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Abstract 
 
The ”massless” vector field equation in de Sitter (dS) 4-dimensional space is gauge invariant under some special 
gauge transformations. It is also gauge invariant in ambient space notations in which the field equation is written in 
terms of the Casimir operators of dS group. In this paper the "massless" vector field equation has been solved in the 
physical case. It has been shown that the solution can be written as the multiplication of a generalized polarization 
vector and a ”massless” conformally coupled scalar field in the ambient space notations. The physical vector two-
point function has been calculated using ambient space formalism and its zero curvature limit has been considered. 
It is shown that the physical vector two-point can be written in terms of the conformally coupled massless scalar 
two-point function in the ambient space notations. The two-point function is expressed in terms of dS intrinsic coor-
dinates from its ambient space counterpart, which is dS-invariant and is free from any divergences.  
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1. Introduction   
    
The recent observational data are strongly in favor of a 
positive acceleration of the present universe. There-
fore, in a first approximation, the space-time might be 
considered as a dS space-time and the quantization of 
the massless vector field (spin-1) on dS space, 
presents an excellent modality for further researches. 
 In dS space-time, a field is called "massless" if it 
propagates on the dS light-cone and corresponds to a 
massless Poincare' field at ܪ ൌ 0 and a field is "mas-
sive" if it propagates inside the light-cone and corres-
ponds to a massive Poincare' field in the zero curva-
ture limit. 
      In the previous studies, the "massless" vector field 
was considered in flat coordinates system covering 
only the one-half of the dS hyperboloid [1]. Allen and 
Jacobson [2] calculated the "massless" vector two-
point function in terms of the geodesic distance. The 
two-point function contains a logarithmic divergent 
term [2]. "Massive" and "massless" free vector fields 
are considered in [3,4], respectively and "massive" 
and "massless" free tensor fields are investigated in 
[5,6] respectively. In this article, the physical sector 
(i.e. divergenceless) of the "massless" spin-1 field in 
dS ambient space has been considered. It is the only 
part, which appears in the interacting fields. 
     The organization of this paper is based on the fol-
lowing order. In Section 2, we recall the dS vector 
field equation. The field equation is written in terms of 
the Casimir operators of dS group and its gauge inva-
riance is considered. The solution to the field equa-

tion, in ambient space notations is presented in Section 
3. It is shown that the solution can be written as the 
multiplication of a generalized polarization vector and 
a "massless" conformally coupled scalar field in am-
bient space notations. Section 4 is devoted to the cal-
culation of the physical "massless" vector two-point 
function ܹఈఉఈᇲఉᇲሺݔ, -Ԣሻ in the ambient space notaݔ
tions, and its flat limit is considered. The two-point 
function is expressed in terms of the dS intrinsic coor-
dinates from its ambient space counterpart. The two-
point functions are free from the logarithmic diver-
gence. 
 
2. Notation 
 
The dS space-time is made identical to the four di-
mensional one-sheeted  hyperboloid: 
 
ܺு ൌ ൛ݔ א ܴହ; ݔଶ ൌ ఉݔఈݔఈఉߟ ൌ െିܪଶൟ,        ߙ, ,ߚ ڮ

ൌ 0, 1, 2, 3, 4 
               (1) 

where ߟఈఉ ൌ ݀݅ܽ݃ ሺ1, െ1, െ1, െ1, െ1ሻ. The dS me-
tric is: 
 
ଶݏ݀ ൌ ఉหݔఈ݀ݔఈఉ݀ߟ

௫మୀିுషమ ൌ ݃௔௕
ௗௌ݀ܺ௔݀ܺ௕,         

ܽ, ܾ, ڮ ൌ 0, 1, 2, 3, 
                      (2) 

where ܺ௔'s are the 4-space-time intrinsic coordinates 
in dS hyperboloid. Different coordinate systems can 
be chosen [7]. Any geometrical object in this space 
can be written in terms of the four local intrinsic coor-
dinates ܺ௔ or in terms of the five global ambient space 
coordinates ݔ௔. The metric (2) is a solution to Eins-
tein's field equation with the cosmological constant 
Λ ൌ   :ଶܪ3
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ܴ௔௕ െ
1
2 ܴ ݃௔௕ ൅ Λ ݃௔௕ ൌ 0.                                         ሺ3ሻ 

 
 The Lagrangian density for free "massless'' vector 
fields ܣఓሺܺሻ propagating on dS space reads (԰ ൌ 1) 
[2]: 
 

ܮ ൌ
1
4  ௔௕,                                                                   ሺ4ሻܨ௔௕ܨ

                                                                                                               
where ܨ௔௕ ൌ ߲௔ܣ௕ െ ߲௕ܣ௔ is the electromagnetic 
stress tensor. The variational principle applied to (4) 
yields the field equation: 
 
௔௕ܨ௔׏ ൌ ௕ܣ௔׏௔ሺ׏ െ ௔ሻܣ௕׏ ൌ 0.                                ሺ5ሻ 
                                                                                    
Since ሾ׏௔, ௖ܣ௕ሿ׏ ൌ െܪଶሺ݃௔௖ܣ௕ െ ݃௕௖ܣ௕௔ሻ, one ob-
tains the wave equation: 
 
ሺ׏ଶ ൅ ௔ሺܺሻܣଶሻܪ3 െ ׏௔׏ · ሺܺሻ ܣ ൌ 0.                       ሺ6ሻ 
 
 This field equation is identically satisfied by the 
gauge vector fields of the form ܣఈ ൌ  ௔߮ because of׏
the property ሺ׏ଶ׏௔ െ ଶሻ߮׏௔׏ ൌ െ3ܪଶ׏௔߮. Thus (6) 
is invariant under gauge transformation: 
 
௔ܣ ՜ Ԣ௔ܣ ൌ ௔ܣ ൅   ௔߮,                                                  ሺ7ሻ׏
                                                                                                            
where ߮ is an arbitrary scalar field. The wave equation 
with gauge fixing parameter c reads:   
 
ሺ׏ଶ ൅ 3Hଶሻܣ௔ሺܺሻ െ ׏௔׏ܿ · ሺܺሻܣ ൌ 0.                      ሺ8ሻ 
                                                                                   
 Our aim is now to write the field equation (6) in 
terms of the Casimir operator of the dS group 
 ଴ሺ1,4ሻ. For this purpose we introduce a transverse݋ܵ
vector field ܭ௔ሺݔሻሺ݅ · ݁ · ݔ · ܭ ൌ 0ሻ defined on the 
ambient space, which is related to ܣఓሺܺሻ through: 
 

௔ሺܺሻܣ ൌ
ఈݔ߲

߲ܺ௔  ሺܺሻ൯.                                               ሺ9ሻݔఈ൫ܭ
 
 The kinematical group of the dS space is the 10-
parameter group ܵ݋଴ሺ1,4ሻ (connected component of 
the identity in ܱሺ1,4ሻ), which is one of the two possi-
ble deformations of the Poincare' group. There are two 
Casimir operators: 
 

ܳଵ
ሺଵሻ ൌ െ

1
2 ఈఉ,       ܳଵܮఈఉܮ

ሺଶሻ ൌ െ ఈܹܹఈ,                 ሺ10ሻ 
 
where 
 

௔ܹ ൌ െ ଵ
଼

-ఋఎ, with 10 infinitesimal generaܮఉఊܮఈఉఊఋఎߝ
tors: 
 
ఈఉܮ  ൌ ఈఉܯ ൅ ܵఈఉ.                                                 (11)  

 The subscript 1 in ܳଵ
ሺଵሻ and ܳଵ

ሺଶሻ reminds that the 
carrier space is constituted by vectors. The orbital part 
-ఈఉ, and the action of the spinorial part ܵఈఉ on a vecܯ
tor field ܭఈሺݔሻ defined on the ambient space read re-
spectively [5]: 
 
ఈఉܯ ൌ െ݅൫ݔఈ ఉ߲ െ   ,ఉ߲ఈ൯ݔ
ܵఈఉܭఊ ൌ െ݅൫ߟఈఉܭఊ െ  ఈ൯.                                  (12)ܭఉఊߟ
 
 The symbol ߝఈఉఊఋఎ holds for the usual anti-
symmetrical tensor. The action of the Casimir operator 
ܳଵ

ሺଵሻ  on ܭఈሺݔሻ can be written in the more explicit 
form: 
 
ܳଵ

ሺଵሻܭఈሺݔሻ ൌ ൫ܳଵ
ሺଵሻ െ 2൯ܭఈሺݔሻ

ൌ ݔ2 ҧ߲ · ሻݔሺܭ െ 2 ҧ߲ݔ ·  ,ሻݔఈሺܭ
                                             (13) 

where, ܳ଴
ሺଵሻ ൌ െ ଵ

ଶ
ఈఉܯఈఉܯ ൌ െିܪଶ൫ ҧ߲൯ଶ

, is the sca-
lar Casimir operator and ߲ఈ ൌ ఈఉߠ ҧఈఉ߲ఉ andߠ ൌ
ఈఉߟ ൅  ఉ is a transverse projector. It is easilyݔఈݔଶܪ
shown that the metric ݃௔௕

ௗௌ corresponds to the trans-
verse projector ߠఈఉ, that is: 
 

݃௔௕
ௗௌሺܺሻ ൌ

ఈݔ߲

߲ܺ௔
ఉݔ߲

߲ܺ௕  ሺܺሻ൯.                                ሺ14ሻݔఈఉ൫ߠ
  
 We are now in position to express the wave equa-
tion (6) by using the Casimir operators.  The d'Alem-
bertian operator becomes 
 

௔ܣ௖׏௖׏ ൌ ௔ܣଶ׏ ൌ
௔ݔ߲

߲ܺ௔ ൫ܪଶܳ଴
ሺଵሻܭఈ ൅ ఈܭଶܪ

൅ ఈݔଶܪ2 ҧ߲ ·  ,൯ܭ
                                   (15) 

and the Eq. (6) with this new notation reads 
 
൫ܳ଴

ሺଵሻ െ 2൯ܭఈሺݔሻ ൅ ݔ2 ҧ߲ · ሻݔሺܭ ൅ ଵ߲ܦ · ሻݔሺܭ ൅ ଵ߲ܦ
· ሻݔሺܭ ൌ ଵܦ           ,0 ൌ ଶିܪ ҧ߲. 

(16) 
 Finally using (13) one obtains the field equation 
formulated in terms of the Casimir operator ܳଵ

ሺଵሻ as: 
 
ܳ଴

ሺଵሻܭఈሺݔሻ ൅ ଵ߲ܦ · ሻݔሺܭ ൌ 0,                              (17)                          
 
which is invariant under the gauge transformation [6]: 
 
ሻݔఈሺܭ ՜ ሻݔᇱሺܭ ൌ ሻݔሺܭ ൅ ߲ఈ ത߮ሺݔሻ. 

                                                                       (18) 
 Because of the gauge freedom mentioned in Eq. 
(18), the field equation (17) can be written as  
 
ܳ଴

ሺଵሻܭఈሺݔሻ ൅ ଵ߲ܦܿ · ሻݔሺܭ ൌ 0,                            (19)                          
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 The case ܿ ൌ 1 corresponds to the conformally 
invariant vector field equation, which has been dis-
cussed extensively in [8]. 
By physical state we mean the vector fields satisfying 
the divergenceless condition: 
 
߲ · ሻݔሺܭ ൌ 0.                                                       (20) 
 
 This condition is equivalente to the choice 0=c  
for the gauge-fixing parameter. In this case the field 
equation (19) reduces to: 
 
ܳଵ

ሺଵሻܭఈሺݔሻ ൌ 0 ൌ ൫ܳ଴
ሺଵሻ െ 2൯ܭఈሺݔሻ.                    (21) 

 
 In the following sections, the solution of this field 
equation is given and its physical two-point function is 
calculated, using ambient space formalism. 
 
3. Solution to the physical vector field equation 
 
   The goal of this section is to give a solution for the 
physical field equation (21). Its general solution can 
be written as [8]: 
 

ሻݔఈሺܭ ൌ ൤ ҧܼఈ ൅ ܽ
ݔ · ܼ
ݔ · ߦ ҧఈ൨ߦ ߶ሺݔሻ.          ݔ · ߦ ൌ 0, 

                                                      (22) 
 Where ܼఈ is a constant 5-vector, ҧܼఈ ൌ ,ఈఉܼఉߠ  is ߦ
a light-like 5-vector and ߶ሺݔሻ ൌ ሺݔܪ ·  ሻఙ is a scalarߦ
field, a  is a constant coefficient to be determined. 
The condition ܼ · ߦ ൌ 0 makes the degrees of freedom 
of the 5-vector  ܼ to reduce from 5 to 4. 
Implementation of ܭఈሺݔሻ in the wave equation (21) 
and using the divergenceless condition (20) we obtain: 
 

ቐ
ሺܽ ൅ 1ሻሺߪ ൅ 4ሻ ൌ 0,                                                  ሺܫሻ

2ሺܽ ൅ 1ሻ ൅ ሺߪ ൅ 1ሻሺߪ ൌ 2ሻ ൌ 0,                           ሺܫܫሻ 
ሺܽߪ2 ൅ 1ሻ ൅ ܽሺߪ ൅ 1ሻሺߪ ൌ 2ሻ ൌ 0.                    ሺܫܫܫሻ

 

(23) 
 Solution to the above system of equations can be 
written as: 
 

ቄܽ ൌ െ1,        
ߪ ൌ െ1, െ2.                                                         (24) 

        
 These mean that ߶ሺݔሻ ൌ ሺݔܪ ·  ሻఙ is a masslessߦ
conformally coupled scalar field in dS space and satis-
fies the following field equation [8, 9]: 
 
൫ܳ଴

ሺଵሻ െ 2൯߶ ൌ 0,                                                 (25) 
                        
and the explicit form of the physical vector fields 
 :ሻ areݔఈሺܭ
 
ሻݔఈሺܭ ൌ ቂ ҧܼఈ െ ௫·௓

௫·క
ҧఈቃߦ ሺݔܪ · ߪ          .ሻఙߦ ൌ െ1, െ2.                                              

(26) 

 Eq. 26 shows that the solution can be written as the 
multiplication of a generalized polarization vector 
,ݔఈሺߝ ܼ,  ሻ and a massless conformally coupled scalarߦ
field in ambient space notations. This result is consis-
tent with that of [8]. An important difference with the 
Mincowskian case is that the polarization vectors 
,ݔఈሺߝ ܼ, ሻ are functions of the space-time variableߦ x . 
Moreover, unlike the Mincowskian case these two 
solutions are not the complex conjugate of each other. 
The polarization vectors satisfy following properties  
 
,ݔఈሺߝ ܼ, ሻߦ ൌ ,ݔఈሺܽߝ ܼ,            ,ሻߦ
,ݔఈሺߝ  ܼ, ሻߦ ൌ ,ݔఈሺߝ ܼ,  ,ሻߦܽ

(27) 
and the dS waves ܭఈሺݔሻ are homogeneous with de-
gree ߪ. The solution presented by Eq. 26 is the same 
as that given in [8]. 
 
4. The physical two-point function 
       
The vector two-point function ܹఈఈᇲሺݔ,  ᇱሻ  which is aݔ
solution to the wave equation (14) with respect to x  
or ݔᇱ, can be written in the following general form [5, 
8]: 
 

ఈܹ௔ᇱሺݔ, Ԣሻݔ ൌ ఈߠ · ሺ ܼሻܨԢఈᇱߠ
൅ ݔଶሺܪ · ᇱݔఈᇲሻሺߠ ·  ,ሺܼሻܩఈሻߠ
                                                    (28) 

where ఈܹ௔ᇱሺݔ,  ሺ ܼሻ andܨ ,Ԣሻ is a transverse bi-vectorݔ
ܼ  ሺܼሻ are two arbitrary functions ofܩ ൌ െܪଶݔ ·  .Ԣݔ
Comparing with the vector field (26), the two-point 
function (28) can be written as 
 

ఈܹ௔ᇱሺݔ, Ԣሻݔ ൌ ሾߠఈ · ᇱߠ
ఈᇲ݂ሺ ܼሻ

൅ ݔଶሺܪ · ᇱݔఈᇲሻሺߠ

· ఈሻ݃ሺܼሻሿߠ ௖ܹ௖ሺݔ,  ,ᇱሻݔ
                                    (29) 

where ௖ܹ௖ሺݔ,  ᇱሻ is the conformally coupled scalarݔ
two-point function [8-10] and: 
 

௖ܹ௖ሺݔ, Ԣሻݔ ൌ െ
1

ߨ8 ൤
1

1 െ ܼ െ ଴ݔ൫ߝߨ݅ െ ሺ1ߜᇱ଴൯ݔ െ ܼሻ൨, 
(30) 

with: 

ε൫ݔ଴ െ ᇱ଴൯ݔ ൌ ቐ
଴ݔ            1 ൐ ,ᇱ଴ݔ
଴ݔ           0 ൌ ,ᇱ଴ݔ
െ1         ݔ଴ ൏ ,ᇱ଴ݔ

 

 
 The two-point function (30) satisfies the confor-
mally coupled scalar field equation: 
 
൫ܳ଴

ሺଵሻ െ 2൯ ௖ܹ௖ ൌ 0.                                                (31) 
                                                                                                            
It is easy to show that (Appendix): 
                                                                                                  
݀

ܼ݀ ௖ܹ௖ሺܼሻ ൌ
1

1 െ ܼ ௖ܹ௖ሺܼሻ.                                       ሺ32ሻ 
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 By imposing the two-point function (29) to obey 
Eq. (21) with respect to x and using the divergenceless 
condition ҧ߲ఈܹఈఈᇲሺݔ, ᇱሻݔ ൌ 0 it is easy to show that 
the new functions ݂ሺܼሻ and ݂ሺܼሻ satisfy the following 
system of differential equations 
 

ە
ۖ
۔

ۖ
ۓ 2݂ሺܼሻ െ 2ܼ݃ሺܼሻ െ 2ሺ1 െ ܼሻ݂Ԣሺܼሻ ൅ ቀܼ2 െ 1ቁ ݂ԢԢሺܼሻ ൌ 0,                                ሺܫሻ

െ2
1 െ ܼ ݂ሺܼሻ െ 2݂Ԣሺܼሻ ൅ 6 െ 2ܼ

1 െ ܼ ݃ሺܼሻ െ 2ሺ1 െ 3ܼሻ݃Ԣሺܼሻ ൅ ቀܼ2 െ 1ቁ ݃ԢԢሺܼሻ ൌ 0, ሺܫܫሻ
4 െ 3ܼ
1 െ ܼ ݂ሺܼሻ ൅ ܼ݂Ԣሺܼሻ ൅ ሺ1 െ 4ܼሻ݃ሺܼሻ െ ቀܼ2 െ 1ቁ ݃Ԣሺܼሻ ൌ 0.                           ሺܫܫܫሻ

 

(33) 
 To obtain the above equations, the formulas given 
in [6] have been used. We suppose the following par-
ticular solutions to the above system of differential 
equations: 
 

݂ሺܼሻ ൌ
ܼܣ ൅ ܤ
1 െ ܼ ,                     ݃ሺܼሻ ൌ

ܼܥ ൅ ܦ
ሺ1 െ ܼሻଶ, 

                                       (34) 
with constant coefficients A, B, C and D which must 
be determined. Substituting these particular solutions 
in the above system of differential equations we leave 
with the following system of equations: 
 

൞
ሺܣ ൅ ሻܼ2ܥ ൅ ሺܦ ൅ ܤ െ ሻܼܣ ൅ ܣ2 ൅ ܤ ൌ 0,                                    ሺܫሻ

2ሺܣ ൅ ሻܼܥ ൅ ሺ2ܤ ൅ ܣ ൅ ܦ2 ൅ ሻܥ3 ൌ 0,                                           ሺܫܫሻ
െ3ሺܣ ൅ ሻܼ2ܥ ൅ ሺ5ܣ െ ܤ2 ൅ ܥ3 െ ሻܼܦ2 ൅ ܤ4 ൅ ܥ ൅ ܦ3 ൌ 0.  ሺܫሻ

 

                        (35) 
which results in 
 

൝
ܥ ൌ െܣ,

ܤ ൌ െ2ܣ,
ܦ ൌ .ܣ3

                                                                        ሺ36ሻ 

                                                                                                                         
Now using Eqs. 36 and 34 in Eq. 29 we obtain: 
 

ܹܽܽԢ൫ݔ, Ԣ൯ݔ ൌ ܣ ቈߙߠ · Ԣߠ
Ԣߙ

ܼ െ 2
1 െ ܼ

൅ 2ܪ ቀݔ · Ԣߠ
Ԣቁߙ ൫ݔԢ

· ൯ߙߠ 3 െ ܼ
ሺ1 െ ܼሻ2൨ ܹܿܿ൫ݔ,  ,Ԣ൯ݔ

                       (37)    
with an arbitrary constant coefficient A. It may be 
fixed through the flat limit and requirement that it 
must coincide on the Minkowsian vector two-point 
function. Through the zero curvature limit we have 
ܣ ൌ െ1. 
 Now returning to Eq. 37, the explicit form of the 
physical vector two-point function is: 
 

ܹܽܽԢ൫ݔ, Ԣ൯ݔ ൌ ቈߙߠ · Ԣߠ
Ԣߙ

2 െ ܼ
1 െ ܼ

൅ 2ܪ ቀݔ · Ԣߠ
Ԣቁߙ ൫ݔԢ

· ൯ߙߠ ܼ െ 3
ሺ1 െ ܼሻ2൨ ܹܿܿ൫ݔ,  ,Ԣ൯ݔ

                         (38) 
which is ds-invariant and free of any logarithmic di-
vergence. 

 The two-point function (38) is the physical sector 
of the massless vector two-point function in ambient 
space notations. It can be expressed in terms of the dS 
intrinsic coordinates [5, 6]: 
 
ܳܽܽԢሺܺ, ܺԢሻ ൌ

1
1െܼ ൣሺ2 · ܼሻ݃ܽܽԢ ൅ ሺܼ െ 5ሻ݊ܽ݊ܽԢ൧ܹܿܿ൫ݔ,                                          ,Ԣ൯ݔ

(39) 
The two-point functions ܹߙߙԢ൫ݔ, ,Ԣሺܺߙߙܳ   Ԣ൯ andݔ ܺԢሻ 
are related by: 
 

ܳఈఈᇲሺܺ, ܺᇱሻ ൌ
ఈݔ߲

߲ܺఈ
Ԣఈᇱݔ߲

߲ܺԢఈᇱ ఈܹఈᇱሺݔ,   .ᇱሻݔ
                                                                           (40) 
 
5. Conclusion 
 
The "massless" vector field equation in dS 4-
dimensional space is gauge invariant under some spe-
cial gauge transformations. It is also gauge invariant in 
ambient space notations in which the field equation is 
written in terms of the Casimir operators of dS group. 
In this article the physical dS "massless" vector wave 
field equation is solved using ambient space notations. 
It is shown that the solution can be written as the mul-
tiplication of a generalized polarization vector and a 
"massless" conformally coupled scalar field. Unlike 
the Minkowskian case, the generalized polarization 
vector is a function of space-time variables. The Phys-
ical "massless" vector two-point function is calculated 
in terms of the "massless" conformally coupled scalar 
two-point function. The explicit form of the two-point 
is given in terms of the basic bi-vectors of the flat 5-
dimensional ambient space. The two-point function is 
expressed in terms of the dS intrinsic coordinates from 
its ambient space counterpart. The two-point functions 
are dS-invariant and free of any theoretical problem. 
 
Appendix 
Details of derivations of Eqs. 31 and 32 
 
As mentioned in the text, the conformally coupled 
scalar two-point function is:  
  

ܹܿܿሺݔ, Ԣሻݔ ൌ െ
1

ߨ8 ቈ
1

1 െ ܼ െ ߝߨ݅ ቀ0ݔ െ Ԣ0ቁݔ ሺ1ߜ െ ܼሻ቉. 

                                                      (A.1) 
Taking its derivative we have: 

݀
ܼ݀ ܹܿܿሺݔ, Ԣሻݔ ൌ െ

1
ߨ8 ቈ

1
ሺ1 െ ܼሻ2

െ ߝߨ݅ ቀ0ݔ െ Ԣ0ቁݔ
݀

ܼ݀ ሺ1ߜ െ ܼሻ቉. 

                                    (A.2) 
Using the relation:  
 

න ݔሻ݀ݔᇱሺߜሻݔሺ݂ݔ ൌ නሾ݂ݔሺݔሻሿᇱߜሺݔሻ݀ݔ, 

                                                                               (A.3) 
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we have ߜݔᇱሺݔሻ ൌ െߜሺݔሻ and returning to Eq. (A.2) 
we have 
 
݀

ܼ݀ ܹܿܿሺݔ, Ԣሻݔ ൌ െ
1

ߨ8 ቈ
1

ሺ1 െ ܼሻ2

െ ߝߨ݅ ቀ0ݔ െ Ԣ0ቁݔ
ሺ1ߜ െ ܼሻ

1 െ ܼ ቉. 

                                         (A.4) 
Therefore: 
 
݀

ܼ݀ ܹܿܿሺݔ, Ԣሻݔ ൌ
1

1 െ ܼ ܹܿܿሺݔ, .ܣԢሻ.                            ሺݔ 5ሻ 
 
Eq. (A.5) is not anything other than Eq. 32. 
Now Eq. (A.5) can be used to confirm the validity of 
Eq. 31. For this purpose one must note that, the scalar 
Casimir operator ܳ଴

ሺଵሻ can be written in the following 
form [6]: 
 

ܳ଴
ሺଵሻ ൌ ሺ1 െ ܼଶሻ

݀ଶ

ܼ݀ଶ െ 4ܼ
݀

ܼ݀.                               ሺܣ. 6ሻ 
 
Therefore:  
 

ܳ0
ሺ1ሻܹܿܿሺݔ, Ԣሻݔ ൌ ቀ1 െ ܼ2ቁ

݀2

ܼ݀2 ܹܿܿሺݔ, Ԣሻݔ

െ 4ܼ
݀

ܼ݀ ܹܿܿሺݔ,  .Ԣሻݔ
                                       (A.7) 

From (A.5) we have: 
 
݀2

ܼ݀2 ܹܿܿሺݔ, Ԣሻݔ ൌ
2

ሺ1 െ ܼሻ2 ܹܿܿሺݔ, .Ԣሻ.                    ሺAݔ 8ሻ  

                                                                             
Substituting (A.5) and (A.8) in (A.7) we have: 
 

ܳ0
ሺ1ሻܹܿܿሺݔ, Ԣሻݔ ൌ

2 ቀ1 െ ܼ2ቁ
ሺ1 െ ܼሻ2 ܹܿܿሺݔ, Ԣሻݔ

െ
4ܼ

1 െ ܼ ܹܿܿሺݔ, Ԣሻݔ

ൌ ቎
2 ቀ1 െ ܼ2ቁ

ሺ1 െ ܼሻ2 െ
4ܼ

1 െ ܼ቏ ܹܿܿሺݔ, Ԣሻݔ

ൌ 2ܹܿܿሺݔ,  .Ԣሻݔ
                              (A.9) 

This means that:  
 
൫ܳ଴

ሺଵሻ െ 2൯ ௖ܹ௖ሺݔ, Ԣሻݔ ൌ 0.                                    ሺA. 10ሻ   
                                                                                                 
Eq. (A.10) is not anything other than Eq. 31. 
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