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Abstract
This paper investigates the dynamic response of a metro rail over-bridge, subjected to moving loads. Track irregularity and 
train inertia effects are not considered. Bridge superstructure, piers and substructure are modelled using shell element, rails 
are modelled with frame elements and the interaction between bridge deck and piers is simulated using link supports (bear-
ings) in SAP2000 (2014). Moving load analysis is performed for two models namely fixed base model and complete pile 
model. For complete pile model, the piles are modelled using frame elements. IS 2911: 2010 is considered to evaluate the soil 
stiffness properties. Modal damping ratio of 5% is adopted. Finite element method is used to perform the dynamic analysis 
and Newmark-β method is considered to solve the equations of motion. From the comparative study between two models, 
and for two loading cases, it was noted that the speed of the train is a very important parameter influencing the dynamic 
response of the bridge. Moreover, the resonance phenomenon for the complete pile model was observed at lower speed com-
pared to the fixed base model for both the loading cases. From this study, it can be stated that a full three-dimensional (3D) 
multi-span simply supported bridges’ dynamic analysis is important to obtain the transient response of the bridge structure.

Keywords Soil–structure interaction · Resonance · Dynamic analysis · Complete pile model · Newmark-β

Introduction

The development of high-speed railways in various countries 
has increased the interest in dynamic behaviour of railway 
bridges. Under the loads of high speed, the bridges are sub-
jected to high impacts. The dynamic aspects are of special 
interest and have often shown to be the governing factor in 
the structural design. Vehicle speed is an important param-
eter which influences the dynamic behaviour of bridge. In 
addition to vehicle speed, the characteristics of the bridge 
structure and the vehicle, the rail surface unevenness, vary-
ing vehicular travel lanes are the different parameters that 
govern the dynamic behaviour of bridge.

Wang et al. (2007) investigated the resonance response 
of a multi-span continuous beam and simply supported 
beam under the action of load moving at constant veloci-
ties. Ju and Lin (2003) have provided solution to reduce 
the resonance phenomenon of a simply supported bridge by 
studying three-dimensional (3D) vehicle–bridge interaction 
(VBI) analysis. Fryba (2001) investigated an elementary the-
oretical model of a bridge using the integral transformation 
method. The analysis gives the critical speed at which the 
resonance vibration may occur. Zhang et al. (2010) studied 
a numerical solution for the dynamic response of a train 
bridge interaction subjected to multi-support seismic loads. 
Salcher and Adam (2012) have presented the results of a 
numerical study which aimed at a quick and accurate assess-
ment of the dynamic railway bridge response subjected to 
high-speed trains. Li et al. (2013) have studied two different 
bridge models which were considered as simplified small-
scale models. These models showed fair agreement with the 
experimental study.

Romero et al. (2013) have put in a lot to understand and 
explain dynamic soil–bridge interaction under high-speed 
train. The parametric study conducted for various types 
of soils resulted in concluding the fact that the resonance 
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response is attained at lower speeds for loose soils. 
Tavares (2007) has studied the effect of support stiffness 
in vertical direction under high-speed moving trains. 
Zeng et al. (2015) investigates the random vibration and 
the dynamic reliability of train moving over slab track on 
bridge under track irregularities and earthquakes by the 
pseudo-excitation method (PEM). A numerical solution 
for the dynamic response of train–track–bridge coupled 
system considering the influence of soil–structure inter-
action (SSI) is studied and verified with the results of 
field experiments, by Li et al. (2013). Zehsaz et al. (2009) 
have presented a new method for dynamic analysis for 
railway, as a beam with limited length, lying on a vis-
coelastic bed and subjected to moving load is presented. 
Ülker-Kaustell et al. (2010) has presented a qualitative 
analysis of the dynamic soil–structure interaction (SSI) of 
a portal frame railway bridge based on the linear theory of 
elasticity. Xia et al. (2014) has presented the study of the 
train–bridge system under collision loads. A continuous 
bridge with box girders is considered as a case study. A 
model for dynamic analysis of the vehicle–track nonlin-
ear coupling system is established by the finite element 
method in Lei et al. (2016). Feenstra and Isenberg (2012) 
have studied a detailed, three-dimensional finite element 
model to evaluate the dynamic amplification factor for 
light rail vehicles.

SAP2000 (2014) is used to analyse the 3D rail bridge. 
Gharad and Sonparote (2017) have studied and validated 
the dynamic response of two-dimensional (2D) and three-
dimensional (3D) bridge models under the action of mov-
ing loads, using the same software. Following sections 
discuss the modelling, analysis and comparison of differ-
ent loading conditions using the finite element approach.

Modelling of 3D bridge

The cross-sectional details of a simply supported 26.4 m 
span box-girder bridge are shown in Figs. 1 and 2, respec-
tively. Finite element (FE) modelling of the structures 
(superstructure, piers and substructure) is done in SAP2000 
(2014). The material and characteristic values of the rail-
way bridge are shown in Table 1. Table 2 shows the cross-
sectional properties of the various components of bridge. 
Figure 3 shows the elevation of Nagpur metro rail bridge. 
Before modelling, minimum sizes of each section elements 
were checked as per Indian railway standard-Concrete 
Bridge Code (CBC 1997). Two different models of the same 
bridge viz. fixed base model and complete pile model to 
carry out dynamic analyses are considered. FE model of 
fixed base box-girder bridge and complete pile model bridge 
is shown in Figs. 4 and 5, respectively. In complete pile 
model, the soil layer is simplified as springs based on the 
Winkler assumption considered by Li et al. (2013). The piles 
are divided into several uniform sections; then for each sec-
tion of the pile, two horizontal springs are exerted on middle 
point of the sections and used to simulate the side thrust of 
soil, and a vertical spring at the bottom of the pile is used to 
simulate support reverse force of the rock.      

The soil spring stiffness in translational, i.e. Rx, Ry and 
Rz (stiffness in longitudinal, transverse and vertical) direc-
tions and moments Mx and My (rotational stiffness about the 
longitudinal and transverse axes) mentioned in Table 3 is 
considered (Xia et al. 2014).

Two horizontal springs with spring constant value of 
6000 kN/m each are assigned on middle point of the sections 
of pile and a vertical spring at the bottom of the pile with 
spring constant value calculated as 6000 kN/m is assigned. 
These values are evaluated based on IS 2911: 2010.

Fig. 1  Sectional view of box-girder (all dimensions are in mm)
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Rail fastener

The rails are supported by rail fasteners. The rail fasteners 
are assigned as links. The stiffness and damping are provided 
in  U1(x) longitudinal and  U3(z) vertical directions. The val-
ues of stiffness and damping proposed by Lei et al. (2016), 
Zeng et al. (2015) and Akogul and Celik (2008) are given 
in Table 4.

Bearings

A bridge bearing is a component of a bridge which typi-
cally provides a resting surface between bridge piers and the 
bridge deck. The purpose of a bearing is to allow controlled 
movement and thereby reduce the stresses involved. Move-
ment could be thermal expansion or contraction, or move-
ment from other sources such as seismic activity. The type of 
bearing used in the present study is an elastomeric bearing. 
The bearings are assigned as links and their stiffness and 
damping values are given in Table 4. Figure 6 represents the 
considered bearings layout. S1 and S2 indicate hinged sup-
port conditions; B1 indicates bearings allowing the move-
ment in lateral direction and rotation about the transverse 
direction of deck slab; B2 indicates bearings not allowing 
any movement but allowing rotation about the transverse 
direction of deck slab; B3 represents bearings allowing 
movements in both longitudinal and lateral directions and 
rotation about the transverse direction of deck slab; and B4 
indicates bearings allowing only the longitudinal direction 
and rotation about the transverse direction of deck slab.

Fig. 2  Elevation of pier, dimensions as per Design basis report (2016) (all dimensions are in mm)

Table 1  Material properties 
and characteristic values of the 
railway bridge

Properties Density (kN/
m3)

Modulus of elasticity 
(kN/m2)

Poisson’s ratio Grade

Deck (box-girder) 25 34 × 106 0.15 M50
Pier and pier cap 25 36 ×  106 0.15 M60
Pile and pile cap 25 31 ×  106 0.15 M40
Rail 77 210 ×  106 0.30 500
Expansion joint filler (Epoxy) 18 6.52 ×  106 0.35 –

Table 2  Cross-sectional properties of the various components of 
bridge

Component Size (mm) Depth (mm)

Box-girder: 1650
 Top width 8500
 Bottom width 3186

Pier cap 3186 × 2200 500
Pier 1700 × 2200 11,120
Pile cap 5100 × 5100 1800
Pile diameter 1200 11,800
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Moving train load model

The live load is considered as per NMRCL DBR (2016). The 
total number of cars in a train is 6 with the length of each 
car as 21.8 m. Each car consists four axles and load of each 
axle is same, i.e. 160 kN as shown in Fig. 7. The distance 
between the axle loads is also given in Fig. 7. The distance 
of the adjacent bogie is considered as 2.45 m. To calculate 
the maximum mid-span response of the bridge in vertical 
direction, moving load analysis is performed for both single- 
and double track loadings.

Modal and moving load analyses

To study the dynamic response of a bridge structure, it is 
essential to carry out modal analysis. The importance of 
mode shapes has been discussed by Liu et al. (2014). The 
natural frequency of a system depends only on the stiffness 
of the structure and the mass which participates with the 
structure (including self-weight) and is independent of the 
load function. The information of modal frequencies is nec-
essary to know the resonance phenomenon. This aspect is 

Fig. 3  Nagpur metro rail bridge 
elevation

Fig. 4  Geometry of fixed base bridge

Fig. 5  Geometry of the bridge model with soil–structure interaction 
(SSI)

Table 3  Foundation stiffness of pile cap

Direc-
tions

Rz 
(MN/m)

Rx 
(MN/m)

My 
(MN m/
rad)

Ry 
(MN/m)

Mx (MNm/
rad)

Pile cap 13,328.5 1681.59 189,480 1681.59 189,480

Table 4  Bridge parameters considered in the present study

Parameters Unit Value

Rail fastener
 Lateral stiffness kN/m 50,000
 Vertical stiffness kN/m 30,000
 Damping 50

Bearings
 Stiffness 1,143,752
 Damping kN/m 80
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discussed in the subsequent Sect. 4. Table 5 shows the first 
four natural frequencies of the bridges as in Figs. 4 and 5.

The dynamic equations of the bridge system subjected to 
moving forces can be represented as

where [�] , [�] , [�] , respectively, represent the mass, damp-
ing and stiffness of entire bridge system, 

{

�
�

}

 the bridge 
displacement, 

{

�̇
�

}

 the velocity, 
{

�̇
�

}

 the acceleration 
and 

{

�
�

}

 the external moving loads acting on the bridge. 
Equation (1) is a typical second-order differential equation, 
which can be solved by number of time-marching schemes. 
Newmark-β method with constants � = 1∕4 and � = 1∕2 , 
is used in this study to determine the dynamic response of 
the bridge. The solution is obtained using this step-by-step 
method in the time domain. Eurocode1 (2008) suggests 2% 
damping to be adopted for such types of bridges. Since, the 
design basis report (NMRCL DBR 2016) used the 5% damp-
ing ratio value, thus, in the present study, Rayleigh damping 
coefficients are evaluated using 5% modal damping.

(1)[𝐌]
{

�̈�
𝐛

}

+ [𝐂]
{

�̇�
𝐛

}

+ [𝐊]
{

𝐔
𝐛

}

=
{

𝐅
𝐛

}

,

Resonant conditions

The validation of resonant train speed of fixed base model 
and complete pile model with single train loadings was car-
ried out in vertical direction using formula given by Fryba 
(2001) and Xia et al. (2014). The maximum vertical accel-
eration value with respect to vehicle velocities at the mid-
span of the bridge deck is shown in Table 6. The resonant 
condition of a bridge excited by a row of moving forces can 
be expressed by Fryba (2001).

where vn,i is the resonant train speed, fn is the nth resonant 
frequency of the bridge and d is a characteristic distance 

(2)vn,i =
fn.d

i
(n = 1, 2… i = 1, 2…),

Fig. 6  Layout of bearings on 
pier

160 kN 160 kN 160 kN 160 kN

2.2 m 12.5 m 2.2 m

Fig. 7  Standard axle distances of Nagpur metro train

Table 5  Natural frequencies of the bridge

Mode num-
ber

Complete pile model Fixed base model

Frequency (Hz) Characteristic Frequency (Hz) Characteristic

1 2.317 Longitudinal symmetrical floating 2.535 Longitudinal symmetrical floating
2 2.489 Lateral symmetrical bending 2.6222 Lateral symmetrical bending
3 6.256 Longitudinal bending with antisymmet-

ric vertical bending
6.292 Longitudinal bending with antisym-

metric vertical bending
4 6.54 Lateral antisymmetric bending 6.624 Lateral antisymmetric bending (twist)

Table 6  Maximum dynamic acceleration in vertical direction with 
respect to speed for single train loading

Speed (km/h) (v) Vertical acceleration (m/s2)

Fixed base model Complete 
pile model

10 0.0056 0.02655
20 0.0106 0.02925
30 0.0091 0.03822
40 0.0110 0.03798
50 0.0119 0.0418
60 0.0117 0.04245
61.30 0.01587 0.04426
67.08 0.01692 0.04143
70 0.0126 0.03881
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between moving loads As per the Wang et al. (2007). The 
speed limit of Nagpur metro rail is restricted to 70 km/h. 
Hence, in the present study, the resonance characteristics 
of the bridge are evaluated for the speed ranging from 10 
to 70 km/h.

Figure 8 shows the maximum vertical acceleration at the 
centre of the deck for a range of train speeds between 2.78 
and 20.83 m/s (10 and 70 km/h, respectively). The deck 
acceleration was found to increase with train speed. Local 
maximum acceleration was reached at resonant speeds cor-
responding to the first mode shape, considering the char-
acteristic distance d = 14.7 m. Figure 8 shows maximum 
vibration response at speed v1,2 = 67.08 km/h represented 
by the vertical blue line, when soil–bridge interaction was 
not considered. The response of the structure changed sub-
stantially when soil–structure interaction was considered. 
The second resonant speed of the first mode shape decreased 
to v1,2 = 61.30 km/h represented by vertical red line. Both 
the resonant speeds are evaluated by Eq. (2). In addition, 
the maximum level of acceleration reached in the reso-
nant regime was significantly lower when the soil–struc-
ture interaction was considered. From the above analysis 
it can be concluded that when the train passes through a 
multi-span simply supported bridge, the soil–structure inter-
action has an obvious effect on acceleration of the bridge. 
The overall stiffness of the bridge becomes smaller when 
soil–structure interaction is taken into account in the coupled 
train–track–bridge system, thus, enhancing the vibration 
response of the bridge and eventually affecting the riding 
comfort of passengers.

Figure 9 shows the time histories of vertical acceleration 
at the centre of the mid-span deck for speed (a) 67.08 km/h 
and (b) 61.30. Figure 9a, b shows a gradual increase in the 
response of the structure with the passage of each bogie. 
The amplification of the response with each bogie passage 
was greater when soil–structure interaction was considered.

Figure 10 shows the vertical displacement response at 
the centre of the mid-span deck of the bridge for fixed base 
model and complete pile model with varying train speeds. 
The displacement of the complete pile model is more than 
the fixed base model. The maximum displacement in both 
models is obtained at the resonant speed. The displacement 
response for the fixed base model shows steady response 
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and lower values compared to the complete pile model due 
to infinite stiffness offered at the base.

Figure 11 shows the time history plots of the vertical dis-
placements at resonance for the fixed base and complete 
pile models.

Double train loadings

In this section, FE analysis of the aforementioned bridge 
subjected to train loads (“Moving train load model”) moving 
in opposite directions on the two tracks is discussed. These 
trains are assumed to enter the tracks at the same instant. 
Two models viz. the fixed base and complete pile are again 
considered. Variation of maximum dynamic acceleration and 
displacement response in the vertical direction with respect 
to the speed for double train loadings are shown in Fig. 12.

Figure 12a shows the maximum vertical acceleration at 
the centre of the mid-span deck. The acceleration response 
of bridge increases with the growth of train speed. In this 
case, the resonance for complete pile model and for fixed 
base model is achieved at 60 km/h. From Fig. 12b, it is clear 
that the displacement response of the complete pile model is 
more than the fixed base model. Figures 13 and 14 show the 

time histories of vertical accelerations and displacements, 
respectively, for both the bridge models at the resonant speed 
of 60 km/h. It is interesting to note that for this case, the 
vertical resonant speed is obtained from Fig. 12, since, Eq. 
(2) is not sufficient to identify the resonant speed.

Comparative studies

In the previous sections, the maximum acceleration and dis-
placement responses at the centre of the mid-span deck due 
to single train and double train loadings were calculated. 
In this section, a comparison of the dynamic responses, 
obtained due to these load cases, for the two different bridge 
models (fixed base and complete pile) is done.

Fixed base model

For the fixed base model, the acceleration and displacement 
responses with varying train speeds for both the loading 
cases viz. single train and double train (moving in opposite 
directions) are shown in Fig. 15. From Fig. 15a, it is verified 
that the acceleration response of both the single and double 
train loading increases with the train speed. Nevertheless, 
an obvious increase in the acceleration values for the double 
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train loading case compared to the single train loading case 
with the varying train speeds is observed. The nature of the 
displacement responses (excluding their magnitudes) for 
both the loading cases with varying train speeds is same 
(Fig. 15b).

Complete pile model

For the complete pile model, the acceleration and displace-
ment responses with varying train speeds for both the load-
ing cases viz. single train and double train (moving in oppo-
site directions) are shown in Fig. 16. From Fig. 16a, it is 
verified that the acceleration response of both the single and 
double train loading increases with the train speed. Never-
theless, an obvious increase in the acceleration values for 
the double train loading case compared to the single train 
loading case with the varying train speeds is observed. The 
nature of the displacement responses (excluding their mag-
nitudes) for both the loading cases with varying train speeds 
is same (Fig. 16b).

From the above comparison, it can be stated that for the 
double train loading case, a definite increase in the accelera-
tion and displacement values compared to the single train 
loading case is evident. Thus, during dynamic analysis of 

such bridges, the contribution of various loading conditions, 
developing the critical vertical bridge deck responses, should 
be considered.

Limits for displacement

The excessive bridge deformations can endanger traffic by 
causing unacceptable changes in geometry of the track and 
in bridge structures, which leads to discomfort of passen-
gers. The UIC-code (International Union of railways) 776-3 
R (1989) recommends the limitations to be placed on bridge 
deformation to avoid risk to traffic and discomfort to pas-
sengers. The vertical deflection for the considered bridge, 
due to live load is obtained as 1.03 mm, which is within the 
limits specified in the code.

Conclusions

In this study, finite element method to model and analyse a 
3D metro rail bridge subjected to concentrated moving loads 
is considered. Due to the availability of various modelling 
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and computational techniques, an attempt should be done to 
model a given complex structure very close to a real struc-
ture. Hence, considering this aspect, the 3D model was 
prepared and analysed for the given loads. The 3D model 
consists of bridge deck, piers, foundation including piles 
and soil springs attached to the foundations and piles to con-
sider the effects of soil–structure interaction. To study the 
behaviour of the bridge under dynamic loading, two different 
models subjected to two different loading conditions are ana-
lysed. From this comparative study, following conclusions 
can be drawn.

1. The natural frequency of a multi-span simply supported 
bridge plays a vital role in identifying its vertical reso-
nance response. The maximum vertical resonant speed 
of the bridge deck (under single train loading) corre-
sponds to the fundamental frequency of the bridge struc-
ture.

2. The dynamic behaviour of the bridge structure is gov-
erned by the soil–bridge interaction under moving loads. 
The vertical acceleration response of the mid span of 
bridge deck is obtained at lower speeds under moving 
loads when SSI is considered for both the loading con-
ditions. The fixed base model does not represent the 
actual dynamic behaviour of the bridge structure. Hence, 

it becomes a prime responsibility to analyse any given 
structure under dynamic loading considering SSI.

3. For the case when two trains were assumed to be mov-
ing in opposite directions, a definite increase in the 
acceleration and displacement values compared to the 
single train loading case was observed. Thus, during 
dynamic analysis of such bridges, the contribution of 
various loading conditions, developing the critical verti-
cal bridge deck responses, should be considered.

4. The vertical deformations caused due to live loads, for 
this particular bridge, are within safety allowances as per 
the guidelines of UIC code.
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Fig. 16  Variation of maximum vertical a acceleration and b displace-
ment vs. speed
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