
Arc
hi

ve
 o

f S
ID

 

   
Journal of Applied Mathematics, Islamic Azad University of Lahijan                           Vol.5, No.19, Winter 2008     

 

 1 

  

The Homotopy Perturbation Method for Fuzzy 

Fredholm Integral Equations 
 

 

T. Allahviranloo
a*

, S. Hashemzehi
a
 

a Department of Mathematics, Science and Research Branch, Islamic Azad University, Tehran, Iran 

 
 

 
 

Abstract 

 
     In this paper Homotopy Perturbation Method (HPM) to solve fuzzy Fredholm integral 

equations is proposed. The method is discussed in details and it is illustrated by solving some 

numerical examples.    
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1  Introduction 

 

HPM has been recently intensively studied by scientists and engineers and used for 

solving nonlinear problems. This method ]8,7[ was proposed first by He which is, in 

fact, a coupling of the traditional perturbation method and homotopy in topology. HPM 

yields a very rapid convergence of the solution series in most cases, usually only few 

iterations leading to very accurate solution. This method has been applied to many 

problems ]18,17,3,2[ . 

Consider the Fredholm integral equation: 
 

 
( ) ( ) ( , ) ( ) ,

b

a
x f x k x t t dt c x dγ γ= + ≤ ≤∫  

Let 

 
 

 
( ) ( ) ( ) ( , ) ( ) 0,

b

a
L u u x f x k x t t dtγ= − − =∫                             (1) 

with solution )()( xxu γ= , we define the homotopy ),( puH  by  

)()1,(),()0,( uLuHuFuH ==  

where )(uF  is a functional operator with solution, say, 0u , which can be obtained 

easily. We may choose a convex homotopy 

 ,0)()()1(),( =+−= upLuFppuH  (2) 
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and continuously trace an implicitly defined curve from a starting point )0,( 0uH  to a 

solution  )1,(γH . The embedding parameter p  monotonically increases from 0 to 1 as 

the trivial problem 0)( =uF  continuously deformed to the original problem 0)( =uL . 

The parameter p  can be considered as an expanding parameter ]13,11,8[ . In fact HPM 

uses the homotopy parameter p as an expanding parameter ]13,9[  to obtain  

,2

2

10 L+++= uppuuu                                  (3) 

when 1→p , (3) corresponds to (2) and gives an approximation to the solution of (1) as 

follows: 

,lim 2
1

L+=
→

u
p

γ                                     (4) 

The series (4) converges in most cases, and the rate of convergence ]12[ depends on 

)(uL . 

The paper is organized as follows: 

In section 2, some basic definitions and fuzzy background is brought. In section3, fuzzy 

integral equation is introduced. In section4, the HPM for solving fuzzy fredholm 

integral equation is proposed, and examples are brought in section5, finally conclusion 

are drown in section6.        

 

2  Preliminaries 

 

In this section the most basic notation used in fuzzy calculus are introduced. We 

start by defining a fuzzy number. 

 

Definition 1 A fuzzy number is a fuzzy set [ ]1,0: 1 =→ IRu  which satisfies  

 

i. u  is upper semi continuous. 

ii. 0)( =xu outside some interval [ ]dc, . 

iii. There are real numbers dbacba ≤≤≤:,  for which 

      1. )(xu  is monotonic increasing on [ ]dc, , 

      2. )(xu  is monotonic decreasing on [ ]dc, , 

      3. .,1)( bxaxu ≤≤=  

 

The set of all fuzzy numbers (as given by Definition 1) is denoted by .1
E  An alternative 

definition or parametric form of a fuzzy number which yields the same  1E  is given by 

Kaleva ]10[ . 

 

Definition 2  A fuzzy number u  is a pair ),( uu of functions 10);(),( ≤≤ rruru  which 

satisfying the following requirements: 

 

i.  )(ru  is bounded monotonic increasing left continuous function, 

ii. )(ru  is bounded monotonic decreasing left continuous function, 

iii.  10),()( ≤≤≤ rruru . 

www.SID.ir



Arc
hi

ve
 o

f S
ID

 

   
Journal of Applied Mathematics, Islamic Azad University of Lahijan                           Vol.5, No.19, Winter 2008     

 

 3 

For arbitrary ),,( uuu =  ),( vvv = and  0>k  we define addition )( vu +  and 

multiplication by k as 

 

( )

( ) )()()(

),()()(

rvrurvu

rvrurvu

+=+

+=+

                                                  (5) 

 

( )
( )



<

≥
=

0,)(),(

0,)(),(
)(

krukruk

krukruk
rku                                                  (6) 

 

The collection of all the fuzzy numbers with addition and multiplication as defined 

by Eqs. (1) and (2) is denoted by 1E  and is a convex cone. It can be shown that  Eqs. (1) 

and (2) are equivalent to the addition and multiplication as defined by using the α -cut 

approach ]5[ and the extension principles, ]14[ . We will next defined the fuzzy function 

notation and a metric D  in 1E , ]5[ . 

   

Definition 3  For arbitrary fuzzy numbers ),( uuu = and ),( vvv =  the quantity 









−−=
≤≤≤≤

)()(sup,)()(supmax),(
1010

rvrurvruvuD
rr

                                      (7) 

is the distance between u and v  . 

This metric is equivalent to the one used by Puri and Ralescu [15] and Kaleva [10]. It is 

shown [16] that ),( 1 DE is a complete metric space. We now follow Goetschel and 

Voxman [5]  and define the integral of a fuzzy function using the Riemann integral 

concept .     

Let  1],[: Ebaf → . For each partition { }ntttp ,,, 10 K=   of  [ ]ba,  with  1max −−= ii tth  

and for arbitrary nitt iiii ≤≤≤≤− 1,: 1 ξξ  let  

 

).)(( 1

1

−
=

−=∑ ii

n

i

ip ttfR ξ                                                            (8) 

 

 The definite integral of )(xf over [ ]ba,  is  

  
 

 
( ) lim , 0.

b

p
a

f x dx R h= →∫                                                                                      (9) 

 

Provided that this limit exists in the metric D  . 

 

If the fuzzy function )(xf  is continuous in the metric D , its definite integral exists, [5] . 

furthermore, 
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( )  

  

  

  

( , ) ( , ) ,

.

( , ) ( , )

b b

a a

b b

a a

f x dt f x dx

f x dt f x dx

α α

α α

=

 
= 

 

∫ ∫

∫ ∫

                                                             (10) 

 

It should be noted that the fuzzy integral can be also defined using the Lebesgue- 

type approach [10]. However, if )(xf is continuous, both approaches yield the same 

value. Moreover, the representation of the fuzzy integral using Eqs. (4) and (5) is more 

convenient for numerical calculations. More details about the properties of the fuzzy 

integral are given in [5,10]. 

 

3  Fuzzy Integral Equations 

 

The integral equations which are discussed in this  section are the Fredholm 

equations . The fredholm integral equation of the second kind is, [6] 

 

 

where  ),( txk   is an arbitrary kernel function over the square btxa ≤≤ ,  and )(xf is a 

function of bxax ≤≤: . If )(xf is a crisp function then the solutions of Eq.  (7)  are 

crisp as well. However, if  )(xf  is a fuzzy function these equations may only possess 

fuzzy solutions. Sufficient conditions for the existence of a unique solution to the Fuzzy 

Fredholm Integral Equation of the second kind (FFIE-2), i.e. to Eq. (7) where )(xf  is a 

fuzzy function, are given in[1]. 

Now, we introduce parametric form of a FFIE-2 with respect to Definition 2. Let 

( )),(),,( αα xfxf  and ( ) 10,),(),,( ≤≤ ααα xuxu  are parametric form of )(xf and 

)(xu for [ ]bax ,∈  , respectively then, the parametric form of FFIE-2 is as follows. 

 

 

( )

( )

 

1
 

 

2
 

( , ) ( , ) , , ( , ), ( , )  ,

( , ) ( , ) , , ( , ), ( , )  ,

b

a

b

a

x f x k x t t t dt

x f x k x t t t dt

γ α α γ α γ α

γ α α γ α γ α

= +

= +

∫

∫

                                         (12) 

 

where  

 

( )




<

≥
=

0),(),,(),(

0),(),,(),(
),(),,(,,1

txkttxk

txkttxk
tttxk

αγ

αγ
αγαγ  

 

and  

 

( )




<

≥
=

0),(),,(),(

0),(),,(),(
),(),,(,,2 txkttxk

txkttxk
tttxk

αγ

αγ
αγαγ  

For each 10 ≤≤ α  and bta ≤≤ . 

 

 
( ) ( ) ( , ) ( ) ,

b

a
x f x k x t t dtγ γ= + ∫ (11) 
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4 Homotopy Perturbation Method for Solving Fuzzy Fredholm Integral 

Equations: 

 

 Consider the fuzzy Fredholm integrall equation: 
 

 
( ) ( ) ( , ) ( ) 

b

a
x f x k x t t dtγ γ= + ∫   

where 1)( Exf ∈ . Let 

( )

( )

 

1
 

 

2
 

( ) ( , ) ( , ) , , ( , ), ( , )  0

( ) ( , ) ( , ) , , ( , ), ( , )  0

b

a

b

a

L u u x f x k x t t t dt

L u u x f x k x t t t dt

α α γ α γ α

α α γ α γ α

 = − − =





= − − =

∫

∫

                       (13) 

 

with solution ),(),(),,(),( αγααγα xxuxxu == , we define the homotopy 

( , ),  ( , )H u p H u p  by  

 





==

==

)()1,(),()0,(

)()1,(),()0,(

uLuHuFuH

uLuHuFuH
 

 

where ( ),  ( )F u F u  are functional operators with solutions, say, 0 0,  u u , which can be 

obtained easily. We may choose a convex homotopy 
 





=+−=

=+−=

0)()()1(),(

0)()()1(),(

upLuFppuH

upLuFppuH
                       (14) 

 

and continuously trace an implicitly defined curve from a starting points 

0 0( ,0),  ( ,0)H u H u  to a solutions  ( ,1),  ( ,1)H Hγ γ . The embedding parameter p  

monotonically increases from 0 to 1 as the trivial problem ( ) 0,  ( ) 0F u F u= =  

continuously deformed to the original problem ( ) 0,  ( ) 0L u L u= = . The parameter p  

can be considered as an expanding parameter. In fact HPM uses the homotopy 

parameter p as an expanding parameter to obtain 

 

 




+++=

+++=

L

L

2

2

10

2

2

10

upupuu

upupuu
                                                                         (15) 

 

when 1→p , (11) corresponds to (10) and gives an approximation to the solution of (9) 

as follows: 

 







+=

+=

→

→

L

L

2
1

2
1

lim

lim

u

u

p

p

γ

γ
                                                                                         (16) 

 

The series (12) converges in most cases, and the rate of convergence depends on 

)(),( uLuL . 
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HMP for solving Fuzzy Fredholm Integral Equation of the first kind (FFIE-1) 
Consider fuzzy Fredholm integral equation of first kind   

  
 

 
( ) ( , ) ( ) ,

b

a
f x k x t t dtγ= ∫  

 

The parametric form of FFIE-1 is as follows: 

 

  

( )

( )

 

1
 

 

2
 

( , ) , , ( , ), ( , )  

( , ) , , ( , ), ( , )  

b

a

b

a

f x k x t t t dt

f x k x t t t dt

α γ α γ α

α γ α γ α

 =





=

∫

∫

                                              

 taking  





=

=

),()(

),()(

α

α

xuuF

xuuF
 

( )

( )

 

1
 

 

2
 

( ) , , ( , ), ( , )  ( , ) 0

( ) , , ( , ), ( , )  ( , ) 0

b

a

b

a

L u k x t t t dt f x

L u k x t t t dt f x

γ α γ α α

γ α γ α α

 = − =





= − =

∫

∫

 

 

 and the convex homotopy:  

( )

( )

 

1
 

 

2
 

( , ) (1 ) ( , ) [ , , ( , ), ( , )  ( , )] 0

( , ) (1 ) ( , ) [ , , ( , ), ( , )  ( , )] 0

b

a

b

a

H u p p u x p k x t u t u t dt f x

H u p p u x p k x t u t u t dt f x

α α α

α α α α

 = − + − =


 = − + − =


∫

∫
  

with the starting points )0,0(),0,0( HH  and the solution ( ,1),  ( ,1)H Hγ γ , by similar 

operations as above, we obtain 





=

=

0),(:

0),(:

0

0

0

0

α

α

xup

xup
 

 





=

=

),(:

),(:

1

1

1

1

α

α

xfup

xfup
 

 

 

( )

( )

 
2

2 1 11 1
 

 
2

12 1 2 1
 

: , , ,  

: , , ,  

b

a

b

a

p u u k x t u u dt

p u u k x t u u dt

 = +

 = +


∫

∫
 

 

M  

 

and in general we have 
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( )

0 1

 

1 1
 

( , ) 0, ( , ) ( , )

( , ) ( , ) , , ( , ), ( , )  
b

n n n n
a

u x u x f x

u x u x k x t u t u t dt

α α α

α α α α+

= =


= − ∫
 

( )

0 1

 

1 2
 

( , ) 0, ( , ) ( , )

( , ) ( , ) , , ( , ), ( , )  
b

nn n n
a

u x u x f x

u x u x k x t u t u t dt

α α α

α α α α+

 = =


= − ∫
 

 

Then if 0),( ≥txk  we have 

( )

0 1

 

1 1
 

( , ) 0, ( , ) ( , )

( , ) ( , ) , ( , ) 
b

n n n
a

u x u x f x

u x u x k x t u t dt

α α α

α α α+

= =


= − ∫
 

( )

0 1

 

1 2
 

( , ) 0, ( , ) ( , )

( , ) ( , ) ,  ( , ) 
b

n n n
a

u x u x f x

u x u x k x t u t dt

α α α

α α α+

 = =


= − ∫
 

 

 

and if 0),( <txk  we have  

( )

0 1

 

1 1
 

( , ) 0, ( , ) ( , )

( , ) ( , ) ,  ( , ) 
b

n n n
a

u x u x f x

u x u x k x t u t dt

α α α

α α α+

= =


= − ∫
 

( )

0 1

 

1 1
 

( , ) 0, ( , ) ( , )

( , ) ( , ) ,  ( , )
b

n n n
a

u x u x f x

u x u x k x t u t dt

α α α

α α α+

 = =


= − ∫
 

 

 
HMP for solving Fuzzy Fredholm Integral Equation of the second kind (FFIE-2) 

   Taking   





−=

−=

),(),()(

),(),()(

αα

αα

xfxuuF

xfxuuF
 

 and substituting (11) in (10)  

( )

( )

 

1
 

 

2
 

( , ) ( , ) ( , ) , , ( , ), ( , )  0

( , ) ( , ) ( , ) , , ( , ), ( , )  0

b

a

b

a

H u p u x f x p k x t u t u t dt

H u p u x f x p k x t u t u t dt

α α α

α α α α

 = − − =

 = − − =


∫

∫
 

 

and equating the terms with identical power of p , we obtain 





=⇒=−

=⇒=−

),(0),(:

),(0),(:

00

0

00

0

αα

αα

xfuxfup

xfuxfup
 

 

( ) ( )

( ) ( )

  
1

1 0 1 01 0 1 0
  

  
1

0 01 2 0 1 2 0
  

: , , ,  0 , , ,  

: , , ,  0 , , ,  

b b

a a

b b

a a

p u k x t u u dt u k x t u u dt

p u k x t u u dt u k x t u u dt

 − = ⇒ =

 − = ⇒ =


∫ ∫

∫ ∫
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and in general we have  

 

( )

0

 

1 1
 

( , ) ( , )

( , ) , , ( , ), ( , )  , 1, 2,
b

n n n
a

u x f x

u x k x t u t u t dt n

α α

α α α+

=


= = ∫ K
  

( )

0

 

1 2
 

( , ) ( , )

( , ) , , ( , ), ( , )  , 1,2,
b

nn n
a

u x f x

u x k x t u t u t dt n

α α

α α α+

 =


= = ∫ K
 

 

Then if 0),( ≥txk  we have 

( )

0

 

1
 

( , ) ( , )

( , ) ,  ( , ) , 1,2,
b

n n
a

u x f x

u x k x t u t dt n

α α

α α+

=


= = ∫ K
  

( )

0

 

1
 

( , ) ( , )

( , ) ,  ( , ) , 1, 2,
b

n n
a

u x f x

u x k x t u t dt n

α α

α α+

 =


= = ∫ K
 

 

and if 0),( <txk  we have  

( )

0

 

1
 

( , ) ( , )

( , ) ,  ( , ) , 1, 2,
b

n n
a

u x f x

u x k x t u t dt n

α α

α α+

=


= = ∫ K
 

( )

0

 

1
 

( , ) ( , )

( , ) ,  ( , ) , 1, 2,
b

nn
a

u x f x

u x k x t u t dt n

α α

α α+

 =


= = ∫ K
 

 

5  Numerical Results 

In this section, we are going to apply the HPM for solving several examples. The 

results are compared with exact solutions by using defined metric in Definition 3.   

 
 

Example 5.1 Consider the fuzzy Fredholm integral equation with 

( )xeexf
x 12

9

1
)

4

3
(),( 33 +−

+
=

α
α     

( )xeexf
x 12

9

1
)

4

5
(),( 33 +−

−
=

α
α  

and kernel 

1,0,),( ≤≤= txxttxk  

and 1,0 == ba . The exact solution in this cases is given by  

,)
4

3
(),( 3x

exu
+

=
α

α  

www.SID.ir



Arc
hi

ve
 o

f S
ID

 

   
Journal of Applied Mathematics, Islamic Azad University of Lahijan                           Vol.5, No.19, Winter 2008     

 

 9 

.)
4

5
(),( 3 x

exu
α

α
−

=  

 

We apply ),( puH method to approximate the solutions: 

we have 

 

( )

0

 

1
 

( , ) ( , )

( , ) ,  ( , ) , 1, 2,
b

n n
a

u x f x

u x k x t u t dt n

α α

α α+

=


= = ∫ K
 

( )

0

 

1
 

( , ) ( , )

( , ) ,  ( , ) , 1, 2,
b

n n
a

u x f x

u x k x t u t dt n

α α

α α+

 =


= = ∫ K
 

 

So we obtain 

,)12(
9

1
)

4

3
(),( 33

0 xeexu
x +−

+
=

α
α  

 1  1
3 3

1 0
 0  0

3 1 1 1
( , ) ( , ) (2 1) ( 3) 1 ,

4 9 9 27

tu x xtu t dt x t e e t dt e x
α

α α α
+    = = − + = + + −       

∫ ∫

[ ] ,1)3(
27

1

9

1

3

1
),( 3

2 xexu 





−++= αα  

[ ] ,1)3(
27

1

9

1

3

1
),( 3

23 xexu 





−++= αα  

[ ] ,1)3(
27

1

9

1

3

1
),( 3

34 xexu 





−++= αα  

M  

 

And 

,)12(
9

1
)

4

5
(),( 33

0 xeexu
x +−

−
=

α
α  

[ ] ,1)5(
27

1

9

1
)12(

9

1

4

5
),(),( 33

1

0

1

0
01 xedtteetxdttuxtxu

t







−−+=





+−

−
== ∫ ∫ α

α
αα

[ ] ,1)5(
27

1

9

1

3

1
),( 3

2 xexu 





−−+= αα  

[ ] ,1)5(
27

1

9

1

3

1
),( 3

23 xexu 





−−+= αα  

[ ] ,1)5(
27

1

9

1

3

1
),( 3

34 xexu 





−−+= αα  
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M  

 

 

Hence the solution will be as follows: 

  

[ ] xexeeuuuxu
x







−++








++++++−

+
=+++= 1)3(

27

1

9

1

3

1

3

1

3

1
1)12(

9

1
)

4

3
(),( 3

32

33

210 α
α

α LL

x
e

3)
4

3
(

+
=

α
 

[ ] xexeeuuuxu
x







−−+








++++++−

−
=+++= 1)5(

27

1

9

1

3

1

3

1

3

1
1)12(

9

1
)

4

5
(),( 3

32

33

210 α
α

α LL  

x
e

3)
4

5
(

α−
=

( ) xxxx
eeeexuxuxu

3333
.1

~

4

5
,

4

3

4

5
,

4

3
),(),,()( =







 −+
=







 −+
==

αααα
αα  

 

Example 5.2 ]4[ . Consider the fuzzy Fredholm integral equation with 

)),4(15/2)(15/13)(2/sin(),( 32 ααααα −−++= xxf

)),4(15/13)(15/2)(2/sin(),( 32 ααααα −−++= xxf

 and kernel 

,2,0),2/sin()sin(1.0),( π≤≤= txxttxk  

and π2,0 == ba . The exact solution in this cases is given by  

),2/sin()(),( 2
xxu ααα +=  

).2/sin()4(),( 3
xxu ααα −−=  

 

We apply ),( puH method to approximate the solution: 

we have 

),281113)(2/1sin(15/1),( 32

0 αααα −++= xxu  

),42)(2/1sin(225/22),( 32

1 αααα +−+= xxu  

),42)(2/1sin(3375/88),( 32

2 αααα +−+= xxu  

),42)(2/1sin(50625/352),( 32

3 αααα +−+= xxu  
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M  

and 

),1352112)(2/1sin(15/1),( 32

0 αααα −++= xxu  

),42)(2/1sin(225/22),( 32

1 αααα +−+−= xxu  

),42)(2/1sin(3375/88),( 32

2 αααα +−+−= xxu  

),42)(2/1sin(50625/352),( 32

3 αααα +−+−= xxu  

M  

then we approximate  

),2/1sin()2019885036912850497(
50625

1
),( 23

xxu ×−+−−= αααα  

).2/1sin()5125036950497128(
50625

1
),( 23

xxu ×−−−−= αααα  

 

6  Conclusion 

In this paper we illustrated homotopy perturbation method for solving fuzzy 

Fredholm integral equation. This method is a simple and very effective tool for 

calculating the exact solutions.   
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