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Abstract 

 
Correlated density matrix theory is generalized to investigate equilibrium properties of normal Fermi Liquids such 
as 3He and nuclear matter at nonzero temperatures. The results also generalize the Fermi-hypernetted-chain tech-
nique that is familiar from studies of the ground state of correlated fermions. By employing the concept of renorma-
lized bosons and fermions the formal results are cast in a form that permits the direct evaluation of the statistical 
properties of the correlated liquid such as the entropy and the specific heat at constant volume among other quanti-
ties. 
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1. Introduction  

 
Correlations in normal liquid helium and in nuclear 
matter are of long standing interest. Numerous studies 
have been performed to analyze the ground and ex-
cited states of normal liquid 3He, nuclear and neutron 
matter with various quantum many-body approaches 
such as lowest order constrained techniques, cluster 
expansion methods, hypernetted-chain summation etc. 
Two very recent examples are provided in Refs [1, 2] 
that also present an exhaustive list of references to 
earlier work. 
    In this paper we concentrate on the generalization 
and further development of Correlated Density Matrix 
(CDM) theory adapting it to pursue a sophisticated 
analysis and enumeration of the equilibrium properties 
and correlation functions of such Fermi liquids. 
    Correlated Density Matrix theory [3] of interacting 
Bose fluids or liquids is a profound tool to analyze 
strong spatial correlations and thermal gross properties 
of boson systems. The algorithm has been applied 
successfully for a quantitative enumeration of physical 
quantities of liquid para-hydrogen [4] and for normal 
liquid 4He [5] at nonzero temperatures. It has been 
demonstrated theoretically and experimentally [6] that 
the hydrogen liquid can be described (quantitatively) 
as a quantum  Boltzmann liquid at temperatures even 
very close to its triple point  [7]. The CDM algorithm 
has been also applied to the normal 4He fluid at super-
critical temperatures and close to the Bose-Einstein 

transition temperature TBE = 2.17 K [8-10]. The CDM 
formalism has been also developed for condensed 
and/or superfluid boson systems [11, 12]. Recent ad-
vances [13,14] now permit numerical calculations 
which may be quantitatively comparable  with expe-
rimental data. 
    The temperature dependent CDM formalism for 
spinless fermions has been also outlined in Ref. [3]. 
We generalize now this formalism to analyze such 
systems like normal liquid 3He with spin-dependent 
correlations or nuclear matter where the correlations 
depend also on isospin. The development follows, in 
spirit, the outline presented in Ref. [3] to derive the 
associated temperature dependent hypernetted-chain 
(HNC) equations for the spin (and isospin) dependent                       
radial distribution function. These equations relate  
the direct (dd) components with direct-exchange (de) 
pieces and exchange-exchange (ee) portions. A  
particular role plays the statistical or exchange (cc) 
function that describes the correlations between  
like spin (isospin) components. The algorithm                       
requires a restriction on the general spin (isospin) de-
pendence. In general, the correlations depend on the 
spin (isospin) vector. However, we assume that the 
correlations depend only on one spin component, say 
σz (τz). To deal with correlations that also depend on 
σx, σy one may employ, in a further step, the formida-
ble technique of operator FHNC. 
    Thereupon we turn our attention to investigate the 
evaluation of the statistical quantities entropy and the 
specific heat at constant volume that is related to the 
temperature derivative of the entropy. This task can be 
achieved within the concept of renormalized bosons 
and fermions outlined recently [14, 13]. These entities 
form a non-interacting gas of bosons or fermions with 
appropriately renormalized single particle energies 
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and serve as a background system for a strongly corre-
lated quantum liquid. The concept is, in the present 
paper, generalized for fermion systems with spin de-
generacy ν (ν = 1, 2, 4).  
    Sections 2 and 3 report on the decomposition of the 
spin (and isospin) dependent radial distribution func-
tions at nonzero temperatures and the relationships 
between them for degeneracy ν. At zero temperature 
and with a particular choice of statistical input func-
tion the set of  HNC equations specializes to the famil-
iar FHNC equations developed by S. Fantoni and S. 
Rosati for correlated ground states [15, 16]. 
    Section 3 that deals with the projection of the corre-
lation functions onto coordinate space is followed by 
describing the concept of renormalized fermions (Sec. 
4). It enables us to view the physics of the correlated 
fermions from a different aspect. This formulation 
also offers a profound new tool for numerical calcula-
tions of correlations and equilibrium quantities. Sec-
tion 5 presents our conclusion. 
 
2. Decomposition of Correlation functions 

 
This Section focuses on the structure of the diagonal 
elements of the two-body reduced matrix elements of 
the correlated N-body density matrix. They character-
ize thermal equilibrium properties of Fermi liquids 
such as normal liquid 3He and nuclear matter within 
CDM theory. 
    Completely polarized liquid 3He provides the sim-
plest case. The correlations depend only on the radial 
distance r between two helium atoms since there is no 
spin-degeneracy (ν = 1). The corresponding CDM 
analysis has been reported in Ref [3]. There, the radial 
distribution function is decomposed, 
 
݃ሺݎሻ ൌ 1  ሻݎௗௗሺܩ  2 ௗܶሺݎሻ   ሻ                 ሺ1ሻݎሺܩ
 
with the direct-direct (dd) component ܩሺݎሻ, the ex-
change-direct portion ܩௗሺݎሻ, and the exchange-
exchange (ee) part ܩሺݎሻ.The statistical properties of 
the fluid are characterized by the exchange (or cyclic) 
correlation function ܩሺݎሻ at given density and tem-
perature. The further analysis of the functions ܩఈఉሺݎሻ 
has been performed by employing the HNC technique 
(αβ represents the indices dd, de, ee, or cc). The algo-
rithm then permits numerical calculations of the com-
ponents ܩఈఉሺݎሻ and the associated structure functions 
ܵఈఉሺ݇ሻ, the dimensionless Fourier transform of 
   .ሻݎఈఉሺܩ
    In symmetric liquid 3He and nuclear matter the cor-
relation functions depend not only on the relative dis-
tance r between two constituents but also on their spin 
(or/and isospin). In the following we limit our study 
and assume that the correlation functions depend only 
on one spin component ߪ௭  and, in the case of nuclear 
matter, also on ߬௭ ൌ േ1. For convenience we hence-
forth drop the superscript z and abbreviate 

,ଵଶݎఈఉሺܩ ,ଵߪ ,ଵଶݎఈఉሺܩ ଶሻ orߪ ,ଵߪ ;ଶߪ ߬ଵ, ߬ଶሻ by ܩఈఉ (12). 
We indicate the spin and isospin degeneracy by ν = 2 
and ν = 4. Spin-polarized 3He is characterized by ν = 
1. Thus in the general case with ν-fold degeneracy we 
replace Eq. (1) by the decomposition 
 
݃ሺ12ሻ ൌ 1  ௗௗሺ12ሻܩ  ௗሺ12ሻܩ 2   .ሺ12ሻܩ

(2) 
We are now permitted to follow the CDM procedure 
of Ref. [3]. The decomposition of functions ܩఈఉ(12) 
into nodal ሺ ఈܰఉሻ and non-nodal ሺܺఈఉሻ components 
reads 
 
ఈఉሺ12ሻܩ ൌ ܺఈఉሺ12ሻ  ఈܰఉሺ12ሻ                                 ሺ3ሻ 
 
except for the statistical correlation function that con-
tains in addition the statistical generator Γ (12), 
 
Gሺ12ሻ ൌ Xሺ12ሻ  Nሺ12ሻ െ Γሺ12ሻ.  

(4) 
The hypernet equations corresponding to quantities (3) 
are, 
 
1  ௗௗሺ12ሻܩ ൌ expሼݑሺ12ሻ  ௗܰௗሺ12ሻ   ,ௗௗሺ12ሻሽܧ
 
ௗሺ12ሻܩ ൌ ሾ1  ௗௗሺ12ሻሿሼܩ ௗܰሺ12ሻ   ,ௗሺ12ሻሽܧ
 
ሺ12ሻܩ ൌ ሾ1  ሺ12ሻሿሼܰ݁݁ሺ12ሻ݀݀ܩ  ሺ12ሻ݁݁ܧ

 ሾܰ݀݁ሺ12ሻ  ሺ12ሻሿ2݁݀ܧ

െ ሾܰܿܿሺ12ሻ  ሺ12ሻܿܿܧ െ Γܿܿሺ12ሻሿ2ሽ  
 
ሺ12ሻܩ ൌ ሾ1  ௗௗሺ12ሻሿሼܰܿܿሺ12ሻܩ  ሺ12ሻܿܿܧ െ Γܿܿሺ12ሻሽ. 

(5) 
    The set (5) contains the so-called elementary por-
tions ܧఈఉ (12) and holds for any ν. The first hypernet 
equation contains the dynamic generator (or pseudo-
potential) u(12) that is a functional of the bare par-
ticle-particle potential v(12). The generalization of the 
chain equations for ν = 1 reported in Ref. [3] is easily 
generalized for the case ν = 2 
 

ௗܰௗሺ12ሻ ൌ
ߩ
ߥ  න Ԧଷݎ݀

ఙయ

ሼܺௗௗሺ13ሻܩௗሺ23ሻ

 ሾܺௗௗሺ13ሻ  ܺௗሺ13ሻሿܩௗௗሺ32ሻሽ 

ௗܰሺ12ሻ ൌ
ߩ
ߥ  න Ԧଷݎ݀

ఙయ

ሼܺௗሺ13ሻܩௗሺ32ሻ

 ሾܺௗሺ13ሻ  ܺሺ13ሻሿܩௗௗሺ32ሻሽ 

ܰሺ12ሻ ൌ
ߩ
ߥ  න Ԧଷݎ݀

ఙయ

ሼܺௗሺ13ሻܩሺ32ሻ

 ሾܺௗሺ13ሻ  ܺሺ13ሻሿܩௗሺ32ሻሽ. 
(6) 

The cyclic chain equation reads 
 

ܰሺ12ሻ ൌ
ߩ
ߥ  න Ԧଷݎ݀

ఙయ

ሾܺሺ13ሻ െ Γሺ13ሻሿܩሺ32ሻ. 

(7) 
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    For nuclear matter (ν = 4) the summations over  
the spin coordinate σ3 have to be complemented by  
the isospin summations over the isospin component  
τ3 = ± 1. 
    By suitably choosing the statistical generator 
Γሺ13ሻ we recover the hypernet equations reported in 
Ref. [17] for the fermionic ground state at T = 0. 
 
3. Representation in coordinate space 
 
For convenience we perform the projection onto the r-
space for symmetric normal 3He (ν = 2). The final 
results represent also the correct r-space reduction for 
ν = 4 and an additional set of equations for the isospin 
components. The projection of the HNC equations of 
Section 2 for ν = 2 may be achieved by splitting any 
function L (12) into a spin-parallel component (super-
script p) and a spin-antiparallel (superscript a) compo-
nent 
 
ሺ12ሻܮ ൌ ఙభఙమߜሻݎሺܮ  ሻൣ1ݎሺܮ െ  .ఙభఙమ൧ߜ

(9) 
    The relations between ܮሺݎሻ, ܮሺݎሻ and ܮሺݎሻ, ܮఙሺݎሻ 
are determined by the identity  ߜఙభఙమ ൌ ሺ1 2⁄ ሻ൫1 
  ఙభఙమሻ  that leads toߜ
 
ሻݎሺܮ2 ൌ ሻݎሺܮ   ,ሻݎሺܮ
ሻݎఙሺܮ2 ൌ ሻݎሺܮ െ  .ሻݎሺܮ

(10) 
    The input functions Γሺ12ሻ and ݑሺ12ሻ in these repre-
sentations are given by 
 

Γሺ12ሻ ൌ Γሺݎሻߜఙభఙమ ൌ
1
2 Γሺݎሻሾ1   ଶሿߪଵߪ

(11) 
and 
ሺ12ሻݑ ൌ ଶߪଵߪሻݎሺݑ  ሺ1 െ ሻݎሺݑଶሻߪଵߪ

ൌ ሻݎሺݑ   .ଶߪଵߪሻݎఙሺݑ
(12) 

    The functions ܩఈఉሺ12ሻ, ܺఈఉሺ12ሻ, ఈܰఉሺ12ሻ, 
 ఈఉሺ12ሻ maybe also decomposed into spin-parallelܧ
parts and spin anti-parallel portions, 
 
ఈఉሺ12ሻܩ ൌ ఈఉܩ

 ሺݎሻߜఙభఙమ  ఈఉܩ
 ሺݎሻ൫1 െ  ఙభఙమ൯ߜ

(13) 
and analogously for ܺఈఉሺ12ሻ, etc. In this representa-
tion the set of hypernet equations decouples into two 
sets of the same form as Eqs.(5) but one set for the 
spin-parallel components and a second set for the 
spin-antiparallel components (for ν = 4 the decompo-
sition must be also done in isospin space). 
    In contrast, the chain equations separate in the re-
presentation (9) of functions  
 .ఈఉሺ12ሻ, etcܩ
 
ఈఉሺ12ሻܩ ൌ ሻݎఈఉሺܩ  ఈఉܩ

ఙ ሺݎሻߪଵߪଶ,  
(14) 

and similar for ܺఈఉሺ12ሻ and ఈܰఉሺ12ሻ. This is due to 
the relationship 
 
1
ߥ  ሺ13ሻܮ

ఙయ

ሺ32ሻܭ ൌ ଷଶሻݎሺܭଵଷሻݎሺܮ

  .ଶߪଵߪଷଶሻݎఙሺܭଵଷሻݎఙሺܮ
(15) 

(and a similar relation for the isospin for ν = 4). The 
convolutions of ܮሺݎଵଷሻܭሺݎଷଶሻ and ܮሺݎଵଷሻܭሺݎଷଶሻ2ߪ1ߪ 
appearing in the two sets of chain equations (for the 
spin-independent and the spin-dependent portions are 
most conveniently expressed as products in momen-
tum space. Employing the Fourier transforms 
 

ܵఈఉሺ݇ሻ ൌ ߩ න Ԧݎ݀ ݁ሬԦ·Ԧܩఈఉሺݎሻ                                    ሺ16ሻ 

and 
 

ܵఈఉ
ఙ ሺ݇ሻ ൌ ߩ න Ԧݎ݀ ݁݅Ԧ݇·ݎԦܩఈఉ

ఙ ሺݎሻ                                      ሺ17ሻ 

 
as well as the Fourier transforms ܺఈఉሺ݇ሻ  and ఈܰఉሺ݇ሻ  
for ܺఈఉሺݎሻ and ఈܰఉሺݎሻ (analogously for the spin-
dependent functions) the chain equations (6) assume 
the form familiar from the case ν = 1 given in Ref. [3], 
but hold for any ν . The set of chain equations for the 
spin-independent components reads 
 

ௗܰௗሺ݇ሻ ൌ ܺௗௗሺ݇ሻܵௗሺ݇ሻ  ሾܺௗௗሺ݇ሻ  ܺௗሺ݇ሻሿܵௗௗሺ݇ሻ 
ௗܰሺ݇ሻ ൌ ܺௗሺ݇ሻܵௗሺ݇ሻ  ሾܺௗሺ݇ሻ  ܺሺ݇ሻሿܵௗௗሺ݇ሻ 
ܰሺ݇ሻ ൌ ܺௗሺ݇ሻܵሺ݇ሻ  ሾܺௗሺ݇ሻ  ܺሺ݇ሻሿܵௗሺ݇ሻ. 

(18) 
    An analogous set of equations holds for the spin-
dependent portions (the quantities with superscript 
sigma). The exchange component (7) reads in k-space 
 

ܰሺ݇ሻ ൌ ሾܺሺ݇ሻ െ Γሺ݇ሻሿܵሺ݇ሻ.                          ሺ19ሻ 
 
    Note, that the spin-independent component is iden-
tically zero.  
    The CDM results reported in this section represent a 
generalization of the familiar FHNC theory [16] of the 
correlated ground state of strongly correlated Fermi 
liquids to nonzero temperatures. The temperature de-
pendence is generated by appropriate choices of the 
generator Γሺ12ሻ and ݑሺ12ሻ as functions of tempera-
ture T. By specializing the statistical function Гcc(r) to 
the Slater exchange function ℓሺ݇ݎிሻ with ℓሺݔሻ ൌ
ሺ3 ⁄ଷݔ ሻ (sin x – xcos x) we recover the FHNC equa-
tions at zero temperature. 
 
4. Renormalized fermions 

 
We may exploit the statistical (cc) chain equations to 
introduce a background system of non-interacting 
fermions with a renormalized excitation spectrum. 
This can be done in close analogy to the recent studies 
performed for strongly correlated bosons [14, 13]. 
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Starting from equations (4) and (7), or from the cor-
responding expression in Fourier space, 
 
ܵሺ݇ሻ ൌ ܺሺ݇ሻ  ܰሺ݇ሻ െ Γሺ݇ሻ 

(20) 
and eq. (19)  we may eliminate the nodal contribution 

ܰሺ݇ሻ and express  the   exchange structure function 
ܵሺ݇ሻ by the statistical factor Γሺ݇ሻ and the correla-
tion quantity ܺሺ݇ሻ. The result reads 
 
ܵሺ݇ሻ ൌ ሾܺሺ݇ሻ െ Γሺ݇ሻሿሼ1

െ ሾܺሺ݇ሻ െ Γሺ݇ሻሿሽିଵ. 
(21) 

    DM theory has shown (in the case ν = 1) that a 
momentum distribution ݊ሺ݇ሻ can be defined that 
determines the entropy of the correlated Fermi fluid 
by the expression 
 
ܵሺܶሻ ൌ ሼെൣ1 െ ݊ሺ݇ሻ൧



lnሾ1 െ ݊ሺ݇ሻሿ

 ݊ሺ݇ሻ ln ݊ሺ݇ሻሽ 
(22) 

    Expression (22) is of the familiar form valid for 
non-interacting free Fermi gases. However, in the 
present case the fermions are not moving with the 
single particle kinetic energy ߳ሺ݇ሻ ൌ ଶ݇ଶ 2݉⁄ , 
where m is the bare mass of a particle but have a re-
normalized energy ߳ሺ݇ሻ. In CDM theory the asso-
ciated renormalized momentum distribution is deter-
mined by the statistical generator Γሺ݇ሻ and the ex-
change structure function Scc (k).  
    For spinless fermions (completely polarized liquid 
3He) the relation is [3] 
 
݊ሺ݇ሻ ൌ Γሺ݇ሻሾ1 െ ܺሺ݇ሻ  Γሺ݇ሻሿିଵ

ൌ Γሺ݇ሻሾ1  ܵሺ݇ሻሿ. 
(23) 

    Its generalization for symmetric normal liquid 3He 
yields the same form 

 
݊ሺ݇ሻ ൌ Γሺ݇ሻሾ1 െ ܺ  Γሿିଵ                           ሺ24ሻ 
 
    We may insert Eq. (21) in relation (24) and get the 
expression 
 
݊ሺ݇ሻ ൌ Γሺ݇ሻሼ1  ܵሺ݇ሻሽ                                    ሺ25ሻ 
 
    Next, we may renormalize the bare statistical gene-
rator by defining the renormalized statistical factor 
 
Γሺ݇ሻ ൌ Γሺ݇ሻሾ1 െ ܺሺ݇ሻሿିଵ.                               ሺ26ሻ 
 
    Replacing Γሺ݇ሻ in Eq. (25) by Γሺ݇ሻ via Eq. (26), 
we find then 
 
݊ሺ݇ሻ ൌ Γሺ݇ሻൣ1  Γሺ݇ሻ൧ିଵ.                              ሺ27ሻ 
 

    Result (27) expresses the momentum distribution 
݊ሺ݇ሻ by a Fermi distribution for free renormalized 
fermions with a kinetic single-particle energy ߳ሺ݇ሻ, 
i.e., the renormalized statistical factor is given by 
Γሺ݇ሻ ൌ exp ߚ ൣµ െ ߳ሺ݇ሻ൧ with inverse tempera-
ture ߚ ൌ ܶିଵ. 
    For a perfect Fermi gas the correlation function 
ܺሺ݇ሻ vanishes identically and consequently 
Γሺ݇ሻ ൌ Γሺ݇ሻ  and ߳ሺ݇ሻ ൌ ߳ሺ݇ሻ and ߤ ൌ
߳ሺ݇ிሻ. If we choose ߳ሺ݇ሻ ൌ ߳ሺ݇ሻ in the case of 
interacting fermions and take the limit ܶ ՜ 0 the for-
malism reduces to the FHNC algorithm designed for 
the correlated ground state of a system of fermions 
with degeneracy ν. 
    The optimal choice of renormalized factor Γሺ݇ሻ at 
a temperature T should be determined by an appropri-
ate minimum principle. 
    Ignoring all dynamic correlation functions generat-
ed by the particle-particle interaction the results col-
lapse to the familiar expressions for a non-interacting 
Fermi gas of degeneracy ν at density ߩ and tempera-
ture T ≥ 0. 
 
4. Conclusion 

  
We have generalized CDM theory to analyze the spin 
(isospin)-dependent correlations in Fermi liquids at 
non-zero temperatures such as unpolarized liquid 3He 
(ν = 2) and symmetric nuclear matter (ν = 4). The ge-
neralization is based on the algorithm reported in Ref. 
[3] that only applies to completely polarized liquid 
helium. It also exploits recent developments in CDM 
theory for correlated Bose systems, where the equili-
brium properties are described with respect to a non-
interacting background system of renormalized bosons 
in the normal phase [13, 14]. Here this concept is car-
ried over to deal with spin-dependent correlated fer-
mions. We note that this formulation permits a direct 
study of statistical entanglement properties of interact-
ing Fermi systems at T > 0 [18]. 
    The study focuses foremost on the diagonal two-
body reduced matrix elements of the correlated N-
body density matrix and the analysis of the statistical 
properties generated by the exchange of fermions em-
bodied in the exchange structure function ܵሺ݇ሻ. This 
quantity entirely suffices to determine the entropy 
ܵሺܶሻ of the correlated quantum fluid and therewith 
also to evaluate the specific heat of the system at con-
stant volume (density) ܥ௬ሺܶሻ. 
     The CDM formalism provides a profound tool for 
numerical calculations of thermal equilibrium proper-
ties. To perform such calculations one needs the input 
functions Γሺݎሻ or, preferably, Γሺݎሻ and the pseu-
dopotential ݑሺ12ሻ. They may be determined in prin-
ciple by the CDM functional for the Helmholtz free 
energy ܨሺܶሻ employing an associated minimum prin-
ciple. Taking the functional derivatives of ܨሺܶሻ   with 
respect to the statistical distribution ݊ሺ݇ሻ and with 
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respect to the dynamic potential ݑሺ12ሻ one arrives at 
Euler-Lagrange equations for these input functions. At 
present one is satisfied employing suitable ansätze for 
the statistical functions Γሺݎሻ or Γሺ݇ሻ. For example, 
one might adopt the one-body reduced density matrix 
of non-interacting fermions as a suitable ansatz for 
Γሺݎሻ. This natural choice would lead in the limit 
ܶ ՜ 0 to the FHNC algorithm for the correlated 
ground state of interacting fermions. The pseudopo-
tential ݑሺ12ሻ can be optimized by solving an effective 
Schrödinger equation [5] appropriately generalized to 
include the spin (isospin) dependence. 
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