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H I G H L I G H T S

• The burning process of deuterium-tritium fuel and the effect of all the dominant phenomena has been investigated.
•Minimum conditions that are required for starting the thermonuclear reactions in a self-sustaining mode were obtained.
• The effect of the Compton scattering energy from a relativistic point of view is studied.

A B S T R A C T

A numerical model was developed and a system of the nonlinear equations of deuterium-
tritium burn-up in inertial confinement fusion have been solved to find the minimum
conditions which are required for the formation of hot spot and starting the thermonu-
clear reactions in a self-sustaining mode. The effect of all the dominant phenomena
in the nonequilibrium plasma, including the alpha particle energy deposition in the
hot spot and transferring to ions and electrons, ions-electron coupling energy, and
the main photons-matter interactions, which includes the bremsstrahlung radiation
and the Compton scattering, were investigated. By using the Klein-Nishina equation
for scattering cross-section of high energy photons, the effects of the photon-matter
interactions from a relativistic point of view have also been studied. It was shown that
the change of photon distribution shape can have a significant effect on the photon
temperature, the photon-electron coupling energy and as a result on the electrons and
the ions temperature in a diluted plasma.
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1 Introduction

Precise calculation of a physical phenomenon that accrues
in fusion medium, plays an essential role in the correct
simulation of burn-up process of thermonuclear fuel. The
main goal of this paper is to calculate the effect of all the
phenomena associated with the absorption and emission
of energy, after the nuclear reactions start to happen and
the resulting energy releases in the hot spot of inertial con-
finement fusion (Atzeni and Meyer-ter Vehn, 2004; Lindl,
1998).

According to the Lawson criterion (Lawson, 1957;
Zhou and Betti, 2008), when the minimum requirements
for initiation of nuclear fusion for an equimolar mixture of
deuterium and tritium were prepared, the ignition in the
hot spot starts, and the burning wave propagates in the

surrounding dense fuel (Christopherson et al., 2020). Af-
ter deposition of alpha particle energy in the hot spot, it
is instantaneously transferred to ions and electrons in cer-
tain proportions (Fraley et al., 1974). It was assumed that
the ignition model is volume like, the burning medium is
infinite and the electrons and ion distribution function is
Maxwellian throughout the burn and the interactions be-
tween them are in the form of classic Coulomb scattering
(Spitzer, 2006). Electron-photons coupling can vary de-
pending on the plasma regime. If the plasma regime is
optically thick throughout the burn, the photon distribu-
tion is blackbody or Planckian, and the plasma can be
described by three temperature model, while if plasma is
optically thick and at a certain energy, the photon dis-
tribution changed to Bose-Einstein, and plasma regime is
also changed to optically thin. In this case, a new pho-
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ton temperature is defined, which differs from Planckian
radiation temperature (Molvig et al., 2009). In the Bose-
Einstein distribution, the Compton scattering can boost
the photons to high energy without changing the photons
numbers. If the scattering calculation is done with nonrel-
ativistic approximation, the energy exchange rate between
electrons and photons is not completely precise. So we
should consider the Compton scattering from a relativistic
point of view which its results have well compatible with
Monte Carlo calculations (Cooper, 1971; Corman, 1970).

In this paper, the photon-electron coupling and their
effects on the burning process of deuterium-tritium in both
relativistic and nonrelativistic cases have been studied.

2 Radiation field calculation

In order to explain the photon-matter interaction in
plasma, the equation of the time evolution of photon num-
ber density which is called the photon kinetic equation, is
used as (Cooper, 1971; Corman, 1970; Rose, 2013, 1996;
ZelDovich and Levich, 1969):
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The relation between photon Bose-Einstein distribution
and photon particle and energy density can be expressed
as (Molvig et al., 2009):
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The Bose-Einstein form of photon distribution in zero-
order can be expressed as (Pathria, 2016):
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1
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where µ is chemical potential, α is dilution factor, Tp is

the photon temperature, γ =
Tp
Te

is the ratio of photon

temperature to electron temperature and ε ≡ E

Te
is the

energy variable.

The first term of the right-hand side of Eq. (1) repre-
sents the Compton operator, and the second term shows
the bremsstrahlung operators. The power radiated power
from electrons to photons can be extracted from these op-
erators when they are calculated for the zero-order photon
distribution as (Molvig et al., 2009):
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where K0 is the modified Bessel function of the second
kind. In Eq. (5), the first term of right-side is the
bremsstrahlung power, and the second term is the Comp-
ton power that can be replaced by

Pc = νC 4ER
(Te − Tp)
mec2

(6)

where ER is the radiation energy density was defined in
Eq. (2).

3 Klein-Nishina scattering cross-section

When the energy of photons is comparable or greater than
the rest mass of energy of the electron (m0ec

2), a quan-
tum treatment is necessary, and the Klein-Nishina formula
must be used to calculate of photons cross-section, while
for photons energy much smaller than the rest mass of
energy of the electron, hν << m0ec

2, the scattering of
photons is described by Thomson formula. According to
the Klein-Nishina equation, when the photon energy in-
creases, its cross-section or its collision probability with
electrons is decreased. The Klein-Nishina scattering cross
section per steradian of solid angle Ω can be written as
(Nishina, 1929)
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where k0 =
hν0

mec2
, k =

hν
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, and r0 =

e2

4π ε0m0e c2
is

classical electron radius, hν0 is the energy of the incident
photon, hν is the energy of the scattered photon, me is
the rest mass of the electron, and c is the speed of light.
When a high-energy photon collides with an electron, for
accuracy of calculations, it is necessary to use a relativis-
tic approximation for describing the Compton scattering
phenomenon. According to The Fokker-Planck equation
(Cooper, 1971), a correction factor ϕR(ε) applies on the
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Compton scattering operator in plasma in a relativistic
case
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Threfore, the Compton scattering power relation in Eq.
(6) is changed as (Molvig et al., 2009; Cooper, 1971):
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Equation (6) is the relativistic form of the Compton
scattering energy, and in the following section, we use this
relation in DT burn-up equations.

4 Nuclear Ignition and Burn-up Equation

In the four temperature model, the areal density- depen-
dent calculations of the fusion process of DT fuel in an infi-
nite medium such as ion-electron collisions, alpha particle
energy deposition, radiation-matter interaction including,
the Compton scattering and the bremsstrahlung radiation,
were performed. The nuclear reactions are considered in
the calculation as follows:

1D
2 + 1T

3 −→ 2He
4 + 0n

1 + 17.6 MeV

1D
2 + 1D

2 −→ 2He
3 + 0n

1 + 3.27 MeV

1D
2 + 1D

2 −→ 1T
3 + 1p

1 + 4.03 MeV

(13)

We consider the 4-T model (Molvig et al., 2009) for the
description of the plasma, in which its components have
different temperatures in a nonequilibrium situations. In
the 4T model, the radiation temperature is distinguished
from photon temperature when the plasma regime under-
goes a transition from optically thick to optically thin.
The equation of electrons revolution with time are shown

as (Molvig et al., 2009):

3

2
ne
∂Te
∂t

= Eα
(
1− fαi

)
n2
i 〈σν〉+ Pie − PC − PB

Pie =
6√
π
νC ni

[ me

mD
+
me

mT
+ 4
(nio − ni

ni

)me

mα

]

×
(mec

2

2Te

)3/2

ln(Λ) (Ti − Te)

ln(Λ) = 25.127− ln
( √ne

1000Te

)

fαi =
Te

Te + 32

(14)

where fαi is the fraction of alpha particle energy, Eα, de-
posited in the hot spot which transferred to ions, 〈σν〉
is the reaction rate and ln(Λ) is the Coulomb logarithm
which is defined as the ratio of Debye screening length to
the minimum value of the impact parameter in Coulomb
collision processes (Mulser et al., 2014).

The equation of ions revolution with time are shown
as (Molvig et al., 2009):
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where nio =
ne
2

is the constant initial ion density.

According to Lawsons criterion in inertial confinement
fusion, we need to compute the minimum value for the
product of initial mass density and initial hot spot radius
(ρ0r0). So it is required to change the variable from time
to areal density (ρ0r0), and use Frolovs approach (Frolov
et al., 2002), which have been shown in our earlier work
(Nazirzadeh et al., 2015, 2017) thus the Eqs. (14) and (15)
are changed as
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where x = ρ0r is areal density, CV e and CV i are specific
heat capacity of electrons and ions respectively, Vmax =
dr

dt
is the speed of hot spot expansion, qe and qi are the

net energy release rate for electrons and ions, which are
represented respectively in Eq. (16) and Eq. (17) as
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where ni is the ions number density which its variation
with areal density for both the deuterium and tritium can
be expressed as

∂ni
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2
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The time evolution of radiation energy in Eq. (2) can
be shown as (Molvig et al., 2009):
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When the dilution factor does not change with time,
∂α

∂t
= 0, photons retain their Planckian distribution

shape, and time variation of radiation temperature is ex-
pressed as

dTR
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(22)

otherwise, the time variation of photon temperature can
be written as (Molvig et al., 2009):
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By changing the variable from time to areal density
and use Frolovs approach, Eq. (22) and Eq. (23) are
represented as (Nazirzadeh et al., 2015, 2017):
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where
∂α

∂x
is the variation of dilution factor with respect

to areal density that can be expressed as (Molvig et al.,
2009; Nazirzadeh et al., 2015):
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In the following section, the rules of influential phe-
nomena that participate in the fusion such as ion-electron
coupling power, Pie, the Compton scattering power, Pc,
in two cases: relativistic and nonrelativistic, the divi-
sion of alpha particle energy transferred to ions and elec-
trons that were each expressed by known formulas and the
bremsstrahlung power were explicitly investigated.

Figure 1: The amount of alpha energy transferred to ions and
electrons.

Figure 2: The total ion energy is consists of ion alpha energy
and ion-electron coupling energy.

Figure 3: The total electron energy is consists of electron
alpha energy and ion-electron coupling energy, the Compton
scattering energy, and the bremsstrahlung radiation energy.

5 Results and discussion

In this paper, a Fortran program was used to solve a set of
six coupled nonlinear differential equations of deuterium-
tritium burn in a four-temperature model. These differen-
tial equations include four plasma components (ions, elec-
trons, radiation, and photons), ions number density, and
dilution factor revolutions with respect to areal density.

The initial mass density for both deuterium and tri-
tium were chosen to ρ0 = 100 g.cm−3, so the initial ions
density is ni = 1.2044× 1025 cm−3. The starting ion and
electron temperature is set to 5 keV , and the initial pho-
ton and radiation temperature were assumed to 2.5 keV.

In Fig. 1, the division of alpha energy which trans-
ferred to ions and electrons, was shown. It was assumed
that all the neutron energy produced in the fusion reac-
tions is wasted from the system. In Fig. 2, the factors that
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effects the energy of the ions are depicted. A portion of
alpha energy which is transferred to ions and ion-electron
coupling energy, are the sources of ions energy, in which
the former plays a positive rule, and the latter has a neg-
ative effect on ions energy. In Fig. 3, the total energy of
electrons is represented, which is consisted of electron al-
pha energy, ion-electron coupling energy, which both have
the positive effect on electron energy, and the Compton
scattering energy, and the bremsstrahlung radiation en-
ergy, which have negative effects on the electron energy.

It was assumed that the burning process is uniformly
in an infinite medium and plasma is in an optically thick
regime; in other words, photons distribution is initially
Planckian with no dilution factor (α = 0), then at certain
photon energy when α > 0, the plasma undergoes a transi-
tion to the optically thin regime, and photons distribution
is changed to Bose-Einstein. In an optically thin regime
with fixed radiation energy, the dominated photon-matter
interaction is the Compton scattering which increases the
photon temperature, so for high energy photons, it is nec-
essary to consider the Compton scattering relativistically.
In this case, the Compton scattering probability of high
energy photons with electrons is smaller than that of the
nonrelativistic case.

In Fig. 4, the domination of photon temperature in
the relativistic case in comparison to the nonrelativistic
case is represented. It was clear that with a low scattering
cross-section, the photon temperature decreases less, and
as a result, the Compton scattering energy for high energy
photons is smaller than that of low energy photons, which
is represented in Fig. 5. The bremsstrahlung radiation
is almost the same in both models. In Fig. 6, the total
radiation power, which is consisted of the Compton scat-
tering and the bremsstrahlung radiation, was shown. As
is clear if the burning calculation was done from a rela-
tivistic point of view, the total radiation from the hot spot
is decreased in comparison to the nonrelativistic case.

Figure 4: Photon temperature in relativistic and nonrelativis-
tic cases. High energy photons interactions with electrons is
decreased.

Figure 5: The Compton scattering power and bremsstrahlung
radition in relativistic and nonrelativistic cases.

Figure 6: Total radiation power in the relativistic and non-
relativistic cases.

6 Conclusions

In this paper, by using a 4T model, the burning process of
deuterium-tritium fuel and the effect of all the dominant
phenomena involved in the fusion, including the alpha par-
ticle energy transferring to ions and electrons, ion-electron
coupling energy, the Compton scattering energy, and the
bremsstrahlung radiation in an infinite medium has been
investigated.

The effect of the Compton scattering energy from a
relativistic point of view is also studied. It was shown
that in a diluted plasma, when photons distribution is
changed from blackbody radiation to Bose-Einstein, the
Compton scattering heats photons to high temperature
without change the photons number. So by applying the
relativistic model of the Compton scattering in the fusion
burn-up calculations, fusion hot spot will stay more time
in self-sustaining mode.
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