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Abstract
In this paper Homotopy Perturbation Method (HPM) to.solve fuzzy Fredholm integral

equations is proposed. The method is discussed in details-and it is illustrated by solving some
numerical examples.
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1 Introduction

HPM has been recently intensively studied by scientists and engineers and used for
solving nonlinear problems. This.method [7,8] was proposed first by He which is, in

fact, a coupling of the traditional perturbation method and homotopy in topology. HPM
yields a very rapid convergence of the solution series in most cases, usually only few
iterations leading to very accurate solution. This method has been applied to many
problems [2,3,17,18].
Consider the Fredholm integral equation:

ya)=f G+ [ k.oyod,  c<x<d
Let

L@)=u(o)=f ()= [k G0y =0, (1)
with solution u(x) = ¥(x), we define the homotopy H (u, p) by
Hw0)=F@u), Hu,)l)=L(u)

where F(u) is a functional operator with solution, say, u,, which can be obtained
easily. We may choose a convex homotopy

H(u,p)= (1~ p)F(u)+ pLu)=0, (2)
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and continuously trace an implicitly defined curve from a starting point H(u,,0) to a
solution H(y,l). The embedding parameter p monotonically increases from O to 1 as
the trivial problem F(u#) =0 continuously deformed to the original problem L(u)=0.
The parameter p can be considered as an expanding parameter [8,11,13]. In fact HPM
uses the homotopy parameter p as an expanding parameter [9,13] to obtain

U=uy+ pu, +pu, +-, 3)
when p — 1, (3) corresponds to (2) and gives an approximation to the solution of (1) as
follows:

y=limu, +--, @)
p—1

The series (4) converges in most cases, and the rate of convergence [12]depends on
L(u) .

The paper is organized as follows:

In section 2, some basic definitions and fuzzy background is brought. In section3, fuzzy
integral equation is introduced. In section4, the HPM for solving fuzzy fredholm
integral equation is proposed, and examples are brought in section$, finally conclusion
are drown in section6.

2 Preliminaries

In this section the most basic notation used in fuzzy calculus are introduced. We
start by defining a fuzzy number.

Definition 1 A fuzzy numberis a fuzzy set u: R' — I = [0,1] which satisfies

i. u is upper semi continuous.

ii. u(x) = 0outside some interval [c,d ]

iii. There are real. numbers a,b:c < a < b <d for which
1. u(x) is monotonic increasing on [c,d ],
2. u(x) 1s'monotonic decreasing on [c,d ],
3. u(x)=1,a<x<bh.

The set of all fuzzy numbers (as given by Definition 1) is denoted by E'. An alternative

definition or parametric form of a fuzzy number which yields the same E' is given by
Kaleva [10].

Definition 2 A fuzzy number u is a pair (u,u) of functions u(r),u(r);0 <r <1 which
satisfying the following requirements:

i. u(r) is bounded monotonic increasing left continuous function,
ii. u(r) is bounded monotonic decreasing left continuous function,
. u(r)<u(r),0<r<li.
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For arbitrary u = (u,u), v=(v,v)and k > 0 we define addition (x+v) and
multiplication by & as

(u+v)(r)=u(r) +v(r),

(5)
(k) =2 +7(r)
[(ku(r),kie(r), k=0
ku(ry = {(kﬁ(r),kg(r)), k<0 (6)

The collection of all the fuzzy numbers with addition ‘and multiplication as defined

by Egs. (1) and (2) is denoted by E' and is a convex cone. It can be shown that Egs. (1)
and (2) are equivalent to the addition and multiplication as defined by using the « -cut
approach [5]and the extension principles, [14]. We will next defined the fuzzy function

notation and a metric D in E', [5].

Definition 3 For arbitrary fuzzy numbers u = (u,u) and v = (v,v) the quantity

D(u,v)= max{sup|g(r) —v(r)|, supli(r)— \7(r)|} (7)

is the distance between u andv .
This metric is equivalent to the one used by Puri and Ralescu [15] and Kaleva [10]. It is

shown [16] that (E',D)is a.complete metric space. We now follow Goetschel and

Voxman [5] and define the integral of a fuzzy function using the Riemann integral
concept .

Let f:[a,b] = E'. For each partition p ={t,.z,,...,t,} of [a,b] with h = max|ti —ti_1|
and for arbitrary & i, <& <t 1<i<n let

R, =2 &)t — ). (8)
i=1
The definite integral of f(x) over [a,b] is

j:'f (x)dx =limR ,h — 0. 9)

Provided that this limit exists in the metric D .

If the fuzzy function f(x) is continuous in the metric D, its definite integral exists, [5] .
furthermore,
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(j:f (x,a)dz):j:f_(x,a)dx,
(10)

U:’ f (x, et j =[ " 7 (x, a)dx

It should be noted that the fuzzy integral can be also defined using the Lebesgue-
type approach [10]. However, if f(x)is continuous, both approaches yield the same

value. Moreover, the representation of the fuzzy integral using Eqs. (4) and (5) is more
convenient for numerical calculations. More details about the properties of the fuzzy
integral are given in [5,10].

3 Fuzzy Integral Equations

The integral equations which are discussed in this section are the Fredholm
equations . The fredholm integral equation of the second kind is, [6]

Yoo =f )+ [ k(e 0edr, (11

where k(x,t) is an arbitrary kernel function over the square a < x, <b and f(x)is a
function of x:a<x<b.If f(x)is a crisp function then the solutions of Eq. (7) are
crisp as well. However, if f(x) is afuzzy function these equations may only possess
fuzzy solutions. Sufficient conditions for the existence of a unique solution to the Fuzzy
Fredholm Integral Equation of the second kind (FFIE-2), i.e. to Eq. (7) where f(x) is a
fuzzy function, are given in[1].

Now, we introduce parametric form of a FFIE-2 with respect to Definition 2. Let
(f (x, ), f (x,a')) and @(x,a'),b_t(x,a')),os a <1 are parametric form of f(x)and

u(x)forxe [a,b] , respectively then, the parametric form of FFIE-2 is as follows.

Y@y =f @)+ [ K, (x.0.70.00. 70 .) dr.
(12)

7oc.a) =f )+ [k, (x.0.p0.0.70.) dr.
where

k(x,0)y(t,a), k(x,t)=20

k, (x,t,z(t, ). 7(t.a))= {k(x,r);‘/(t,a), k(x,1)<0

and

k(x,)y(t,a), k(x,t)=0

k, (x,t,z(f, Q), 7_’(t»0’)) = {k(x,t)Z(f,(Z)’ k(x,1) <0

Foreach 0<a <land a<t<b.
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4 Homotopy Perturbation Method for Solving Fuzzy Fredholm Integral
Equations:

Consider the fuzzy Fredholm integrall equation:
b
) =f )+ [ k@,0y@) dr
where f(x)e E'. Let

L) =u(.0)~f x.a)~[ & (x.0.70.2.70.0)di =0
(13)

L@) =T (x.0)~f (c.o)=[ k,(x.0.70.2).7¢.@) di =0

with solution u(x, ) = yx o), ulx,a)=yxa),we define the homotopy
H(u,p), H@,p) by

Hw,0)=F(u), H@u,l)=L(u)

Hw,0)=F@u), H(u,)=Lu)
where F(u), F(u) are functional operators with solutions, say, u,, u,, which can be
obtained easily. We may choose a convex homotopy
{H(%P) =(-p)F(uw)+ pL(u)=0

— — _ (14)
H(u,p)=1-p)F)+ pL(u)=0

and continuously trace an implicitly defined curve from a starting points
H (u,,0), H (u,,0) to a solutions H (y,1), H(y,1). The embedding parameter p
monotonically increases .from O to 1 as the trivial problem F(u)=0, F@u)=0
continuously deformed.to the original problem L (1) =0, L(z)=0. The parameter p

can be considered as an expanding parameter. In fact HPM uses the homotopy
parameter p as-an expanding parameter to obtain

(15)

when p — 1, (11) corresponds to (10) and gives an approximation to the solution of (9)
as follows:

y=limu, +--
- p—l (16)

7 =1limi, +---
p—l1

The series (12) converges in most cases, and the rate of convergence depends on
L(u), L(u) .
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HMP for solving Fuzzy Fredholm Integral Equation of the first kind (FFIE-1)
Consider fuzzy Fredholm integral equation of first kind

f =] kG.nye) dr,

The parametric form of FFIE-1 is as follows:

fea)=[ "k (x.0.p0.@).70.2) di

Foay="k,(x.r.p0.a.70.0)d

taking
F(u) =u(x,a)
Fu)=ulx,a)

L@)= j (xur ., @). 7@ .@) df —f (x @) =0

L@)= j (x .ty @), 70, @) de=f @, 0)=0

and the convex homotopy:

H@,p)=01-pu(x, a)+p[j (x.0,u(t,)@ @, @) dt —f (x,0)]=
H@,p)=~10-p(x ,0()+p[ja k,(x,t.ut,).ut,a) dt —f (x,2)]=0
with the starting points H (0,0), H (0,0) and the solution H (7.1, H(y,1), by similar

operations as above, we obtain

{p(’ L g(x,a)=0

pozﬁo(x,a)zo
{p1:21:i(x’a)
pl:l’_tl:f(x,a)

2,

pu —u+j xtul,u dt
p2: =, +j xtul,u)dt

and in general we have
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w6, @)=0,  u,(x,a)=f (x,a)
(e 0) =, ()= [k (xt, .00, () dr

iy (x, ) =0, i (x,0)=f (x,a)

@, () =i, ()~ [k, (x 0, 0.0, 0.@) di

Then if k(x,t) >0 we have
{ u,(x,a)=0, u,(x,@)=f(x,q)

@) =u, e = [k (x)u, () dr
ay(x,)=0, ux,0)=f(x,a)

@, () =i, (c.a)~ [k, (x 1) T, .c0)di

and if k(x,t) <0 we have

w6, @)=0,  u,(x,@)=f (x,Q)
o (e.0) =u, ()~ [k, (x 1) @,(ha) di
wo(x,a)=0,  wi(x,@)=f(x,a)

(@) = (0 = [ Ky dt ) w, (.ot

HMP for solving Fuzzy Fredholm Integral Equation of the second kind (FFIE-2)
Taking
Fu) =ulx,a) = f(x,a)
{F(ﬁ) =u(x, 0~ f(x,a)
and substituting (11) in (10)

Hw, pY=ux,a)—f (v, @)= p[ |k, (x,t,u(,),7¢,) di =0

H@.p)=i(.0)~f &.a)=p[ k,(x.tu@.0.i@.a)d =0

and equating the terms with identical power of p, we obtain
%”%-ﬁ%@=¢3%=ﬁnm

p’° Uy —fx,)=0=u, = f(x,0)

a a
I
p i,

a

p' :Lil—jbkl(x,t,bio,ﬁo) dt =0=u, =Ihk1(x,t,bi0,_0) dt
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and in general we have

u,(x,)=f (x,q)
w0 ()= [k, (v 0, (@07, (0)) di, n=12....
ity (x,00) =f (x,@)

0=k, (x0T, @.0) i, n=12....

Then if k(x,t) >0 we have
u,(x,0)=f (x,2)
(o) =k (x.) u, ., n=12,...
ity (x @) =f (x,a)
@)=k (x.0) @,¢.) dr, n=12,.,

and if k(x,t) <0 we have
uy(x,o)=f (x,)
w,a(ea) =]k (x.) @, .00 dr. n=12,...
ity(x, @) =f (x,a)
.=k (x.t) w, (ia.dr, n=12...

5 Numerical Results

In this section, we.are going to apply the HPM for solving several examples. The
results are compared with.exact solutions by using defined metric in Definition 3.

Example 5.1 Consider the fuzzy Fredholm integral equation with

a+3
Jre==,

)e* —é(2e3 + l)x

fx.0)= (—) "5 Lo 1)
and kernel
k(x,t) = xt, 0<x,t<1

and a =0,b =1. The exact solution in this cases is given by

a+3

u(x,a) =(—— 2 )e™,
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T(x,a) = (SjTa)"’SX'

We apply H (u, p) method to approximate the solutions:
we have

u,(x,0)=f (x,2)

(0= k (x.0) u, @) dr., n=12,...
ity (x,0) =f (x,)
7, .)=[ "k 0, (t,) dt, n=125%

So we obtain

uy (@) = (et~ 26 4D

iy ol la+3 501 REE 3
Lil(x,a)_joxnio(t,a)dz_xjo{Te —5(2e+1)t}dt{§+5[(a+3)e —1]}@

zz<x,a>:;B+E[<a+3>e —1]}

it i
s (5,0 = 53 [9 o [@+3)e 1]},

u, (x,) = 31 [9+2—[(a+3)e —1]}

And
5~

ity (x,0) = (—— Z )3X—é(2e3+1)x,

_ I _ 5-a 31__ i _ 3 _
i, (x, @) = [ xtit, (1 @)dt = x jo{ ; 5 (2 +1)r} [9+27 [5-ae 1]},

ﬁz(x,a)=%{9+2—[(5 @)e’ —1]}

i, (x,0) = 1[ 1[(5 a)e’ —1]}

3709 27
i, (x, Q) = [5-a)e® —1]}

3[92
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Hence the solution will be as follows:

u(x,a)=u, +u, +g2+---:(aT+3)e“ —é(ze3 +l)x+(1+;+312+313+W]B+217[(a+3)63_1]}
:(a:3)e3x

H(x,0) = i, +1I, +ii, +-.-=(5_T“)e3* —$(2e3 +1)x+(1+;+312+§13—+--')[$+217[(5—(Z)e3 —1]}
-G

u(x) = (u(x, ), u(x,a)= (aISeh,Siae“J = (0::3 ,S_TaJe“ =1.¢*

Example 5.2 [4]. Consider the fuzzy Fredholm integral equation with

JS(x,a)= sin(x/2)(13/15(a” + @) + 2/15(4— &’ — @),

f(x,@) =sin(x/2)(2/15(a* + @)+ 13/15(4— & — av)),

and kernel

k(x,t) =0.1sin(?) sin(x/2),». 0< x,t <27,
and a =0,b =27z . The exact solution in this cases is given by

u(x,) =(a* + a)sin(x/2),

u(x,@) =(4-a’ —a)sin(x/2).

We apply H (u, p) method to approximate the solution:
we have

u,(x,) =1/15sin(1/2x)(13a* + 11 +8—2a°),
u,(x,) =22/225sin(1/2x)(” +2a -4+ a’),
u,(x,0) =88/3375sin(1/2x) (a0’ + 2 — 4+ ),

u,(x, ) =352/50625sin(1/2x)(a@” + 20— 4+ ),

10
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and

ity (x, ) =1/15sin(1/2x)2a” +11a+52-13a’),
i, (x,a) ==22/225sin(1/ 2x)(a0* + 20— 4+ ),
it, (x,c) = —88/3375sin(1/2x)(&” + 20— 4+ ),

i, (x,a) = =352/50625sin(1/2x)(a” + 2o — 4+ &),

then we approximate

u(x,q) = —L(50497a3 —128a* + 50369 — 201988)x sin(1/ 2x),
50625

u(x,a) = b (1280 —504970:* —'50369cr — 512) x sin(1/ 2x).
50625

6 Conclusion

In this paper we illustrated homotopy perturbation method for solving fuzzy
Fredholm integral equation. This method is a simple and very effective tool for
calculating the exact solutions.
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