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Abstract. In this paper, closed forms of the sum formulas
∑n
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and
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Lucas, and other sixth-order recurrence sequences.

Keywords: Hexanacci numbers, Hexanacci-Lucas numbers, sum formulas,

summing formulas.
2020 MSC : Primary 11B37, 11B39, 11B83.

1. Introduction

The generalized Hexanacci sequence

{Wn(W0,W1,W2,W3,W4,W5; r, s, t, u, v, y)}n≥0
(or shortly {Wn}n≥0) is defined as follows:

Wn = rWn−1 + sWn−2 + tWn−3 + uWn−4 + vWn−5 + yWn−6,(1)

W0 = c0,W1 = c1,W2 = c2, W3 = c3,W4 = c4,W5 = c5, n ≥ 6,

where W0,W1,W2,W3,W4,W5 are arbitrary real or complex numbers and
r, s, t, u, v, y are real numbers. The sequence {Wn}n≥0 can be extended to
negative subscripts by defining

W−n = −v
y
W−n+1 −

u

y
W−n+2 −

t

y
W−n+3 −

s

y
W−n+4 −

r

y
W−n+5 +

1

y
W−n+6

for n = 1, 2, 3, ... when y 6= 0. Therefore, recurrence (1) holds for all integer
n. Hexanacci sequence has been studied by many authors, see for example [28,
40, 95] and references therein.

As {Wn} is a sixth-order recurrence sequence (difference equation), its char-
acteristic equation is

(2) x6 − rx5 − sx4 − tx3 − ux2 − vx− y = 0

whose roots are α, β, γ, δ, λ, µ.
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Note that we have the following identities:
α+ β + γ + δ + λ+ µ = r,
αβ+αλ+αγ+αµ+βλ+αδ+βγ+βµ+λγ+λµ+βδ+λδ+γµ+γδ+µδ = −s,
αβλ+ αβγ + αβµ+ αλγ + αλµ+ αβδ + αλδ + αγµ+ βλγ + βλµ+ αγδ +

αµδ + βλδ + βγµ+ λγµ+ βγδ + βµδ + λγδ + λµδ + γµδ = t,
αβλγ + αβλµ + αβλδ + αβγµ + αλγµ + αβγδ + αβµδ + αλγδ + αλµδ +

βλγµ+ αγµδ + βλγδ + βλµδ + βγµδ + λγµδ = −u
αβλγµ+ αβλγδ + αβλµδ + αβγµδ + αλγµδ + βλγµδ = v,
αβλγµδ = −y.
Generalized Hexanacci numbers can be expressed, for all integers n, using

Binet’s formula.

Theorem 1.1. [95] (Binet’s formula of generalized (r, s, t, u, v, y) numbers
(generalized Hexanacci numbers))

Wn =
p1α

n

(α− β)(α− γ)(α− δ)(α− λ)(α− µ)
(3)

+
p2β

n

(β − α)(β − γ)(β − δ)(β − λ)(β − µ)

+
p3γ

n

(γ − α)(γ − β)(γ − δ)(γ − λ)(γ − µ)

+
p4δ

n

(δ − α)(δ − β)(δ − γ)(δ − λ)(δ − µ)

+
p5λ

n

(λ− α)(λ− β)(λ− γ)(λ− δ)(λ− µ)

+
p6µ

n

(µ− α)(µ− β)(µ− γ)(µ− δ)(µ− λ)
,

where

p1 = W5 − (β + γ + δ + λ+ µ)W4

+(βλ+ βγ + βµ+ λγ + λµ+ βδ + λδ + γµ+ γδ + µδ)W3

−(βλγ + βλµ+ βλδ + βγµ+ λγµ+ βγδ + βµδ + λγδ + λµδ + γµδ)W2

+(βλγµ+ βλγδ + βλµδ + βγµδ + λγµδ)W1 − βλγµδW0,

p2 = W5 − (α+ γ + δ + λ+ µ)W4

+(αλ+ αγ + αµ+ αδ + λγ + λµ+ λδ + γµ+ γδ + µδ)W3

−(αλγ + αλµ+ αλδ + αγµ+ αγδ + αµδ + λγµ+ λγδ + λµδ + γµδ)W2

+(αλγµ+ αλγδ + αλµδ + αγµδ + λγµδ)W1 − αλγµδW0,
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p3 = W5 − (α+ β + δ + λ+ µ)W4

+(αβ + αλ+ αµ+ βλ+ αδ + βµ+ λµ+ βδ + λδ + µδ)W3

−(αβλ+ αβµ+ αλµ+ αβδ + αλδ + βλµ+ αµδ + βλδ + βµδ + λµδ)W2

+(αβλµ+ αβλδ + αβµδ + αλµδ + βλµδ)W1 − αβλµδW0,

p4 = W5 − (α+ β + γ + λ+ µ)W4

+(αβ + αλ+ αγ + αµ+ βλ+ βγ + βµ+ λγ + λµ+ γµ)W3

−(αβλ+ αβγ + αβµ+ αλγ + αλµ+ αγµ+ βλγ + βλµ+ βγµ+ λγµ)W2

+(αβλγ + αβλµ+ αβγµ+ αλγµ+ βλγµ)W1 − αβλγµW0,

p5 = W5 − (α+ β + γ + δ + µ)W4

+(αβ + αγ + αµ+ αδ + βγ + βµ+ βδ + γµ+ γδ + µδ)W3

−(αβγ + αβµ+ αβδ + αγµ+ αγδ + αµδ + βγµ+ βγδ + βµδ + γµδ)W2

+(αβγµ+ αβγδ + αβµδ + αγµδ + βγµδ)W1 − αβγµδW0,

p6 = W5 − (α+ β + γ + δ + λ)W4

+(αβ + αλ+ αγ + βλ+ αδ + βγ + λγ + βδ + λδ + γδ)W3

−(αβλ+ αβγ + αλγ + αβδ + αλδ + βλγ + αγδ + βλδ + βγδ + λγδ)W2

+(αβλγ + αβλδ + αβγδ + αλγδ + βλγδ)W1 − αβλγδW0.

Usually, it is customary to choose r, s, t, u, v, y so that the Equ. (2) has at
least one real (say α) solution.

(3) can be written in the following form:

Wn = A1α
n +A2β

n +A3γ
n +A4δ

n +A5λ
n +A6µ

n,

where

A1 =
p1

(α− β)(α− γ)(α− δ)(α− λ)(α− µ)
,

A2 =
p2

(β − α)(β − γ)(β − δ)(β − λ)(β − µ)
,

A3 =
p3

(γ − α)(γ − β)(γ − δ)(γ − λ)(γ − µ)
,

A4 =
p4

(δ − α)(δ − β)(δ − γ)(δ − λ)(δ − µ)
,

A5 =
p5

(λ− α)(λ− β)(λ− γ)(λ− δ)(λ− µ)
,

A6 =
p6

(µ− α)(µ− β)(µ− γ)(µ− δ)(µ− λ)
.

Next, we give the ordinary generating function
∞∑

n=0
Wnx

n of the sequence {Wn}.
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Lemma 1.2. [95] Suppose that fWn(x) =
∞∑

n=0
Wnx

n is the ordinary generating

function of the generalized (r, s, t, u, v, y) sequence {Wn}n≥0. Then,
∞∑

n=0
Wnx

n

is given by

(4)

∞∑
n=0

Wnx
n =

Λ

1− rx− sx2 − tx3 − ux4 − vx5 − yx6
,

where

Λ = W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x2

+(W3 − rW2 − sW1 − tW0)x3

+(W4 − rW3 − sW2 − tW1 − uW0)x4

+(W5 − rW4 − sW3 − tW2 − uW1 − vW0)x5.

No Sequences

(Numbers)

Notation Ref.

1 Gen. Hex-

anacci

{V n} = {Wn(W 0,W 1,W 2,W 3,W 4,W 5; 1, 1, 1, 1, 1, 1)} [96]

2 Gen. Sixth

order Pell

{V n} = {Wn(W 0,W 1,W 2,W 3,W 4,W 5; 2, 1, 1, 1, 1, 1)} [97]

3 Gen. Sixth

order Jacob-

sthal

{V n} = {Wn(W 0,W 1,W 2,W 3,W 4,W 5; 1, 1, 1, 1, 1, 2)} [98]

4 Gen. 6-

primes

{V n} = {Wn(W 0,W 1,W 2,W 3,W 4,W 5; 2, 3, 5, 7, 11, 13)}[99]

Table 1. A few special case of generalized Hexanacci se-
quences.

For some specific values of W0,W1,W2,W3,W4,W5 and r, s, t, u, v, y it is
worth presenting these special Hexanacci numbers in a table as a specific name.
In literature, for example, the following names and notations (see Table 2) are
used for the special cases of r, s, t, u, v, y and initial values.

For easy writing, from now on, we drop the superscripts from the sequences,

for example we write Pn for P
(6)
n .

The following theorem presents some linear summing formulas of generalized
Hexanacci numbers with positive subscripts.

Theorem 1.3. For n ≥ 0 we have the following formulas: If sx2 + tx3 +ux4 +
vx5 + x6y + rx− 1 6= 0, then

n∑
k=0

xkWk =
Θ1(x)

sx2 + tx3 + ux4 + vx5 + x6y + rx− 1
,
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Sequences (Numbers) Notation Ref

Hexanacci {Hn} = {Wn(0, 1, 1, 2, 4, 8; 1, 1, 1, 1, 1, 1)} [96]

Hexanacci-Lucas {En} = {Wn(6, 1, 3, 7, 15, 31; 1, 1, 1, 1, 1, 1)} [96]

sixth order Pell {P (6)
n } = {Wn(0, 1, 2, 5, 13, 34; 2, 1, 1, 1, 1, 1)} [97]

sixth order Pell-Lucas {Q(6)
n } = {Wn(6, 2, 6, 17, 46, 122; 2, 1, 1, 1, 1, 1)} [97]

modified sixth order

Pell

{E(6)
n } = {Wn(0, 1, 1, 3, 8, 21; 2, 1, 1, 1, 1, 1)} [97]

sixth order Jacobsthal {J (6)
n } = {Wn(0, 1, 1, 1, 1, 1; 1, 1, 1, 1, 1, 2)} [6,98]

sixth order Jacobsthal-

Lucas

{j(6)n } = {Wn(2, 1, 5, 10, 20, 40; 1, 1, 1, 1, 1, 2)} [6,98]

modified sixth order

Jacobsthal

{K(6)
n } = {Wn(3, 1, 3, 10, 20, 40; 1, 1, 1, 1, 1, 2)} [98]

sixth-order Jacobsthal

Perrin

{Q(6)
n } = {Wn(3, 0, 2, 8, 16, 32; 1, 1, 1, 1, 1, 2)} [98]

adjusted sixth-order

Jacobsthal

{S(6)
n } = {Wn(0, 1, 1, 2, 4, 8; 1, 1, 1, 1, 1, 2)} [98]

modified sixth-order

Jacobsthal-Lucas

{R(6)
n } = {Wn(6, 1, 3, 7, 15, 31; 1, 1, 1, 1, 1, 2)} [98]

6-primes {Gn} = {Wn(0, 0, 0, 0, 1, 2; 2, 3, 5, 7, 11, 13)} [99]

Lucas 6-primes {Hn} = {Wn(6, 2, 10, 41, 150, 542; 2, 3, 5, 7, 11, 13)} [99]

modified 6-primes {En} = {Wn(0, 0, 0, 0, 1, 1; 2, 3, 5, 7, 11, 13)} [99]

Table 2. A few members of generalized Hexanacci sequences.

where
Θ1(x) = xn+5Wn+5− (rx−1)xn+4Wn+4− (sx2 +rx−1)xn+3Wn+3− (sx2 +

tx3 + rx− 1)xn+2Wn+2 − (sx2 + tx3 + ux4 + rx− 1)xn+1Wn+1 + yxn+6Wn −
x5W5 + x4(rx − 1)W4 + x3(sx2 + rx − 1)W3 + x2(sx2 + tx3 + rx − 1)W2 +
x(sx2 + tx3 + ux4 + rx− 1)W1 + (sx2 + tx3 + ux4 + vx5 + rx− 1)W0.

Proof. It is given in Soykan [85, Theorem 2.1]. �

The following theorem presents some linear summing formulas of generalized
Hexanacci numbers with negative subscripts.

Theorem 1.4. Let x be a complex number. For n ≥ 1 we have the following
formulas: If y + rx5 + sx4 + tx3 + ux2 + vx− x6 6= 0, then

n∑
k=1

xkW−k =
Θ4(x)

y + rx5 + sx4 + tx3 + ux2 + vx− x6
,

where
Θ4(x) = −xn+1W−n+5 + (r − x)xn+1W−n+4 + (s + rx − x2)xn+1W−n+3 +

(t+ rx2 + sx− x3)xn+1W−n+2 + (u+ rx3 + sx2 + tx− x4)xn+1W−n+1 + (v +
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rx4 +sx3 + tx2 +ux−x5)xn+1W−n +xW5−x(r−x)W4 +x(−s−rx+x2)W3 +
x(−t − rx2 − sx + x3)W2 + x(−u − rx3 − sx2 − tx + x4)W1 + x(−v − rx4 −
sx3 − tx2 − ux+ x5)W0.

Proof. It is given in Soykan [85, Theorem 4.1]. �

In this work, we investigate summation formulas of generalized Hexanacci
numbers.

2. An Application of the Sum of the Numbers

An application of the sum of the numbers is circulant matrix. Computa-
tions of the Frobenius norm, spectral norm, maximum column length norm
and maximum row length norm of circulant (r-circulant, geometric circulant,
semicirculant) matrices with the generalized m-step Fibonacci sequences re-
quire the sum of the squares of the numbers of the sequences. For generalized
m-step Fibonacci sequences see for example Soykan [50]. If m = 2,m = 3
and m = 4, we get the generalized Fibonacci sequence, generalized Tribonacci
sequence and generalized Tetranacci sequence, respectively. Next, we recall
some information on circulant (r-circulant, geometric circulant) matrices and
Frobenius norm, spectral norm, maximum column length norm and maximum
row length norm.

Circulant matrices have been around for a long time and have been exten-
sively used in many scientific areas. In some scientific areas such as image
processing, coding theory and signal processing we often encounter circulant
matrices. These matrices also have many applications in numerical analysis,
optimization, digital image processing, mathematical statistics and modern
technology.

Let n ≥ 2 be an integer and r be any real or complex number. An n × n
matrix Cr is called a r-circulant matrix if it of the form

Cr =


c0 c1 c2 · · · cn−2 cn−1

rcn−1 c0 c1 · · · cn−3 cn−2
rcn−2 rcn−1 c0 · · · cn−4 cn−3

...
...

...
...

...
rc1 rc2 rc3 · · · rcn−1 c0


n×n

,

and the r-circulant matrix Cr is denoted by

Cr = Circr(c0, c1, ..., cn−1).

If r = 1 then 1-circulant matrix is called as circulant matrix and denoted
by C = Circ(c0, c1, ..., cn−1). Circulant matrixs were first proposed by Davis
in [8]. These matrixs have many interesting properties, and it is one of the
most important research subject in the field of the computational and pure
mathematics (see for example references given in Table 3). For instance, Shen
and Cen [46] studied on the norms of r-circulant matrices with Fibonacci and
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Lucas numbers. Then, later Kızılateş and Tuglu [24] defined a new geometric
circulant matrix as follows:

Cr∗ =


c0 c1 c2 · · · cn−2 cn−1

rcn−1 c0 c1 · · · cn−3 cn−2
r2cn−2 rcn−1 c0 · · · cn−4 cn−3

...
...

...
...

...
rn−1c1 rn−2c2 rn−3c3 · · · rcn−1 c0


n×n

,

and then they obtained the bounds for the spectral norms of geometric circulant
matrices with the generalized Fibonacci number and Lucas numbers. When
the parameter satisfies r = 1, we get the classical circulant matrix. See also
Polatlı [33] for the spectral norms of r-circulant matrices with a type of Catalan
triangle numbers.

The Frobenius (or Euclidean) norm and spectral norm of a matrix A =
(aij)m×n ∈Mm×n(C) are defined respectively as follows:

‖A‖F =

 m∑
i=1

n∑
j=1

|aij |2
1/2

and ‖A‖2 =

(
max
1≤i≤n

|λi|
)1/2

,

where λi ’s are the eigenvalues of the matrix A∗A and A∗ is the conjugate of
transpose of the matrix A . The maximum column length norm c1(.) and the
maximum row length norm r1(.) of an matrix of order n × n are defined as
follows:

c1(A) = max
1≤j≤n

(
n∑

i=1

|aij |2
)1/2

and r1(A) = max
1≤i≤n

 n∑
j=1

|aij |2
1/2

.

The following inequality holds for any matrix A = Mn×n(C):

1√
n
‖A‖F ≤ ‖A‖2 ≤ ‖A‖F .

In literature there are other types of norms of matrices. The maximum column
sum matrix norm of n × n matrix A = (aij) is ‖A‖1 = max

1≤j≤n

∑n
i=1 |aij | and

the maximum row sum matrix norm is ‖A‖∞ = max
1≤i≤n

∑n
j=1 |aij | .

Calculations of the above norms ‖A‖F , ‖A‖2 , c1(A) and r1(A) require the
sum of the squares of the numbers aij and calculations of the above norms ‖A‖1
and ‖A‖∞ require the linear sum the numbers aij . We also note that the sum
of entries of (aij) require the linear sum the numbers aij . As in our case, the
numbers aij can be chosen as elements of second, third or higher order linear
recurrence sequences.

In Table 3, we present a few special study on the Frobenius norm, spec-
tral norm, maximum column length norm and maximum row length norm
of circulant (r-circulant, geometric circulant, semicirculant) matrices with the
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generalized m-step Fibonacci sequences which require sum formulas of second
powers of numbers in m-step Fibonacci sequences (m = 2, 3, 4).

Name of sequence Papers
second order↓ second order↓
Fibonacci, Lucas [9, 10,20,24,27,38,43–49,101]
Pell, Pell-Lucas [2, 102]
Jacobsthal, Jacobsthal-
Lucas

[36,103–105]

third order↓ third order↓
Tribonacci, Tribonacci-
Lucas

[23,37,39,94]

Padovan, Perrin [7, 32,42]
Third-Order Pell Num-
bers

[93]

fourth order↓ fourth order↓
Tetranacci, Tetranacci-
Lucas

[29]

Table 3. Papers on the norms.

Linear summing formulas of the generalized m-step Fibonacci sequences are
required for the computation of various norms of circulant matrices with the
generalized m-step Fibonacci sequences. We present some works on summing
formulas of the numbers in Table 4.

Name of sequence Papers which deal with summing
formulas

Pell and Pell-Lucas [1, 18,25,26,30]
Generalized Fibonacci [19,63–67,69,82]
Generalized Tribonacci [13,16,31,68,81,83]
Generalized Tetranacci [70,75,106]
Generalized Pentanacci [71,72,84]
Generalized Hexanacci [73,74,85]

Table 4. A few special study of sum formulas.

Also, the sum of the squares of the generalized m-step Fibonacci sequences
are required for the computation of various norms of circulant matrices with
the generalized m-step Fibonacci sequences. We present some works on sum
formulas of powers of the numbers in Table 5
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Name of se-
quence

sums of second
powers

sums of third pow-
ers

sums of pow-
ers

Generalized
Fibonacci

[3, 4, 17, 21, 22, 51,
57,60,61,78,89–92]

[15,52,54,55,58,59,
79,80,86–88,107]

[5, 14,34]

Generalized
Tribonacci

[39,53,56,76]

Generalized
Tetranacci

[35,41,62,77]

Table 5. A few special study on sum formulas of second,
third and arbitrary powers.

3. Sum Formulas of Generalized Hexanacci Numbers with
Positive Subscripts

The following theorem presents some summing formulas of generalized Hex-
anacci numbers with positive subscripts.

Theorem 3.1. Let x be a real (or complex) number. For n ≥ 0 we have the
following formula; If sx2 + tx3 + ux4 + vx5 + x6y + rx− 1 6= 0, then

n∑
k=0

kxkWk =
Ω1

(sx2 + tx3 + ux4 + vx5 + x6y + rx− 1)2
,

where
Ω1 = xn+5(n(sx2 + tx3 + ux4 + vx5 + x6y + rx − 1) − 5 + 3sx2 + 2tx3 +

ux4− x6y+ 4rx)Wn+5 + xn+4(n(1− rx)(sx2 + tx3 + ux4 + vx5 + x6y+ rx− 1)
−4+2sx2+tx3−vx5−2x6y−4r2x2+8rx−3rsx3−2rtx4−rux5+rx7y)Wn+4+
xn+3(−n(sx2 + rx−1)(sx2 + tx3 +ux4 +vx5 +x6y+ rx−1)−3+6sx2−ux4−
2vx5 − 3x6y − 3r2x2 − 3s2x4 + 6rx− 6rsx3 − rtx4 − 2stx5 + rvx6 − sux6 + 2r
x7y+sx8y)Wn+3+xn+2(−n(sx2+tx3+rx−1)(sx2+tx3+ux4+vx5+x6y+rx−1)
−2+4sx2 +4tx3−2ux4−3vx5−4x6y−2r2x2−2s2x4−2t2x6 +4rx−4rsx3−
4rtx4 + rux5 − 4stx5 + 2rvx6 + svx7 − tux7 + 3rx7y + 2sx8y + tx9y)Wn+2 +
xn+1(−n(sx2 + tx3 + ux4 + rx − 1)(sx2 + tx3 + ux4 + vx5 + x6y + rx − 1)
− 1 + 2sx2 + 2tx3 + 2ux4 − 4vx5 − 5x6y − r2x2 − s2x4 − t2x6 − u2x8 + 2rx−
2rsx3−2rtx4−2rux5−2stx5 +3rvx6−2sux6 +2svx7−2tux7 + tvx8 +4rx7y+
3sx8y+2tx9y+ux10y)Wn+1+yxn+6(n(sx2+tx3+ux4+vx5+x6y+rx−1)−6+
4sx2 +3tx3 +2ux4 +vx5 +5rx)Wn +x5(yx6−ux4−2tx3−3sx2−4rx+5)W5 +
x4(−2sx2− tx3 + vx5 + 2x6y+ 4r2x2− 8rx+ 3rsx3 + 2rtx4 + rux5− rx7y+ 4)
W4 + x3(−6sx2 + ux4 + 2vx5 + 3x6y + 3r2x2 + 3s2x4 − 6rx+ 6rsx3 + rtx4 +
2stx5− rvx6 + sux6− 2rx7y− sx8y+ 3)W3 +x2(−4sx2− 4tx3 + 2ux4 + 3vx5 +
4x6y + 2r2x2 + 2s2x4 + 2t2x6 − 4rx+ 4rsx3 + 4rtx4 − rux5 + 4stx5 − 2rvx6 −
svx7 + tux7− 3rx7y− 2sx8y− tx9y+ 2)W2 + x(−2sx2− 2tx3− 2ux4 + 4vx5 +
5x6y + r2x2 + s2x4 + t2x6 + u2x8 − 2rx + 2rsx3 + 2rtx4 + 2rux5 + 2stx5 −
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3rvx6 + 2sux6− 2svx7 + 2tux7− tvx8− 4rx7y− 3sx8y− 2tx9y−ux10y+ 1)W1

+ yx6(−vx5 − 2ux4 − 3tx3 − 4sx2 − 5rx+ 6)W0.

Proof. Using the recurrence relation

Wn = rWn−1 + sWn−2 + tWn−3 + uWn−4 + vWn−5 + yWn−6

i.e.,

yWn−6 = Wn − rWn−1 − sWn−2 − tWn−3 − uWn−4 − vWn−5,

we obtain

y × 0× x0W0 = 0× x0W6 − r × 0× x0W5 − s× 0× x0W4

−t× 0× x0W3 − u× 0× x0W2 − v × 0× x0W1

y × 1× x1W1 = 1× x1W7 − r × 1× x1W6 − s× 1× x1W5

−t× 1× x1W4 − u× 1× x1W3 − v × 1× x1W2

y × 2× x2W2 = 2× x2W8 − r × 2× x2W7 − s× 2× x2W6

−t× 2× x2W5 − u× 2× x2W4 − v × 2× x2W3

...

y(n− 2)xn−2Wn−2 = (n− 2)xn−2Wn+4 − r(n− 2)xn−2Wn+3

−s(n− 2)xn−2Wn+2 − t(n− 2)xn−2Wn+1

−u(n− 2)xn−2Wn − v(n− 2)xn−2Wn−1

y(n− 1)xn−1Wn−1 = (n− 1)xn−1Wn+5 − r(n− 1)xn−1Wn+4

−s(n− 1)xn−1Wn+3 − t(n− 1)xn−1Wn+2

−u(n− 1)xn−1Wn+1 − v(n− 1)xn−1Wn

y × n× xnWn = n× xnWn+6 − r × n× xnWn+5 − s× n× xnWn+4

−t× n× xnWn+3 − u× n× xnWn+2

−v × n× xnWn+1.
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If we add the equations side by side we obtain

y

n∑
k=0

kxkWk = (nxnWn+6 + (n− 1)xn−1Wn+5 + (n− 2)xn−2Wn+4

+(n− 3)xn−3Wn+3 + (n− 4)xn−4Wn+2 + (n− 5)xn−5Wn+1

−(−1)x−1W5 − (−2)x−2W4 − (−3)x−3W3 − (−4)x−4W2 − (−5)x−5W1

−(−6)x−6W0 +

n∑
k=0

(k − 6)xk−6Wk)− r(nxnWn+5 + (n− 1)xn−1Wn+4

+(n− 2)xn−2Wn+3 + (n− 3)xn−3Wn+2 + (n− 4)xn−4Wn+1

−(−1)x−1W4 − (−2)x−2W3 − (−3)x−3W2 − (−4)x−4W1 − (−5)x−5W0

+

n∑
k=0

(k − 5)xk−5Wk)− s(nxnWn+4 + (n− 1)xn−1Wn+3

+(n− 2)xn−2Wn+2 + (n− 3)xn−3Wn+1 − (−1)x−1W3 − (−2)x−2W2

−(−3)x−3W1 − (−4)x−4W0 +

n∑
k=0

(k − 4)xk−4Wk)− t(nxnWn+3

+(n− 1)xn−1Wn+2 + (n− 2)xn−2Wn+1 − (−1)x−1W2 − (−2)x−2W1

−(−3)x−3W0 +

n∑
k=0

(k − 3)xk−3Wk)− u(nxnWn+2 + (n− 1)xn−1Wn+1

−(−1)x−1W1 − (−2)x−2W0 +

n∑
k=0

(k − 2)xk−2Wk)

−v(nxnWn+1 − (−1)x−1W0 +

n∑
k=0

(k − 1)xk−1Wk).

Then, using Theorem 1.3, we get the required result. �

4. Special Cases

In this section, for the special cases of x, we present the closed form solutions
(identities) of the sums

∑n
k=0 kx

kWk,
∑n

k=0 kx
kW2k and

∑n
k=0 kx

kW2k+1 for
the specific case of sequence {Wn}.

4.1. The case x = 1. In this subsection we consider the special case x = 1.
The case x = 1 of Theorem 3.1 is given in Soykan [100].

4.2. The case x = −1. In this subsection we consider the special case x = −1
and we present the closed form solutions (identities) of the sums

∑n
k=0 k(−1)kWk,∑n

k=0 k(−1)kW2k and
∑n

k=0 k(−1)kW2k+1 for the specific case of the sequence
{Wn}.

Taking r = s = t = u = v = y = 1 in Theorem 3.1, we obtain the following
proposition.
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Proposition 4.1. If r = s = t = u = v = y = 1, then for n ≥ 0 we have the
following formula:∑n

k=0 k(−1)kWk = (−1)
n

((n+ 8)Wn+5 − (2n+ 15)Wn+4 + (n+ 5)Wn+3 −
(2n+ 12)Wn+2 + (n+ 2)Wn+1 − (n+ 9)Wn)− 8W5 + 15W4 − 5W3 + 12W2 −
2W1 + 9W0.

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take Wn = Hn

with H0 = 0, H1 = 1, H2 = 1, H3 = 2, H4 = 4, H5 = 8 and take Wn = En with
E0 = 6, E1 = 1, E2 = 3, E3 = 7, E4 = 15, E5 = 31, respectively).

Corollary 4.2. For n ≥ 1, we have the following properties:

(a):
∑n

k=0 k(−1)kHk = (−1)
n

((n + 8)Hn+5 − (2n + 15)Hn+4 + (n +
5)Hn+3 − (2n+ 12)Hn+2 + (n+ 2)Hn+1 − (n+ 9)Hn)− 4.

(b):
∑n

k=0 k(−1)kEk = (−1)
n

((n + 8)En+5 − (2n + 15)En+4 + (n +
5)En+3 − (2n+ 12)En+2 + (n+ 2)En+1 − (n+ 9)En) + 30.

We present the next result as an example of the above corollary for n = 8.

Example 4.3. For n = 8, we have the followings:

(a):
∑8

k=0 k(−1)kHk = 347.

(b):
∑8

k=0 k(−1)kEk = 1339.

Taking r = 2, s = t = u = v = y = 1 in Theorem 3.1, we obtain the following
proposition.

Proposition 4.4. If r = 2, s = t = u = v = y = 1, then for n ≥ 1 we have the
following formula:∑n

k=0 k(−1)kWk = 1
2 ((−1)

n
((n+6)Wn+5−(3n+17)Wn+4+(2n+8)Wn+3−

(3n+ 12)Wn+2 + (2n+ 3)Wn+1 − (n+ 7)Wn)− 6W5 + 17W4 − 8W3 + 12W2 −
3W1 + 7W0).

From the above proposition, we have the following corollary which gives sum
formulas of sixth-order Pell and sixth-order Pell-Lucas numbers (take Wn = Pn

with P0 = 0, P1 = 1, P2 = 2, P3 = 5, P4 = 13, P5 = 34 and take Wn = Qn with
Q0 = 6, Q1 = 2, Q2 = 6, Q3 = 17, Q4 = 46, Q5 = 122, respectively).

Corollary 4.5. For n ≥ 1, we have the following properties:

(a):
∑n

k=0 k(−1)kPk = 1
2 ((−1)

n
((n + 6)Pn+5 − (3n + 17)Pn+4 + (2n +

8)Pn+3 − (3n+ 12)Pn+2 + (2n+ 3)Pn+1 − (n+ 7)Pn)− 2).
(b):

∑n
k=0 k(−1)kQk = 1

2 ((−1)
n

((n+ 6)Qn+5 − (3n+ 17)Qn+4 + (2n+
8)Qn+3 − (3n+ 12)Qn+2 + (2n+ 3)Qn+1 − (n+ 7)Qn) + 22).

We present the next result as an example of the above corollary for n = 8.

Example 4.6. For n = 8, we have the followings:

(a):
∑8

k=0 k(−1)kPk = 3645.

(b):
∑8

k=0 k(−1)kQk = 13070.
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Observe that setting x = −1, r = 1, s = 1, t = 1, u = 1, v = 1, y = 2 (i.e., for
the generalized sixth order Jacobsthal case) in Theorem 3.1, makes the right
hand side of the sum formulas to be an indeterminate form. Application of
L’Hospital rule however provides the evaluation of the sum formulas.

Theorem 4.7. If r = 1, s = 1, t = 1, u = 1, v = 2, y = 2, then for n ≥ 1 we
have the following formulas:∑n

k=0 k(−1)kWk = 1
54 ((−1)

n
(−(3n2 + 11n − 118)Wn+5 + 2(3n2 + 8n −

122)Wn+4 − (3n + 17)(n − 8)Wn+3 + 2(3n2 − n − 122)Wn+2 − (3n2 − 25n −
118)Wn+1 + 2(3n2 + 17n − 104)Wn) − 118W5 + 244W4 − 136W3 + 244W2 −
118W1 + 208W0).

Proof. We use Theorem 3.1. If we set r = 1, s = 1, t = 1, u = 2 in Theorem
3.1, then we have

n∑
k=0

kxkWk =
g1(x)

(2x− 1)2(x+ 1)2(−x+ x2 + 1)2(x+ x2 + 1)2
,

where
g1(x) = xn+5(4x + n(2x6 + x5 + x4 + x3 + x2 + x − 1) + 3x2 + 2x3 + x4 −

2x6− 5)Wn+5− xn+4(2x2− 8x+ 2x3 + 2x4 + 2x5 + 4x6− 2x7 +n(x− 1)(2x6 +
x5 + x4 + x3 + x2 + x − 1) + 4)Wn+4 − xn+3(6x3 − 3x2 − 6x + 5x4 + 4x5 +
6x6 − 4x7 − 2x8 + n(x2 + x− 1)(2x6 + x5 + x4 + x3 + x2 + x− 1) + 3)Wn+3 +
xn+2(4x+2x2−8x4−6x5−8x6+6x7+4x8+2x9−n(x3+x2+x−1)(2x6+x5+
x4 +x3 +x2 +x− 1)− 2)Wn+2 +xn+1(2x+x2−x4− 8x5− 10x6 + 8x7 + 6x8 +
4x9 +2x10−n(x4 +x3 +x2 +x−1)(2x6 +x5 +x4 +x3 +x2 +x−1)−1)Wn+1 +
2xn+6(5x+n(2x6 +x5 +x4 +x3 +x2 +x−1)+4x2 +3x3 +2x4 +x5−6)Wn−x5
(−2x6 + x4 + 2x3 + 3x2 + 4x − 5)W5 + x4(−2x7 + 4x6 + 2x5 + 2x4 + 2x3 +
2x2− 8x+ 4)W4 +x3(−2x8− 4x7 + 6x6 + 4x5 + 5x4 + 6x3− 3x2− 6x+ 3)W3−
x2(2x9 + 4x8 + 6x7− 8x6− 6x5− 8x4 + 2x2 + 4x− 2)W2−x(2x10 + 4x9 + 6x8 +
8x7−10x6−8x5−x4 +x2 +2x−1)W1−2x6(x5 +2x4 +3x3 +4x2 +5x−6)W0.

For x = 1, the right hand side of the above sum formula is an indeterminate
form. Now, we can use L’Hospital rule. Then we get the required result using
n∑

k=0

k(−1)kWk =
d2

dx2 (g1(x))
d2

dx2 ((2x− 1)2(x+ 1)2(−x+ x2 + 1)2(x+ x2 + 1)2)

∣∣∣∣∣
x=−1

=
1

54
((−1)

n
(−(3n2 + 11n− 118)Wn+5

+2(3n2 + 8n− 122)Wn+4 − (3n+ 17)(n− 8)Wn+3

+2(3n2 − n− 122)Wn+2 − (3n2 − 25n− 118)Wn+1

+2(3n2 + 17n− 104)Wn)− 118W5

+244W4 − 136W3 + 244W2 − 118W1 + 208W0).

�

Taking, respectively,
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Wn = Jn with J0 = 0, J1 = 1, J2 = 1, J3 = 1, J4 = 1, J5 = 1 (sixth-order
Jacobsthal numbers),
Wn = jn with j0 = 2, j1 = 1, j2 = 5, j3 = 10, j4 = 20, j5 = 40 (sixth order

Jacobsthal-Lucas numbers),
Wn = Kn with K0 = 3,K1 = 1,K2 = 3,K3 = 10,K4 = 20,K5 = 40

(modified sixth order Jacobsthal numbers),
Wn = Qn with Q0 = 3, Q1 = 0, Q2 = 2, Q3 = 8, Q4 = 16, Q5 = 32 (sixth-

order Jacobsthal Perrin numbers),
Wn = Sn with S0 = 0, S1 = 1, S2 = 1, S3 = 2, S4 = 4, S5 = 8 (adjusted

sixth-order Jacobsthal numbers),
Wn = Rn with R0 = 6, R1 = 1, R2 = 3, R3 = 7, R4 = 15, R5 = 31 (modified

sixth-order Jacobsthal-Lucas numbers),
in the last Theorem, we have the following corollary.

Corollary 4.8. For n ≥ 0, we have the following properties:

(a):
∑n

k=0 k(−1)kJk = 1
54 ((−1)

n
(−(3n2 +11n−118)Jn+5 +2(3n2 +8n−

122)Jn+4− (3n+17)(n−8)Jn+3 +2(3n2−n−122)Jn+2− (3n2−25n−
118)Jn+1 + 2(3n2 + 17n− 104)Jn) + 116).

(b):
∑n

k=0 k(−1)kjk = 1
54 ((−1)

n
(−(3n2 + 11n−118)jn+5 + 2(3n2 + 8n−

122)jn+4− (3n+ 17)(n− 8)jn+3 + 2(3n2−n− 122)jn+2− (3n2− 25n−
118)jn+1 + 2(3n2 + 17n− 104)jn) + 318).

(c):
∑n

k=0 k(−1)kKk = 1
54 ((−1)

n
(−(3n2+11n−118)Kn+5+2(3n2+8n−

122)Kn+4 − (3n + 17)(n − 8)Kn+3 + 2(3n2 − n − 122)Kn+2 − (3n2 −
25n− 118)Kn+1 + 2(3n2 + 17n− 104)Kn) + 38).

(d):
∑n

k=0 k(−1)kQk = 1
54 ((−1)

n
(−(3n2 + 11n − 118)Qn+5 + 2(3n2 +

8n−122)Qn+4− (3n+17)(n−8)Qn+3 +2(3n2−n−122)Qn+2− (3n2−
25n− 118)Qn+1 + 2(3n2 + 17n− 104)Qn) + 152).

(e):
∑n

k=0 k(−1)kSk = 1
54 ((−1)

n
(−(3n2 +11n−118)Sn+5 +2(3n2 +8n−

122)Sn+4− (3n+17)(n−8)Sn+3 +2(3n2−n−122)Sn+2− (3n2−25n−
118)Sn+1 + 2(3n2 + 17n− 104)Sn)− 114).

(f):
∑n

k=0 k(−1)kRk = 1
54 ((−1)

n
(−(3n2+11n−118)Rn+5+2(3n2+8n−

122)Rn+4 − (3n + 17)(n − 8)Rn+3 + 2(3n2 − n − 122)Rn+2 − (3n2 −
25n− 118)Rn+1 + 2(3n2 + 17n− 104)Rn) + 912).

We present the next result as an example of the above corollary for n = 8.

Example 4.9. For n = 8, we have the followings:

(a):
∑8

k=0 k(−1)kJk = 118.

(b):
∑8

k=0 k(−1)kjk = 1776.

(c):
∑8

k=0 k(−1)kKk = 1738.

(d):
∑8

k=0 k(−1)kQk = 1382.

(e):
∑8

k=0 k(−1)kSk = 356.

(f):
∑8

k=0 k(−1)kRk = 1454.
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Taking r = 2, s = 3, t = 5, u = 7, v = 11, y = 13 in Theorem 3.1, we obtain
the following proposition.

Proposition 4.10. If r = 2, s = 3, t = 5, u = 7, v = 11, y = 13, then for n ≥ 1
we have the following formula:∑n

k=0 k(−1)kWk = 1
4 ((−1)

n
(−(n − 5)Wn+5 + (3n − 16)Wn+4 + 4Wn+3 +

(5n−29)Wn+2 + (2n−1)Wn+1 + 13(n−4)Wn)−5W5 + 16W4−4W3 + 29W2 +
W1 + 52W0).

From the above proposition, we have the following corollary which gives sum
formulas of 6-primes, Lucas 6-primes and modified 6-primes numbers (take
Wn = Gn with G0 = 0, G1 = 0, G2 = 0, G3 = 0, G4 = 1, G5 = 2 and take
Wn = Hn with H0 = 6, H1 = 2, H2 = 10, H3 = 41, H4 = 150, H5 = 542
and take Wn = En with E0 = 0, E1 = 0, E2 = 0, E3 = 0, E4 = 1, E5 = 1,
respectively).

Corollary 4.11. For n ≥ 1, we have the following properties:

(a):
∑n

k=0 k(−1)kGk = 1
4 ((−1)

n
(−(n−5)Gn+5+(3n−16)Gn+4+4Gn+3+

(5n− 29)Gn+2 + (2n− 1)Gn+1 + 13(n− 4)Gn) + 6).
(b):

∑n
k=0 k(−1)kHk = 1

4 ((−1)
n

(−(n−5)Hn+5+(3n−16)Hn+4+4Hn+3+
(5n− 29)Hn+2 + (2n− 1)Hn+1 + 13(n− 4)Hn) + 130).

(c):
∑n

k=0 k(−1)kEk = 1
4 ((−1)

n
(−(n−5)En+5+(3n−16)En+4+4En+3+

(5n− 29)En+2 + (2n− 1)En+1 + 13(n− 4)En) + 11).

We present the next result as an example of the above corollary for n = 8.

Example 4.12. For n = 8, we have the followings:

(a):
∑8

k=0 k(−1)kGk = 565.

(b):
∑8

k=0 k(−1)kHk = 149336.

(c):
∑8

k=0 k(−1)kEk = 407.

4.3. The case x = i. In this subsection we consider the special case x = i.
Taking x = i, r = s = t = u = v = y = 1 in Theorem 3.1, we obtain the

following proposition.

Proposition 4.13. If r = s = t = u = v = y = 1, then for n ≥ 0 we have the
following formula:∑n

k=0 ki
kWk = 1

3−4i (i
n(−((1 + 2i)n + (2 + 6i))Wn+5 − ((1 − 3i)n + (2 −

7i))Wn+4 +((4+3i)n+(6+7i))Wn+3 +((4−2i)n+(6+4i))Wn+2 +((8+4i)−
(1 + 2i)n)Wn+1 + ((2− i)n+ (8− 3i))Wn) + (2 + 6i)W5 + (2− 7i)W4− (6 + 7i)
W3 − (6 + 4i)W2 − (8 + 4i)W1 − (8− 3i)W0).

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take Wn = Hn

with H0 = 0, H1 = 1, H2 = 1, H3 = 2, H4 = 4, H5 = 8 and take Hn = En with
E0 = 6, E1 = 1, E2 = 3, E3 = 7, E4 = 15, E5 = 31, respectively).

Corollary 4.14. For n ≥ 0, we have the following properties:
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(a):
∑n

k=0 ki
kHk = 1

3−4i (i
n(−((1 + 2i)n + (2 + 6i))Hn+5 − ((1 − 3i)n +

(2 − 7i))Hn+4 + ((4 + 3i)n + (6 + 7i))Hn+3 + ((4 − 2i)n + (6 + 4i))
Hn+2 + ((8 + 4i)− (1 + 2i)n)Hn+1 + ((2− i)n+ (8−3i))Hn)− (2 + 2i)).

(b):
∑n

k=0 ki
kEk = 1

3−4i (i
n(−((1 + 2i)n + (2 + 6i))En+5 − ((1 − 3i)n +

(2 − 7i))En+4 + ((4 + 3i)n + (6 + 7i))En+3 + ((4 − 2i)n + (6 + 4i))
En+2+((8+4i)−(1+2i)n)En+1+((2−i)n+(8−3i))En)+(−24+34i)).

Corresponding sums of the other sixth order generalized Hexanacci numbers
can be calculated similarly.

5. Sum Formulas of Generalized Hexanacci Numbers with
Negative Subscripts

The following tTheorem presents some summing formulas of generalized
Hexanacci numbers with negative subscripts.

Theorem 5.1. Let x be a real (or complex) number. For n ≥ 1 we have the
following formulas: If y + rx5 + sx4 + tx3 + ux2 + vx− x6 6= 0, then

n∑
k=1

kxkW−k =
Ω2

(y + rx5 + sx4 + tx3 + ux2 + vx− x6)
2 ,

where
Ω2 = xn+1(n(−y− rx5 − sx4 − tx3 − ux2 − vx+ x6) + 4rx5 + 3sx4 + 2tx3 +

ux2 − y − 5x6)W−n+5 + xn+1(n(r − x)(y + rx5 + sx4 + tx3 + ux2 + vx − x6)
+8rx6+2sx5+tx4−vx2−4r2x5+ry−2xy−4x7−3rsx4−2rtx3−rux2)W−n+4+
xn+1(n(s+ rx−x2)(y+ rx5 + sx4 + tx3 +ux2 + vx−x6) + 6rx7 + 6sx6−ux4−
2vx3− 3x2y− 3r2x6− 3s2x4 + sy− 3x8− 6rsx5− rtx4− 2stx3 + rvx2− sux2 +
2rxy)W−n+3 + xn+1(n(t+ rx2 + sx− x3)(y+ rx5 + sx4 + tx3 + ux2 + vx− x6)
+ 4rx8 + 4sx7 + 4tx6−2ux5−3vx4−4x3y−2r2x7−2s2x5−2t2x3 + ty−2x9−
4rsx6 − 4rtx5 + rux4 − 4stx4 + 2rvx3 + svx2 − tux2 + 3rx2y+ 2sxy)W−n+2 +
xn+1(n(u+ rx3 + sx2 + tx− x4)(y+ rx5 + sx4 + tx3 + ux2 + vx− x6) + 2rx9 +
2sx8 + 2tx7 + 2ux6 − 4vx5 − 5x4y− r2x8 − s2x6 − t2x4 − u2x2 + uy− x10 − 2r
sx7−2rtx6−2rux5−2stx5 +3rvx4−2sux4 +2svx3−2tux3 +tvx2 +4rx3y+3s
x2y + 2txy)W−n+1 + xn+1(n(v + rx4 + sx3 + tx2 + ux − x5)(y + rx5 + sx4 +
tx3 + ux2 + vx − x6) − 6x5y + vy + 5rx4y + 4sx3y + 3tx2y + 2uxy)W−n +
x(y − 4rx5 − 3sx4 − 2tx3 − ux2 + 5x6)W5 + x(−8rx6 − 2sx5 − tx4 + vx2 +
4r2x5 − ry + 2xy + 4x7 + 3rsx4 + 2rtx3 + rux2)W4 + x(−6rx7 − 6sx6 + ux4 +
2vx3+3x2y+3r2x6+3s2x4−sy+3x8+6rsx5+rtx4+2stx3−rvx2+sux2−2rxy)
W3 + x(−4rx8 − 4sx7 − 4tx6 + 2ux5 + 3vx4 + 4x3y + 2r2x7 + 2s2x5 + 2t2x3 −
ty+ 2x9 + 4rsx6 + 4rtx5− rux4 + 4stx4− 2rvx3− svx2 + tux2− 3rx2y− 2sxy)
W2 +x(−2rx9−2sx8−2tx7−2ux6 +4vx5 +5x4y+r2x8 +s2x6 + t2x4 +u2x2−
uy + x10 + 2rsx7 + 2rtx6 + 2rux5 + 2stx5 − 3rvx4 + 2sux4 − 2svx3 + 2tux3 −
tvx2−4rx3y−3sx2y−2txy)W1 +xy(−v−5rx4−4sx3−3tx2−2ux+ 6x5)W0.
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Proof. Using the recurrence relation

W−n =
1

y
W−n+6 −

v

y
W−n+1 −

u

y
W−n+2 −

t

y
W−n+3 −

s

y
W−n+4 −

r

y
W−n+5

i.e.,

yW−n = W−n+6 − rW−n+5 − sW−n+4 − tW−n+3 − uW−n+2 − vW−n+1,

we obtain

y × n× xnW−n = n× xnW−n+6 − r × n× xnW−n+5

−s× n× xnW−n+4 − t× n× xnW−n+3

−u× n× xnW−n+2 − v × n× xnW−n+1

y(n− 1)xn−1W−n+1 = (n− 1)xn−1W−n+7 − r(n− 1)xn−1W−n+6

−s(n− 1)xn−1W−n+5 − t(n− 1)xn−1W−n+4

−u(n− 1)xn−1W−n+3 − v(n− 1)xn−1W−n+2

y(n− 2)xn−2W−n+2 = (n− 2)xn−2W−n+8 − r(n− 2)xn−2W−n+7

−s(n− 2)xn−2W−n+6 − t(n− 2)xn−2W−n+5

−u(n− 2)xn−2W−n+4 − v(n− 2)xn−2W−n+3

...

y × 3× x3W−3 = 3× x3W3 − r × 3× x3W2 − s× 3× x3W1

−t× 3× x3W0 − u× 3× x3W−1 − v × 3× x3W−2
y × 2× x2W−2 = 2× x2W4 − r × 2× x2W3 − s× 2× x2W2

−t× 2× x2W1 − u× 2× x2W0 − v × 2× x2W−1
y × 1× x1W−1 = 1× x1W5 − r × 1× x1W4 − s× 1× x1W3

−t× 1× x1W2 − u× 1× x1W1 − v × 1× x1W0.
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If we add the equations side by side we obtain

y

n∑
k=1

kxkW−k = (−(n+ 1)xn+1W−n+5 − (n+ 2)xn+2W−n+4

−(n+ 3)xn+3W−n+3 − (n+ 4)xn+4W−n+2

−(n+ 5)xn+5W−n+1 − (n+ 6)xn+6W−n + 1× x1W5

+2x2W4 + 3x3W3 + 4x4W2 + 5x5W1 + 6x6W0

+

n∑
k=1

(k + 6)xk+6W−k)− r(−(n+ 1)xn+1W−n+4

−(n+ 2)xn+2W−n+3 − (n+ 3)xn+3W−n+2

−(n+ 4)xn+4W−n+1 − (n+ 5)xn+5W−n + 1× x1W4

+2x2W3 + 3x3W2 + 4x4W1 + 5x5W0 +

n∑
k=1

(k + 5)xk+5W−k)

−s(−(n+ 1)xn+1W−n+3 − (n+ 2)xn+2W−n+2

−(n+ 3)xn+3W−n+1 − (n+ 4)xn+4W−n + 1× x1W3

+2x2W2 + 3x3W1 + 4x4W0 +

n∑
k=1

(k + 4)xk+4W−k)

−t(−(n+ 1)xn+1W−n+2 − (n+ 2)xn+2W−n+1

−(n+ 3)xn+3W−n + 1× x1W2 + 2x2W1 + 3x3W0

+

n∑
k=1

(k + 3)xk+3W−k)− u(−(n+ 1)xn+1W−n+1

−(n+ 2)xn+2W−n + 1× x1W1 + 2x2W0

+

n∑
k=1

(k + 2)xk+2W−k)− v(−(n+ 1)xn+1W−n

+1× x1W0 +

n∑
k=1

(k + 1)xk+1W−k)

Then, using Theorem 1.4, we get the required result. �

6. Specific Cases

In this section, for the specific cases of x, we present the closed form solutions
(identities) of the sums

∑n
k=1 kx

kW−k,
∑n

k=1 kx
kW−2k and

∑n
k=1 kx

kW−2k+1

for the specific case of sequence {Wn}.

6.1. The case x = 1. In this subsection we consider the special case x = 1.
The case x = 1 of Theorem 5.1 is given in Soykan [100].
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6.2. The case x = −1. In this subsection we consider the special case x = −1.
Taking r = s = t = u = v = y = 1 in Theorem 5.1, we obtain the following

proposition.

Proposition 6.1. If r = s = t = u = v = y = 1, then for n ≥ 0 we have the
following formula:∑n

k=1 k(−1)kW−k = (−1)
n

(−(n − 8)W−n+5 + (2n − 15)W−n+4 − (n −
5)W−n+3 + (2n− 12)W−n+2− (n− 2)W−n+1 + (2n− 9)W−n)− 8W5 + 15W4−
5W3 + 12W2 − 2W1 + 9W0.

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take Wn = Hn

with H0 = 0, H1 = 1, H2 = 1, H3 = 2, H4 = 4, H5 = 8 and take Wn = En with
E0 = 6, E1 = 1, E2 = 3, E3 = 7, E4 = 15, E5 = 31, respectively).

Corollary 6.2. For n ≥ 1, we have the following properties:

(a):
∑n

k=1 k(−1)kH−k = (−1)
n

(−(n − 8)H−n+5 + (2n − 15)H−n+4 −
(n− 5)H−n+3 + (2n− 12)H−n+2 − (n− 2)H−n+1 + (2n− 9)H−n)− 4.

(b):
∑n

k=1 k(−1)kE−k = (−1)
n

(−(n − 8)E−n+5 + (2n − 15)E−n+4 −
(n− 5)E−n+3 + (2n− 12)E−n+2 − (n− 2)E−n+1 + (2n− 9)E−n) + 30.

Taking r = 2, s = t = u = v = y = 1 in Theorem 5.1, we obtain the following
Proposition.

Proposition 6.3. If r = 2, s = t = u = v = y = 1, then for n ≥ 1 we have the
following formula:∑n

k=1 k(−1)kW−k = 1
2 ((−1)

n
(−(n − 6)W−n+5 + (3n − 17)W−n+4 − (2n −

8)W−n+3 + (3n−12)W−n+2− (2n−3)W−n+1 + (3n−7)W−n)−6W5 + 17W4−
8W3 + 12W2 − 3W1 + 7W0).

From the above proposition, we have the following corollary which gives sum
formulas of sixth-order Pell and sixth-order Pell-Lucas numbers (take Wn = Pn

with P0 = 0, P1 = 1, P2 = 2, P3 = 5, P4 = 13, P5 = 34 and take Wn = Qn with
Q0 = 6, Q1 = 2, Q2 = 6, Q3 = 17, Q4 = 46, Q5 = 122, respectively).

Corollary 6.4. For n ≥ 1, we have the following properties:

(a):
∑n

k=1 k(−1)kP−k = 1
2 ((−1)

n
(−(n − 6)P−n+5 + (3n − 17)P−n+4 −

(2n− 8)P−n+3 + (3n− 12)P−n+2− (2n− 3)P−n+1 + (3n− 7)P−n)− 2).
(b):

∑n
k=1 k(−1)kQ−k = 1

2 ((−1)
n

(−(n− 6)Q−n+5 + (3n− 17)Q−n+4 −
(2n−8)Q−n+3+(3n−12)Q−n+2−(2n−3)Q−n+1+(3n−7)Q−n)+22).

Observe that setting x = −1, r = 1, s = 1, t = 1, u = 1, v = 1, y = 2 (i.e., for
the generalized sixth order Jacobsthal case) in Theorem 5.1, makes the right
hand side of the sum formulas to be an indeterminate form. Application of
L’Hospital rule however provides the evaluation of the sum formulas.

Theorem 6.5. If r = 1, s = 1, t = 1, u = 1, v = 2, y = 2, then for n ≥ 1 we
have the following formulas:
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∑n
k=1 k(−1)kW−k = 1

54 ((−1)
n

(−(3n2 − 11n − 96)W−n+5 + 2(3n2 − 8n −
100)W−n+4− (3n2 + 7n−114)W−n+3 + 2(3n2 +n−100)W−n+2− (3n2 + 25n−
96)W−n+1 + 2(3n2 + 10n − 82)W−n) − 96W5 + 200W4 − 114W3 + 200W2 −
96W1 + 164W0).

Proof. We use Theorem 5.1. If we set r = 1, s = 1, t = 1, u = 2 in Theorem
5.1, then we have

n∑
k=1

kxkW−k =
g2(x)

(x− 2)2(x+ 1)2(x+ x2 + 1)2(−x+ x2 + 1)2
,

where
g2(x) = xn+1(x2 − n(−x6 + x5 + x4 + x3 + x2 + x+ 2) + 2x3 + 3x4 + 4x5 −

5x6− 2)W5−n−xn+1(4x+ 2x2 + 2x3 + 2x4 + 2x5− 8x6 + 4x7 +n(x− 1)(−x6 +
x5 + x4 + x3 + x2 + x + 2) − 2)W4−n − xn+1(6x2 − 4x + 4x3 + 5x4 + 6x5 −
3x6− 6x7 + 3x8−n(−x2 +x+ 1)(−x6 +x5 +x4 +x3 +x2 +x+ 2)− 2)W3−n +
xn+1(4x+6x2−8x3−6x4−8x5 +2x7 +4x8−2x9 +n(−x3 +x2 +x+1)(−x6 +
x5+x4+x3+x2+x+2)+2)W2−n+xn+1(4x+6x2+8x3−10x4−8x5−x6+x8+
2x9−x10 +n(−x4 +x3 +x2 +x+1)(−x6 +x5 +x4 +x3 +x2 +x+2)+2)W1−n +
xn+1(4x + 6x2 + 8x3 + 10x4 − 12x5 + n(−x5 + x4 + x3 + x2 + x + 1)(−x6 +
x5 + x4 + x3 + x2 + x+ 2) + 2)W−n− x(−5x6 + 4x5 + 3x4 + 2x3 + x2− 2)W5 +
x(4x7 − 8x6 + 2x5 + 2x4 + 2x3 + 2x2 + 4x− 2)W4 + x(3x8 − 6x7 − 3x6 + 6x5 +
5x4 + 4x3 + 6x2 − 4x− 2)W3 − x(−2x9 + 4x8 + 2x7 − 8x5 − 6x4 − 8x3 + 6x2 +
4x+ 2)W2 − x(−x10 + 2x9 + x8 − x6 − 8x5 − 10x4 + 8x3 + 6x2 + 4x+ 2)W1 −
2x(−6x5 + 5x4 + 4x3 + 3x2 + 2x+ 1)W0

For x = −1, the right hand side of the above sum formula is an indeterminate
form. Now, we can use L’Hospital rule. Then we get the requiret result using

n∑
k=1

k(−1)kW−k =
d2

dx2 (g2(x))
d2

dx2 ((x− 2)2(x+ 1)2(x+ x2 + 1)2(−x+ x2 + 1)2)

∣∣∣∣∣
x=−1

=
1

54
((−1)

n
(−(3n2 − 11n− 96)W−n+5

+2(3n2 − 8n− 100)W−n+4 − (3n2 + 7n− 114)W−n+3

+2(3n2 + n− 100)W−n+2 − (3n2 + 25n− 96)W−n+1

+2(3n2 + 10n− 82)W−n)− 96W5 + 200W4 − 114W3

+200W2 − 96W1 + 164W0).

�

Taking, respectively,
Wn = Jn with J0 = 0, J1 = 1, J2 = 1, J3 = 1, J4 = 1, J5 = 1 (sixth-order

Jacobsthal numbers),
Wn = jn with j0 = 2, j1 = 1, j2 = 5, j3 = 10, j4 = 20, j5 = 40 (sixth order

Jacobsthal-Lucas numbers),
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Wn = Kn with K0 = 3,K1 = 1,K2 = 3,K3 = 10,K4 = 20,K5 = 40
(modified sixth order Jacobsthal numbers),
Wn = Qn with Q0 = 3, Q1 = 0, Q2 = 2, Q3 = 8, Q4 = 16, Q5 = 32 (sixth-

order Jacobsthal Perrin numbers),
Wn = Sn with S0 = 0, S1 = 1, S2 = 1, S3 = 2, S4 = 4, S5 = 8 (adjusted

sixth-order Jacobsthal numbers),
Wn = Rn with R0 = 6, R1 = 1, R2 = 3, R3 = 7, R4 = 15, R5 = 31 (modified

sixth-order Jacobsthal-Lucas numbers),
in the last theorem, we have the following corollary.

Corollary 6.6. For n ≥ 1, we have the following properties:

(a):
∑n

k=1 k(−1)kJ−k = 1
54 ((−1)

n
(−(3n2 − 11n − 96)J−n+5 + 2(3n2 −

8n− 100)J−n+4 − (3n2 + 7n− 114)J−n+3 + 2(3n2 + n− 100)J−n+2 −
(3n2 + 25n− 96)J−n+1 + 2(3n2 + 10n− 82)J−n) + 94).

(b):
∑n

k=1 k(−1)kj−k = 1
54 ((−1)

n
(−(3n2 − 11n − 96)j−n+5 + 2(3n2 −

8n − 100)j−n+4 − (3n2 + 7n − 114)j−n+3 + 2(3n2 + n − 100)j−n+2 −
(3n2 + 25n− 96)j−n+1 + 2(3n2 + 10n− 82)j−n) + 252).

(c):
∑n

k=1 k(−1)kK−k = 1
54 ((−1)

n
(−(3n2 − 11n− 96)K−n+5 + 2(3n2 −

8n− 100)K−n+4− (3n2 + 7n− 114)K−n+3 + 2(3n2 +n− 100)K−n+2−
(3n2 + 25n− 96)K−n+1 + 2(3n2 + 10n− 82)K−n) + 16).

(d):
∑n

k=1 k(−1)kQ−k = 1
54 ((−1)

n
(−(3n2 − 11n− 96)Q−n+5 + 2(3n2 −

8n− 100)Q−n+4− (3n2 + 7n− 114)Q−n+3 + 2(3n2 +n− 100)Q−n+2−
(3n2 + 25n− 96)Q−n+1 + 2(3n2 + 10n− 82)Q−n) + 108).

(e):
∑n

k=1 k(−1)kS−k = 1
54 ((−1)

n
(−(3n2 − 11n − 96)S−n+5 + 2(3n2 −

8n− 100)S−n+4 − (3n2 + 7n− 114)S−n+3 + 2(3n2 + n− 100)S−n+2 −
(3n2 + 25n− 96)S−n+1 + 2(3n2 + 10n− 82)S−n)− 92).

(f):
∑n

k=1 k(−1)kR−k = 1
54 ((−1)

n
(−(3n2 − 11n − 96)R−n+5 + 2(3n2 −

8n− 100)R−n+4 − (3n2 + 7n− 114)R−n+3 + 2(3n2 + n− 100)R−n+2 −
(3n2 + 25n− 96)R−n+1 + 2(3n2 + 10n− 82)R−n) + 714).

Taking r = 2, s = 3, t = 5, u = 7, v = 11, y = 13 in Theorem 5.1, we obtain
the following proposition.

Proposition 6.7. If r = 2, s = 3, t = 5, u = 7, v = 11, y = 13, then for n ≥ 1
we have the following formula:∑n

k=1 k(−1)kW−k = 1
4 ((−1)

n
((n+5)W−n+5−(3n+16)W−n+4 +4W−n+3−

(5n + 29)W−n+2 − (2n + 1)W−n+1 − (9n + 52)W−n) − 5W5 + 16W4 − 4W3 +
29W2 +W1 + 52W0).

From the above proposition, we have the following corollary which gives sum
formulas of 6-primes, Lucas 6-primes and modified 6-primes numbers (take
Wn = Gn with G0 = 0, G1 = 0, G2 = 0, G3 = 0, G4 = 1, G5 = 2 and take
Wn = Hn with H0 = 6, H1 = 2, H2 = 10, H3 = 41, H4 = 150, H5 = 542
and take Wn = En with E0 = 0, E1 = 0, E2 = 0, E3 = 0, E4 = 1, E5 = 1,
respectively).
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Corollary 6.8. For n ≥ 1, we have the following properties:

(a):
∑n

k=1 k(−1)kG−k = 1
4 ((−1)

n
((n + 5)G−n+5 − (3n + 16)G−n+4 +

4G−n+3 − (5n+ 29)G−n+2 − (2n+ 1)G−n+1 − (9n+ 52)G−n) + 6).
(b):

∑n
k=1 k(−1)kH−k = 1

4 ((−1)
n

((n + 5)H−n+5 − (3n + 16)H−n+4 +
4H−n+3 − (5n+ 29)H−n+2 − (2n+ 1)H−n+1 − (9n+ 52)H−n) + 130).

(c):
∑n

k=1 k(−1)kE−k = 1
4 ((−1)

n
((n + 5)E−n+5 − (3n + 16)E−n+4 +

4E−n+3 − (5n+ 29)E−n+2 − (2n+ 1)E−n+1 − (9n+ 52)E−n) + 11).

6.3. The case x = i. In this subsection, we consider the special case x = i.
Taking r = s = t = u = v = y = 1 in Theorem 5.1, we obtain the following

proposition.

Proposition 6.9. If r = s = t = u = v = y = 1, then for n ≥ 1 we have the
following formula:∑n

k=1 ki
kW−k = 1

3+4i (i
n(((1 − 2i)n − (2 − 6i))W5−n + ((1 + 3i)n − (2 +

7i))W4−n +((6−7i)− (4−3i)n)W3−n +((6−4i)− (4+2i)n)W2−n +((8−4i)+
(1−2i)n)W1−n +((8+3i)+(1+3i)n)W−n)+(2−6i)W5 +(2+7i)W4− (6−7i)
W3 − (6− 4i)W2 − (8− 4i)W1 − (8 + 3i)W0).

From the above proposition, we have the following corollary which gives
sum formulas of Hexanacci and Hexanacci-Lucas numbers (take Wn = Hn

with H0 = 0, H1 = 1, H2 = 1, H3 = 2, H4 = 4, H5 = 8 and take Hn = En with
E0 = 6, E1 = 1, E2 = 3, E3 = 7, E4 = 15, E5 = 31, respectively).

Corollary 6.10. For n ≥ 1, we have the following properties:

(a):
∑n

k=1 ki
kH−k = 1

3+4i (i
n(((1 − 2i)n − (2 − 6i))H5−n + ((1 + 3i)n −

(2+7i))H4−n+((6−7i)−(4−3i)n)H3−n+((6−4i)−(4+2i)n)H2−n+
((8− 4i) + (1− 2i)n)H1−n + ((8 + 3i) + (1 + 3i)n)H−n) + (−2 + 2i)).

(b):
∑n

k=1 ki
kE−k = 1

3+4i (i
n(((1 − 2i)n − (2 − 6i))E5−n + ((1 + 3i)n −

(2+7i))E4−n +((6−7i)−(4−3i)n)E3−n +((6−4i)−(4+2i)n)E2−n +
((8− 4i) + (1− 2i)n)E1−n + ((8 + 3i) + (1 + 3i)n)E−n)− (24 + 34i)).

Corresponding sums of the other sixth order generalized Hexanacci numbers
can be calculated similarly.

7. Conclusion

Recently, there have been so many studies of the sequences of numbers in
the literature and the sequences of numbers were widely used in many research
areas, such as architecture, nature, art, physics and engineering, see for example
[11], [12]. In this work, sum identities were proved. The method used in this
paper can be used for the other linear recurrence sequences, too. We have
written sum identities in terms of the generalized Hexanacci sequence, and then
we have presented the formulas as special cases the corresponding identity for
the Hexanacci, Hexanacci-Lucas, and other sixth-order recurrence sequences.
All the listed identities in the corollaries may be proved by induction, but that
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method of proof gives no clue about their discovery. We give the proofs to
indicate how these identities, in general, were discovered.

Computations of the Frobenius norm, spectral norm, maximum column
length norm and maximum row length norm of circulant (r-circulant, geomet-
ric circulant, semicirculant) matrices with the generalized m-step Fibonacci
sequences require the sum of the numbers of the sequences. So, our results
can be used to study circulant (r-circulant, geometric circulant, semicirculant)
matrices with second-order linear recurrence sequences.
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[24] C. Kızılateş, N. Tuglu On the Bounds for the Spectral Norms of Geometric Circulant
Matrices, Journal of Inequalities and Applications, 2016(1), Article ID 312, (2016). DOI

10.1186/s13660-016-1255-1

[25] T. Koshy, Fibonacci and Lucas Numbers with Applications, A Wiley-Interscience Pub-
lication, New York, (2001).

[26] T. Koshy, Pell and Pell-Lucas Numbers with Applications, Springer, New York, (2014).

[27] J. K. Merikoski, P. Haukkanen, M. Mattila, T. Tossavainen, On the Spectral and Frobe-
nius Norm of a Generalized Fibonacci r-Circulant Matrix, Special Matrices, 6, (2018)

23–36.

[28] L. R. Natividad, On Solving Fibonacci-Like Sequences of Fourth, Fifth and Sixth Order,
International Journal of Mathematics and Computing, 3(2), (2013) 38–40.
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[103] Ş Uygun, Some Bounds for the Norms of Circulant Matrices with the k-Jacobsthal and

k-Jacobsthal Lucas Numbers, Journal of Mathematics Research, 8(6), (2016) 133–138.
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