሺݔሻሺܣଶ െ ଵሻܣ
െ ଵܣሺ଼଼݀ܣ
൅ ଶሻሿܣ cos൫൫ߠ௞ െ ௜ߠ െ ௝൯ߠ 2⁄ ൯
൅ ሾܣଵߦሺݔሻ
െ ሿ଼଼݀ܣଶܣ cos ൫൫ߠ௞ െ ௜ߠ ൅ ௝൯ߠ 2⁄ ൯
൅ ሾܣଶߦሺݔሻ
െ ሿ଼଼݀ܣଵܣ cos൫൫ߠ௞ ൅ ௜ߠ െ ௝൯ߠ 2⁄ ൯ൟ. 

                                         (60) 
 
The amplitude of tree level decay rate is:  
  
ሺାଵܯ ଶ⁄ ሻ

௧ ൌ ሺെ݅ ܸ⁄ ሻܣଵߟ ൣsin ൫൫ߠ௞ െ ௜ߠ െ ௝൯ߠ 2⁄ ൯ ൅
sin ൫൫ߠ௞ െ ௜ߠ ൅ ௝൯ߠ 2⁄ ൯൧,     
 
ሺିଵܯ ଶ⁄ ሻ

௧ ൌ ሺെ݅ ܸ⁄ ሻܣଵߟ ൣcos ൫൫ߠ௞ െ ௜ߠ െ ௝൯ߠ 2⁄ ൯ െ
cos ൫൫ߠ௞ െ ௜ߠ ൅ ௝൯ߠ 2⁄ ൯൧,     
 

 (61) 
Here: 
 
ߟ ൌ ிหܩ2 ௜ܸ௕ ௝ܸ௞

כ ห.                                                      (62) 
 
 We added the amplitude of (tree + penguin + mag-
netic dipole) terms for b spin projection +1/2 and –1/2, 
so: 
  
ሺାଵܯ ଶ⁄ ሻ

௧ା௣ାௗ ൌ ሺെ݅ ܸ⁄ ሻ൛ߣଵ sin ൫൫ߠ௞ െ ௜ߠ െ ௝൯ߠ 2⁄ ൯
൅ ଶߣ sin ൫൫ߠ௞ െ ௜ߠ ൅ ௝൯ߠ 2⁄ ൯
െ ଷߣ sin ൫൫ߠ௞ ൅ ௜ߠ െ ௝൯ߠ 2⁄ ൯ൟ,  

(63) 
ሺିଵܯ ଶ⁄ ሻ

௧ା௣ାௗ ൌ ሺെ݅ ܸ⁄ ሻ൛ߣଵ cos ൫൫ߠ௞ െ ௜ߠ െ ௝൯ߠ 2⁄ ൯
െ ଶߣ cos ൫൫ߠ௞ െ ௜ߠ ൅ ௝൯ߠ 2⁄ ൯
൅ ଷߣ cos ൫൫ߠ௞ ൅ ௜ߠ െ ௝൯ߠ 2⁄ ൯ൟ, 

                             (64)  
where: 
 
ଵߣ ൌ ߟଵሺܣ െ ሻݔሺߦ െ ሻ଼଼݀ܣ ൅ ሻݔሺߦଶሺܣ െ  ,ሻ଼଼݀ܣ

 
ଶߣ ൌ ߟଵ൫ܣ െ ሻ൯ݔሺߦ ൅            ,଼଼݀ܣଶܣ
ଷߣ ൌ ሻݔሺߦଶܣ െ                              .଼଼݀ܣଵܣ

 (65)                       
Squaring spine average, the amplitude is given by 

  

௧ା௣ାௗ|௦௣௜ି௔௩௘ܯ|
ଶ ൌ

1
2 ቂหܯሺାଵ ଶ⁄ ሻ

௧ା௣ାௗห
ଶ

൅ หܯሺିଵ ଶ⁄ ሻ
௧ା௣ାௗห

ଶ
ቃ  
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ൌ ሺെ݅ ܸ⁄ ሻଶሺ1 4⁄ ሻሺ1 8⁄ ሻ ൛ߣଵ
ଶ ൅ ଶߣ

ଶ ൅ ଷߣ
ଶ

െ ଶߣଵߣ2 cosሺߠ௞ െ ௜ሻߠ
൅ ଷߣଵߣ2 cos൫ߠ௝ െ ௞൯ߠ
െ ଷߣଶߣ2 cos൫ߠ௝ െ  .௜൯ൟߠ

          (66) 
  Now, we need to obtain all of the helicity states 
and then add them together:  
              
 
௧ା௣ାௗ|௦௣௜ି௔௩௘ܯ|

ଶ ൌ ሺ1 ܸଶ⁄ ሻሺ1 4⁄ ሻ ቄߙଵ ൅ ଶߙ

൅ ଷሺ1ߙ െ ௜ݒ
ଶሻଵ ଶ⁄ ൫1 െ ௝ݒ

ଶ൯ଵ ଶ⁄

െ ସߙ௞ሺݒ௜ݒ2 ൅ ହሻߙ cosሺߠ௞ െ ௜ሻߠ
൅ ଺ߙ௞ሺݒ௝ݒ2 ൅ ଻ሻߙ cos൫ߠ௝ െ ௞൯ߠ

െ ଼ߙ௝ሺݒ௜ݒ2 ൅ ଽሻߙ cos൫ߠ௝ െ  ,௜൯ቅߠ
(67) 

here 
 
ଵߙ ൌ ሺߟ െ ሻݔሺߦ െ ሻଶ଼଼݀ܣ ൅ ൫ߟ ൅ ሻ൯ଶݔሺߦ െ ሺ଼଼݀ܣሻଶ,                                  
                               
ଶߙ  ൌ ሺߦሺݔሻ െ ሻଶ଼଼݀ܣ ൅ ሻଶݔሺߦ ൅ ሺ଼଼݀ܣሻଶ,                                                                       
 
ଷߙ ൌ 2ൣሺߟ െ ሻݔሺߦ െ ሻݔሺߦሻሺ଼଼݀ܣ െ ሻ଼଼݀ܣ ൅
൫ߟ െ ሻ଼଼݀ܣሻ൯ሺݔሺߦ െ ሻݔሺߦ െ   ,൧଼଼݀ܣ
 
ସߙ ൌ ሺߟ െ ሻݔሺߦ െ ߟሻ൫଼଼݀ܣ ൅                               ,ሻ൯ݔሺߦ
 
ହߙ ൌ ሺߦሺݔሻ െ  ,ሻ଼଼݀ܣሻሺ଼଼݀ܣ
  
଺ߙ  ൌ െሺߟ െ ሻݔሺߦ െ                                                            ,ሻ଼଼݀ܣሻሺ଼଼݀ܣ
଻ߙ ൌ ሺߦሺݔሻ െ  ,ሻݔሺߦሻ଼଼݀ܣ
 
଼ߙ ൌ െ൫ߟ െ ሻ൯ݔሺߦ െ  ଼଼݀ܣ
 
ଽߙ ൌ ሻݔሺߦ െ  .଼଼݀ܣ

 (68) 
 After integration in the phase space and change 
variable x and y, the total decay rate gives:   
 
݀ଶ Γ௧ା௣ାௗ ⁄ݕ݀ݔ݀ ൌ ሺ3 8⁄ ሻሺܯ௕

ଶ ⁄ଷߨ194 ሻ ሾܫଵ ൅ ଶܫ ൅  .ଷሿܫ
(69) 

We assume the momentum of quarks, according to x 
and y, to be: 
 
௜݌ ൌ ݔ ௕ܯ 2⁄ ௞݌         , ൌ ݕ ௕ܯ 2⁄ ఫҧ݌           , ൌ ݔ ௕ܯ 2⁄ .                         

 (70) 
The phase spaces are  
 
ଵܫ ൌ ݕݔ6 · ௔݂௕ · ሾߙଵ଴ െ 2ሺߙସ ൅                                        ,ହሻ݄௔௕௖ሿߙ
 
ଶܫ ൌ ݕݔ6 · ௔݂௕ · ሾ2ሺߙ଺ ൅   ,଻ሻ݄௕௖௔ሿߙ
ଷܫ ൌ ݕݔ6 · ௔݂௖ · ሾെ2ሺ଼ߙ ൅  ଽሻ݄௔௖௕ሿ,  (71)ߙ
where 

ଵ଴ߙ ൌ ଵߙ ൅ ଶߙ ൅ ଷሺ1ߙ െ ௜ݒ
ଶሻଵ ଶ⁄  ൫1 െ ௝ݒ

ଶ൯ଵ ଶ⁄
,  

ሺ1 െ ௜ݒ
ଶሻଵ ଶ⁄ ൌ ඥ1 െ ሺݔଶ ሺݔଶ ൅ ܽଶሻ⁄ ሻ ,  

൫1 െ ௝ݒ
ଶ൯ଵ ଶ⁄

ൌ ܿ ൣ2 െ ଶݔ√ ൅ ܽଶ െ ඥݕଶ ൅ ܾଶ൧⁄ .              
                  (72) 

Also:                                                          
 
 

௔݂௕ ൌ 2 െ ඥݔଶ ൅ ܽଶ െ ඥݕଶ ൅ ܾଶ , 
 

݄௔௕௖ ൌ
ሺ ௔݂௕ሻଶ െ ሺܿଶ ൅ ଶݔ ൅ ଶሻݕ

ଶݔ√2 ൅ ܽଶඥݕଶ ൅ ܾଶ
,  

 

௕݂௖ ൌ 2 െ ඥݔଶ ൅ ܾଶ െ ඥݕଶ ൅ ܿଶ , 
 

݄௕௖௔ ൌ
ሺ ௕݂௖ሻଶ െ ሺܽଶ ൅ ଶݔ ൅ ଶሻݕ

ଶݔ√2 ൅ ܾଶඥݕଶ ൅ ܿଶ
, 

 

௔݂௖ ൌ 2 െ ඥݔଶ ൅ ܽଶ െ ඥݕଶ ൅ ܿଶ , 
 

݄௔௖௕ ൌ
ሺ ௔݂௖ሻଶ െ ሺܾଶ ൅ ଶݔ ൅ ଶሻݕ

ଶݔ√2 ൅ ܽଶඥݕଶ ൅ ܿଶ
, 

 (73)                       
here the constants a, b and c are: 
 
ܽ ൌ 2 ݉௜ ⁄௕ܯ ,      ܾ ൌ 2 ݉௞ ⁄௕ܯ ,     ܿ ൌ 2 ௝݉ ⁄௕ܯ . 

 (74) 
 
4. Numerical Results  
 
 As an example of the use of the above formalism, we 
use the standard particle data group parameterization 
of the CKM matrix with the central values  ߠଵଶ ൌ
0.221, ଵଷߠ ൌ ଶଷߠ  ,0.0035 ൌ 0.041, and choose the 
CKM phase ߜଵଷ  to be ߨ 2⁄ . Following Ali and Greub, 
we treat internal quark masses in tree-level loops with 
the values (GeV) ݉௕ ൌ 4.88, ݉௦ ൌ 0.2, ݉ௗ ൌ 0.01, 
݉௨ ൌ 0.005, ݉௖ ൌ 1.5.  
 The decay rates and branching ratios of tree plus 
penguin plus magnetic dipole (Eq. 73), for both par-
ticles and antiparticles ܾ ՜   ҧ andܿݏܿ ,ത, ܿ݀ܿҧݑݏݑ ,തݑ݀ݑ
ܾ ՜  ത are shown in Table 1. It can be seen that theݑ݀ܿ
decay rate for the antiparticle തܾ ՜ തݑ ҧ݀ݑ is greater than 
the decay rate particle ܾ ՜  ത, and the decay rateݑ݀ݑ
antiparticle തܾ ՜ ܿҧ ҧ݀ܿ is less than decay rate particle 
ܾ ՜ ܿ݀ܿҧ, and so one. We consider that, modes 
ܾ ՜ ܾ ത݀, andݑܿ ՜ ܿܿҧݏ are dominant. The total decay 
rates of (tree + penguin + magnetic dipole) is given 
by:  
 
Γ௧௢௧௔௟,௉

்ା௉ାெ஽ ൌ 3.107 ൈ 10ିଵଷ ܸ݁ܩ,                                                     
 
Γ௧௢௧௔௟,஺௉

்ା௉ାெ஽ ൌ 3.104 ൈ 10ିଵଷ ܸ݁ܩ.                                               
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5. Conclusions 
 
The decay rates of the b-quark at the tree-level and the 
penguin, including the magnetic dipole terms it 
shown. According to Table 1, the dominant mode in b-
quark in the hadronic decays is, ܾ ՜  ത  because theݑ݀ܿ
decay rates of ܾ ՜ ܿ channel are much bigger than 
ܾ ՜ since ௖ܸ௕ ,ݑ ب ௨ܸ௕. In addition, the dominant 
mode in the pure penguin decays is, ܾ ՜  .ݏ
 The magnetic dipole terms are small for b-quark 
decay rates (the magnetic dipole contributions are 
small) and the decay rate of the tree and the tree plus 
penguin are also not very different. The decay rates 
and branching ratios are very similar in all the models 
but the (tree + penguin + magnetic dipole) total decay 
rate is about 10% larger than the simple tree or tree 
plus penguin. 
 The decay rates of ܾ െ and തܾ െ quark, at the tree-
level are exactly the same, but in the pure penguin, 
tree plus penguin, they are different. For example, 
Γ௕՜௦ௗௗത ൏ Γ௕ത՜௦ҧௗതௗ, Γ௕՜௨ௗ௨ഥ ൏ Γ௕ത՜௨ഥௗത௨,  Γ௕՜௖ௗ௨ഥ ൐ Γ௕ത՜௖ҧௗത௨ 
and Γ௕՜௖௦௖ҧ ൎ Γ௕ത՜௖ҧ௦ҧ௨, because the total decay rates of 
ܾ െ and  തܾ െ quark must be equal, Γ௕

௧௢௧௔௟ ൌ Γ௕ത
௧௢௧௔௟. 

 Also the decay rates and branching ratios are very 
similar in all the models. On the other hand, including 
the penguin induces matter antimatter asymmetries. 
These are largest in the rare decay ܾ ՜  ത, the decayݑ݀ݑ
rate of which, is about 7% smaller than the decay rate 
തܾ ՜ തݑ ҧ݀ݑ. Also the rate ܾ ՜  ത is larger than the rateݑݑݏ
തܾ ՜    .ݑതݑҧݏ
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Table 1. Decay rates (DR) and branching ratios (BR) of (tree + penguin + magnetic dipole) of b-quark and b-
antiquark ൫ࡾࡰ ൈ ૚૙ି૚૞ ࢂࢋࡳ൯൫ࡾ࡮ ൈ ૚૙ି૛൯.   
 

Process  DR BR Process DR BR 
ܾ ՜ ܿ݀ܿҧ 
ܾ ՜  ҧܿݏܿ
ܾ ՜  തݑ݀ܿ
ܾ ՜  തݑݏܿ

2.291 
41.570 

184.600 
9.280 

0.737 
13.370 
59.410 
2.986 

തܾ ՜ ܿҧ ҧ݀ܿ 
തܾ ՜ ܿҧݏҧܿ 
തܾ ՜ ܿҧ ҧ݀ݑ 
തܾ ՜ ܿҧݏҧݑ

2.224 
41.630 

184.600 
9.280 

0.716 
13.410 
59.470 
2.989 

ܾ ՜  തݑ݀ݑ
ܾ ՜  തݑݏݑ
ܾ ՜  ҧܿ݀ݑ
ܾ ՜  ҧܿݏݑ

2.252 
2.236 
2.368 
1.235 

0.724 
0.719 
0.762 
0.397 

തܾ ՜ തݑ ҧ݀ݑ 
തܾ ՜  ݑҧݏതݑ
തܾ ՜ തݑ ҧ݀ܿ 
തܾ ՜ ҧܿݏതݑ

2.684 
2.203 
2.368 
1.235 

0.864 
0.709 
0.762 
0.394 
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