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Abstract. Let G be a group. An automorphism α of the group G is
called a central automorphism, if x−1xα ∈ Z(G) for all x ∈ G. Let Lc(G)

be the central kernel of G, that is, the set of elements of G fixed by all

central automorphisms of G and AutLc (G) denote the group of all central
automorphisms of G fixing G/Lc(G) element-wise. In the present paper,

we investigate the properties of such automorphisms. Moreover, a full

classification of p-groups G of order at most p5 where AutLc (G) = Inn(G)
is also given.
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1. Introduction

Let G be a group and p a prime number. We denote by G′, Z(G), Inn(G) and
Aut(G), the commutator subgroup, the center, the group of all inner automor-
phisms and the group of all automorphisms of G, respectively. For each x ∈ G
and α ∈ Aut(G), the element [x, α] = x−1xα is called the autocommutator of
x and α, in which xα is the image of x under α. An automorphism α of G is
called a central automorphism if [x, α] ∈ Z(G) for all x ∈ G. An automorphism
α of G is called an IA-automorphism if [x, α] ∈ G′ for all x ∈ G. Also, an auto-
morphism α of G is called a class preserving automorphism if xα ∈ xG for all
x ∈ G, where xG is the conjugacy class of x in G. Let Autcent(G), IA(G) and
Autc(G), denote the group of all central automorphisms, IA-automorphisms
and class preserving automorphisms of G, respectively. In 1994, Hegarty [7]
introduced the concept of absolute center subgroup of a group G, as follows:

L(G) = {x ∈ G | [x, α] = 1,∀α ∈ Aut(G)}.

It is easy to check that the absolute center of G is a characteristic subgroup
contained in the center of G. Haimo [5] introduced the following subgroup of a
given group G, which we call similar to [2], the central kernel of G and denote

� r soleimani@pnu.ac.ir, ORCID: 0000-0002-1462-0601

DOI: 10.22103/jmmr.2022.19047.1220 © the Author
Publisher: Shahid Bahonar University of Kerman

How to cite: R. Soleimani, Groups with some central automorphisms fixing the central

kernel quotient, J. Mahani Math. Res. 2023; 12(2): 165-177.

165

Archive of SID.ir

Archive of SID.ir

https://orcid.org/0000-0002-1462-0601
mailto:r_soleimani@pnu.ac.ir
https://jmmrc.uk.ac.ir/article_3421.html


166 R. Soleimani

by Lc(G), as

Lc(G) = {x ∈ G | [x, α] = 1,∀α ∈ Autcent(G)}.

Since the central automorphisms of G fixing G′ element-wise, we conclude that
G′ ≤ Lc(G), and so G/Lc(G) is abelian. Also

Kc(G) = 〈[x, α] | x ∈ G,α ∈ Autcent(G)〉,

is said the central autocommutator subgroup of G (see [2]). One can easily
check that Lc(G) is a characteristic subgroup of G contains L(G) and Kc(G)
is a central characteristic subgroup of G. Now, we call α ∈ Autcent(G) to be
central kernel automorphism, when [x, α] ∈ Lc(G), for all x ∈ G. According
to [2], let AutLc(G) denote the group of all central kernel automorphisms of
G. Clearly, AutLc(G) is a normal subgroup of Autcent(G) and acts trivially
on the central kernel of G. Davoudirad et al. ( [2], [3]) for an arbitrary group
G, investigate some properties of AutLc

(G) and the central kernel subgroup of
G.

In this paper, first we give some necessary and sufficient conditions on a finite
p-group G such that AutLc(G) is equal to CAutLc (G)(Z(G)), Inn(G), IA(G) and

Autc(G), respectively. Finally, we classify all p-groups G of order at most p5

such that AutLc(G) = Inn(G).

2. Preliminaries

For a finite group G, exp(G), d(G), Ωi(G), cl(G) and o(x), denote the expo-
nent of G, minimal number of generators of G, the subgroup of G generated
by its elements of order dividing pi, the nilpotency class of G and the order of
x, respectively. For a finite p-group G, if A is a normal subgroup of Aut(G),
then we use CA(Z(G)) to denote the group of all automorphisms of A which
centralizing Z(G) element-wise. Moreover, let us denote by Cn the cyclic group
of order n, where n ≥ 1 and Ckn be the direct product of k copies of Cn, D8

the dihedral group, Q8 the quaternion group of order 8, respectively. Recall
that an abelian finite p-group A has invariants or is of type (n1, n2, ..., nk) if
it is the direct product of cyclic subgroups of orders pn1 , pn2 , ..., pnk , where
n1 ≥ n2 ≥ · · · ≥ nk > 0. We use the notation Hom(G,A) to denote the group
of homomorphisms of G into an abelian group A. Finally, recall that a group G
is called a central product of its subgroups A,B if A and B commute element-
wise and together generate G. In this situation, we write G = A ∗B.

The following lemma is a well-known result and will be used in the sequel.

Lemma 2.1. Let A,B and C be finite abelian groups. Then

(i) Hom(A×B,C) ∼= Hom(A,C)×Hom(B,C).
(ii) Hom(A,B × C) ∼= Hom(A,B)×Hom(A,C).
(iii) Hom(Cm, Cn) ∼= Cd, where d is the greatest common divisor of m and

n.
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Corollary 2.2. Let A,B and C be finite abelian p-groups, exp(C) = pt and
A ≤ B. Then Hom(A,C) ∼= Hom(B,C) if and only if A ∼= H×A1, B ∼= H×B1

where all invariants of A1, B1 are at least t, d(A1) = d(B1) and exp(H) < pt.

Proof. It can be proved by using Lemma 2.1 and induction on |C|. �

3. Main results

In this section, we provide some results concerning the group of all central
kernel automorphisms of G. First, we define two subgroups of Autcent(G) and
G as follows:

CAutcent(G)(AutLc(G)) = {α ∈ Autcent(G) | αβ = βα, ∀β ∈ AutLc(G)},
and

ELc(G) = [G,CAutcent(G)(AutLc(G))].

Obviously, ELc
(G) is a characteristic subgroup in G, which is contained in

Kc(G). Also, if G/Z(G) is abelian, then

G′ = [G, Inn(G)] ≤ [G,CAutcent(G)(AutLc
(G))] ≤ ELc

(G).

The following lemma states the useful property of ELc
(G), which will be

needed for our further investigation.

Lemma 3.1. If G is an arbitrary group, then AutLc
(G) acts trivially on the

subgroup ELc
(G) of G.

Proof. Let α ∈ AutLc
(G). Then g−1gα ∈ Lc(G) for all g ∈ G and so gα = gtg,

for some tg ∈ Lc(G). By taking an automorphism β ∈ CAutcent(G)(AutLc(G)),
we have

[g, β]α = (g−1gβ)α = (g−1)α(gβ)α = (g−1)α(gα)β

= t−1g g−1gβtβg = g−1gβt−1g tg = [g, β],

which completes the proof. �

Lemma 3.2. Let G be a group. Then

(i) AutLc
(G) ∼= Hom(G/ELc

(G)Lc(G), Lc(G) ∩ Z(G)).
(ii) CAutLc (G)(Z(G)) ∼= Hom(G/Z(G)Lc(G), Lc(G) ∩ Z(G)).

Proof. (i) Take an automorphism θ ∈ AutLc
(G). Then we see that fθ :

gELc
(G)Lc(G) 7→ g−1gθ, defines a homomorphism from G/ELc

(G)Lc(G) to
Lc(G) ∩ Z(G) and the map ϕ sending θ to fθ defines a monomorphism from
AutLc(G) to the group Hom(G/ELc(G)Lc(G), Lc(G) ∩ Z(G)). Also, let f ∈
Hom(G/ELc

(G)Lc(G), Lc(G) ∩ Z(G)). Then the map θ = θf defined by
xθ = xf(xELc

(G)Lc(G)), for all x ∈ G, is a central kernel automorphism
of G and ϕ(θ) = ϕ(θf ) = f . Hence ϕ is onto and the proof is complete.

(ii) It is sufficient to observe that for each θ ∈ CAutLc (G)(Z(G)), the map

fθ : G/Z(G)Lc(G)→ Lc(G) ∩ Z(G)
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168 R. Soleimani

gZ(G)Lc(G) 7→ g−1gθ

defines a homomorphism and θ 7→ fθ is an isomorphism from CAutLc (G)(Z(G))
to Hom(G/Z(G)Lc(G), Lc(G) ∩ Z(G)). �

Theorem 3.3. Let G be a finite p-group and G/ELc
(G)Lc(G), G/Z(G)Lc(G)

and Lc(G)∩Z(G) are of types (a1, a2, ..., ak), (b1, b2, ..., bm) and (c1, c2, ..., cn),
respectively. Then

AutLc(G) = CAutLc (G)(Z(G))

if and only if Z(G) ≤ ELc(G)Lc(G) or d(G/ELc(G)Lc(G)) = d(G/Z(G)Lc(G))
and bl+1 < c1 ≤ bl, where l is the largest integer between 1 and m such that
bl < al.

Proof. Let G be a finite p-group such that AutLc
(G) = CAutLc (G)(Z(G)) and

Z(G) � ELc
(G)Lc(G). We claim that Z(G) ≤ Φ(G); otherwise, let M be a

maximal subgroup of G such that Z(G) � M . We write G = M〈z〉 where
z ∈ Z(G) \ M and choose an element u ∈ Ω1(Z(G) ∩ Lc(G)). Then the
map α : hzi 7→ h(zu)i, where h ∈ M and 0 ≤ i < p, defines an auto-
morphism of G which is in AutLc(G). So that α is an automorphism of
G fixes Z(G) element-wise, whence u = 1 which is impossible. Therefore
Z(G) ≤ Φ(G) and so k = d(G/ELc

(G)Lc(G)) = d(G/Z(G)Lc(G)) = m.
Since ELc

(G)Lc(G) < Z(G)Lc(G), we have G/Z(G)Lc(G) is a proper quo-
tient group of G/ELc

(G)Lc(G). Since Hom(G/ELc
(G)Lc(G), Lc(G)∩Z(G)) ∼=

Hom(G/Z(G)Lc(G), Lc(G)∩Z(G)), by using Corollary 2.2, G/ELc(G)Lc(G) ∼=
X×Y,G/Z(G)Lc(G) ∼= H×Y, whereX,H are of types (a1, ..., al) and (b1, ..., bl),
respectively, in which d(X) = d(H) = l. Hence l is the largest integer between
1 and m such that bl < al and by Corollary 2.2, bl+1 < c1 ≤ bl, as required.

Conversely, if Z(G) ≤ ELc
(G)Lc(G), then AutLc

(G) = CAutLc (G)(Z(G)).
Next, assume that ELc

(G)Lc(G) < Z(G)Lc(G), k = m and l is the largest inte-
ger between 1 and m such that bl < al and bl+1 < c1 ≤ bl. Let G/ELc(G)Lc(G)
= X × Y , where X,Y are of types (a1, ..., al) and (al+1, ..., am). Moreover,
G/Z(G)Lc(G) = H×K, whereH,K have invariants (b1, ..., bl) and (bl+1, ..., bm).
Since ai = bi for l + 1 ≤ i ≤ m, we have K = Y . Therefore by Corollary 2.2,

Hom(G/ELc
(G)Lc(G), Lc(G) ∩ Z(G)) ∼= Hom(G/Z(G)Lc(G), Lc(G) ∩ Z(G)),

and hence AutLc
(G) = CAutLc (G)(Z(G)), which completes the proof. �

Let G be a finite p-group of class 2.Since Autcent(G) acts trivially on the
central kernel of G, we have Lc(G) ≤ Z(G). Let G/ELc

(G)Lc(G), G/Z(G) and
Lc(G) are of types (a1, a2, ..., ak), (b1, b2, ..., bm) and (c1, c2, ..., cn), respectively.
Also let t be the largest integer between 1 and m such that b1 = b2 = · · · = bt. It
is shown [10, Lemma 0.4] that, t ≥ 2. Set Ā = A/Z(G) is of type (b1, b2, ..., bt)

Archive of SID.ir

Archive of SID.ir



Groups with some central automorphisms fixing ... – JMMR Vol. 12, No. 2 (2023) 169

and Ā is isomorphic to a subgroup of B̄ = B/ELc(G)Lc(G) which is of type
(a1, a2, ..., at).

By keeping the above notation, in the following theorem, we give a necessary
and sufficient condition on a fixed finite p-group G of class 2 such that each
automorphism of AutLc(G) fixes the center of G element-wise.

Theorem 3.4. Let G be a finite p-group of class 2. Then

AutLc
(G) = CAutLc (G)(Z(G))

if and only if one of the following conditions holds:

(i) ELc
(G)Lc(G) = Z(G) or

(ii) ELc
(G)Lc(G) < Z(G), k = m, (G/Z(G))/Ā ∼= (G/ELc

(G)Lc(G))/B̄
and exp(G′) = exp(Lc(G)).

Proof. First assume that AutLc(G) = CAutLc (G)(Z(G)). Since cl(G) = 2, it
follows that Lc(G) ≤ Z(G). We may suppose that ELc

(G)Lc(G) < Z(G). By
Theorem 3.3, k = d(G/ELc

(G)Lc(G)) = d(G/Z(G)) = m. Since G/Z(G) is a
proper quotient group of G/ELc

(G)Lc(G), there exists some 1 ≤ j ≤ m such
that bj < aj . Let l be the largest integer between 1 and m such that bl < al.
We claim that exp(G′) = exp(Lc(G)). To do this, we observe that by Theorem
3.3, exp(Lc(G)) ≤ pbl ≤ pb1 = exp(G/Z(G)). It follows that

exp(G′) ≤ exp(Lc(G)) ≤ exp(G/Z(G)) = exp(G′),

by [10, Lemma 0.4], becauseG/Lc(G) is abelian. So we conclude that exp(G′) =
exp(Lc(G)), as desired. Next, b1 = c1 ≤ bl shows that c1 = b1 = b2 = · · · = bl
and hence l ≤ t. Set Ā = A/Z(G) is of type (b1, b2, ..., bt), B̄ = B/ELc

(G)Lc(G)
which is of type (a1, a2, ..., at) and U and V are of types (at+1, at+2, ..., ak) and
(bt+1, bt+2, ..., bk). Since ai = bi for all l+1 ≤ i ≤ m, then U ∼= V and therefore
(G/Z(G))/Ā ∼= V ∼= U ∼= (G/ELc(G)Lc(G))/B̄, as required.

Conversely, if ELc(G)Lc(G) = Z(G), then it is clear that AutLc(G) =
CAutLc (G)(Z(G)). Next, suppose that ELc

(G)Lc(G) < Z(G), k = m, exp(G′) =

exp(Lc(G)) and (G/Z(G))/Ā ∼= (G/ELc
(G)Lc(G))/B̄. Since G/Z(G) is a

proper quotient group of G/ELc
(G)Lc(G), let l be the largest integer be-

tween 1 and m such that bl < al. Hence l ≤ t, because of bi = ai for
t + 1 ≤ i ≤ m. Now pc1 = exp(Lc(G)) = exp(G′) = exp(G/Z(G)) = pb1

and so c1 = b1 = b2 = · · · = bl, which together with Theorem 3.3, gives the
proof. �

Lemma 3.5. Let G be a finite non-abelian p-group. Then CAutLc (G)(Z(G)) =
Inn(G) if and only if Lc(G) ≤ Z(G) and Lc(G) is cyclic.

Proof. Suppose that Lc(G) is cyclic and Lc(G) ≤ Z(G). Hence exp(G/Z(G)) =
exp(G′), since G′ ≤ Lc(G). This implies that exp(G/Z(G)) divides exp(Lc(G)).
Then by Lemma 3.2,

CAutLc (G)(Z(G)) ∼= Hom(G/Z(G), Lc(G)) ∼= G/Z(G)
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and so CAutLc (G)(Z(G)) = Inn(G), as required.
Conversely, assume that CAutLc (G)(Z(G)) = Inn(G). It follows that Lc(G) ≤

Z(G), which together with Lemma 3.2 and the fact that

Hom(G/Z(G), Lc(G)) ∼= G/Z(G),

completes the proof. �

In the following result, we give some properties of finite non-abelian p-groups
G such that AutLc

(G) = Inn(G). Let G be a finite non-abelian p-group and
G/ELc

(G)Lc(G) is of type (a1, a2, ..., ak). Also if G/Z(G) is abelian, then it
has invariants (b1, b2, ..., bm).

By fixing the above notation, we have the following result:

Theorem 3.6. Let G be a finite non-abelian p-group. Then AutLc
(G) =

Inn(G) if and only if Lc(G) is cyclic, Lc(G) ≤ Z(G), m = k and one of
the following conditions holds:

(i) ELc(G)Lc(G) = Z(G) or
(ii) bt = r and as = bs for s = t+ 1, ..., k, where exp(Lc(G)) = pr and t is

the largest integer between 1 and k such that at > r.

Proof. Suppose that AutLc
(G) = Inn(G). By Lemma 3.5, we deduce that

Lc(G) ≤ Z(G) and Lc(G) is cyclic, because CAutLc (G)(Z(G)) = Inn(G). Now
by Lemma 3.2, we have

d(G/Z(G)) = d(Hom(G/ELc
(G)Lc(G), Lc(G)))

= d(G/ELc(G)Lc(G))d(Lc(G)) = d(G/ELc(G)Lc(G)),

and so m = k. If exp(G/ELc
(G)Lc(G)) ≤ exp(Lc(G)), then

G/Z(G) ∼= AutLc(G) ∼= Hom(G/ELc(G)Lc(G), Lc(G)) ∼= G/ELc(G)Lc(G),

because Lc(G) is cyclic. Therefore ELc
(G)Lc(G) = Z(G).

Next, let exp(G/ELc(G)Lc(G)) > exp(Lc(G)) and t is the largest integer such
that at > r, where exp(Lc(G)) = pr. Then we observe that

Hom(G/ELc
(G)Lc(G), Lc(G)) ∼= Cpr × Cpr × · · · × Cpr × Cpat+1 × · · · × Cpak .

Now, since Hom(G/ELc
(G)Lc(G), Lc(G)) ∼= G/Z(G) = Cpb1×Cpb2×· · ·×Cpbk ,

it follows that b1 = b2 = · · · = bt = r and ai = bi for t+ 1 ≤ i ≤ k, as required.

Conversely, if ELc
(G)Lc(G) = Z(G), then

AutLc(G) ∼= Hom(G/ELc(G)Lc(G), Lc(G)) = Hom(G/Z(G), Lc(G)) ∼= G/Z(G),

because Lc(G) is cyclic and G′ ≤ Lc(G). Hence AutLc
(G) = Inn(G). Next

assume that ELc(G)Lc(G) < Z(G), bt = r and as = bs for s = t + 1, ..., k,
where exp(Lc(G)) = pr and t is the largest integer between 1 and k such that
at > r. As G is of class 2 and G/Lc(G) is abelian, so

pb1 = exp(G/Z(G)) = exp(G′)| exp(Lc(G)) = pr.
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Therefore r ≥ b1 ≥ b2 ≥ · · · ≥ bt = r, which shows that b1 = b2 = · · · = bt = r.
Since as = bs for s = t+ 1, ..., k, we have

Hom(G/ELc(G)Lc(G), Lc(G)) ∼= Cpr × · · · × Cpr × Cpat+1 × · · · × Cpak

= Cpb1 × · · · × Cpbt × Cpbt+1 × · · · × Cpbk
= G/Z(G).

Therefore by Lemma 3.2, AutLc
(G) = Inn(G). This completes the proof. �

Lemma 3.7. Let G be a finite group such that Z(G/ELc
(G)) = H/ELc

(G).
Then

(i) Z(Inn(G)) ≤ AutLc
(G) and H = Z2(G).

(ii) AutLc(G) = Z(Inn(G)) if and only if Hom(G/ELc(G)Lc(G), Lc(G) ∩
Z(G)) ∼= H/Z(G).

Proof. (i) Let it ∈ Z(Inn(G)), where it is an inner automorphism of G induced
by the element t in G. Then it ∈ Autcent(G) and for all g ∈ G, [g, it] =
[g, t] ∈ Lc(G) since G/Lc(G) is abelian. Thus it ∈ AutLc

(G). Next we show
that H = Z2(G). Let t ∈ H. Then for all g ∈ G, [g, t] ∈ ELc

(G) ≤ Z(G).
Thus t ∈ Z2(G). On the other hand, assume that t ∈ Z2(G) and α = it.
Then for all g ∈ G, [g, α] = [g, t] ∈ Z(G) which shows that α ∈ Autcent(G).
As α ∈ CAutcent(G)(AutLc

(G)), it follows that [g, t] = [g, α] ∈ ELc
(G), for all

g ∈ G and hence t ∈ H.
(ii) Suppose that AutLc

(G) = Z(Inn(G)). By (i) and Lemma 3.2 we have

Hom(G/ELc
(G)Lc(G), Lc(G) ∩ Z(G)) ∼= H/Z(G).

Conversely, suppose that Hom(G/ELc(G)Lc(G), Lc(G) ∩ Z(G)) ∼= H/Z(G).
Then, by Lemma 3.2,

AutLc(G) ∼= H/Z(G) = Z2(G)/Z(G) = Z(Inn(G)).

Therefore |AutLc
(G)| = |Z(Inn(G))|, which together with (i), AutLc

(G) =
Z(Inn(G)), as required. �

Corollary 3.8. Let G be an extra-special p-group. Then AutLc(G) = Inn(G).

Proof. The proof follows at once from the fact that G′ = ELc(G) = Lc(G) =
Z(G) ∼= Cp and Theorem 3.6. �

Lemma 3.9. Let G be a finite non-abelian p-group such that AutLc(G) =
IA(G). Then

(i) Lc(G) ≤ Z(G) and ELc
(G)Lc(G) ≤ Φ(G).

(ii) AutLc
(G) ∼= Hom(G/G′, Lc(G)) ∼= Hom(G/Lc(G), G′).

Proof. (i) Since AutLc
(G) = IA(G), it is easy to see that Lc(G) ≤ Z(G). We

prove that ELc
(G)Lc(G) ≤ Φ(G). Suppose on the contrary, that there exists a

maximal subgroup M of G such that ELc(G)Lc(G) �M . Then G = M〈l〉, for
some l in ELc(G)Lc(G)\M . Choose an element u in Ω1(G′). We observe that
the map α : hli 7→ hliui, where h ∈ M and 0 ≤ i < p, is an IA-automorphism
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of G, which is a central kernel automorphism of G. Hence [l, α] = 1 and so
u = 1, a contradiction. Therefore ELc

(G)Lc(G) ≤ Φ(G).

(ii) Let α ∈ AutLc
(G). Then fα : G → Lc(G) given by fα(x) = x−1xα

defines a homomorphism from G to Lc(G), and α 7→ fα is an injective map
from AutLc

(G) to Hom(G,Lc(G)). Conversely, if f ∈ Hom(G,Lc(G)), then the
map α = αf defined by α(x) = xf(x) for all x ∈ G is an endomorphism of G.
Since by (i), x−1α(x) ∈ Lc(G) ≤ ELc(G)Lc(G) ≤ Φ(G) for all x ∈ G, we may
write G as the product of the image of α and the Frattini subgroup of G and so
the image of α must beG itself. Thus α is an automorphism ofG. Consequently
α = αf ∈ AutLc

(G), fαf
= f and so |AutLc

(G)| = |Hom(G,Lc(G))|. Finally,
suppose that β, γ ∈ AutLc(G). Then for any x ∈ G,

fβγ(x) = x−1xγβ = x−1(xx−1xγ)β = x−1xβx−1xγ ,

since x−1xγ ∈ Lc(G). Thus fβγ(x) = fβ(x)fγ(x) and so α 7→ fα is a homomor-
phism, as desired. Next we show that AutLc

(G) ∼= Hom(G/Lc(G), G′). For
any α ∈ AutLc

(G), the map fα : G/Lc(G)→ G′ given by fα(xLc(G)) = x−1xα

defines a homomorphism from G/Lc(G) to G′ and the map f sending α to fα
is a monomorphism of the group AutLc(G) to Hom(G/Lc(G), G′).

Conversely, for any f ∈ Hom(G/Lc(G), G′), the map θ = θf : G → G
defined by gθ = gf(gLc(G)), where g ∈ G, is a central kernel automorphism
and f(θ) = fθ = f . Thus f is onto and hence AutLc

(G) ∼= Hom(G/Lc(G), G′).
Now the proof is complete. �

Corollary 3.10. Let G be a finite non-abelian p-group. Then AutLc(G) =
IA(G) if and only if G′ = Lc(G) ≤ Z(G).

Proof. First suppose that AutLc
(G) = IA(G). By Lemma 3.9, Lc(G) ≤ Z(G)

and AutLc
(G) ∼= Hom(G/Lc(G), G′) ∼= Hom(G/G′, Lc(G)). We claim that

G′ = Lc(G). Suppose on the contrary, that G′ < Lc(G). Then G/Lc(G) is a
proper quotient subgroup of G/G′ and

|G/G′|/|G/Lc(G)| = |Lc(G)/G′| > 1.

Now, it follows from [1, Lemma D] that Hom(G/Lc(G), G′) is isomorphic to
a proper subgroup of Hom(G/G′, Lc(G)), which is a contradiction. Therefore
G′ = Lc(G), as required. The converse is evident. �

Corollary 3.11. Let G be a finite non-abelian p-group. Then AutLc
(G) =

Autc(G) if and only if Autc(G) ∼= Hom(G/Lc(G), G′) and G′ = Lc(G) ≤ Z(G).

Proof. First suppose that AutLc
(G) = Autc(G). It follows that Lc(G) ≤ Z(G)

and AutLc
(G) = IA(G). Now the proof follows at once from Lemma 3.9 and

Corollary 3.10.
Conversely, as G′ = Lc(G) ≤ Z(G) we have

AutLc(G) = IA(G) ∼= Hom(G/G′, G′) = Hom(G/Lc(G), G′) ∼= Autc(G),
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since IA(G) ∼= Hom(G/G′, G′) using [12, Lemma 3.1]. Now the result follows
from the fact that Autc(G) ≤ AutLc

(G). �

In the following result, we give a sufficient condition under which the group
AutLc

(G) acts trivially on Kc(G).

Theorem 3.12. Let G be a group such that Kc(G) is a torsion-free subgroup
of G and Kc(G)/ELc(G) is a torsion group. Then AutLc(G) is a torsion-free
abelian group such that acts trivially on Kc(G).

Proof. Let α ∈ AutLc
(G) and x is an element of Kc(G). Then by hypothesis

xn ∈ ELc
(G), for some n ∈ N. Since x−1xα ∈ Z(G), we have

[x, α]n = (x−1xα)n = x−1xα · · ·x−1xα︸ ︷︷ ︸
n−times

= x−n(xn)
α

= [xn, α].

Hence Lemma 3.1 implies that [x, α]n = 1. As Kc(G) is a torsion-free subgroup,
it follows that [x, α] = 1 and so AutLc

(G) acts trivially on Kc(G). Next let
α ∈ AutLc

(G) and assume that there exists m ∈ N such that αm = 1. Since
[x, α] ∈ Lc(G), for all x ∈ G, there exists kx ∈ Lc(G) such that xα = xkx.

Therefore xα
2

= (xα)α = (xkx)α = xkx
2 and so by induction we have x =

xα
m

= xkx
m, whence kx = 1, since Kc(G) is a torsion-free. Thus α = 1, which

together with Lemma 3.2, AutLc
(G) is a torsion-free abelian group. �

4. Classify all finite p-groups G of order pn, n ≤ 5 such that
AutLc(G) = Inn(G)

Recall that a finite p-group is called a minimal non-abelian if it is a non-
abelian group and all its subgroups are abelian. In this section, by the fol-
lowing concept, we classify all p-groups G of order at most p5 such that
AutLc

(G) = Inn(G). Since by Corollary 3.8, for a non-abelian group G of
order p3, AutLc

(G) = Inn(G), we may assume that 4 ≤ n ≤ 5. First we list
the following results due to Redei (see [11]).

Lemma 4.1. [11] Let G be a finite minimal non-abelian p-group. Then G is
one of the following groups:

(i) Q8,

(ii) Mp(n,m) = 〈a, b | apn = bp
m

= 1, ab = a1+p
n−1〉, where n ≥ 2 and

m ≥ 1,
(iii) Mp(n,m, 1) = 〈a, b, c | apn = bp

m

= cp = 1, [a, b] = c, [a, c] = [b, c] = 1〉,
where n ≥ m ≥ 1 and if p = 2, then m+ n > 2.

The following equivalent conditions about finite minimal non-abelian p-
groups are always used.

Lemma 4.2. [11] Let G be a finite p-group. Then the following conditions
are equivalent:

(i) G is a minimal non-abelian p-group.
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(ii) d(G) = 2 and G′ ∼= Cp.
(iii) d(G) = 2 and Z(G) = Φ(G).

The following lemma is a useful fact in proving our next results and can be
verified easily.

Lemma 4.3. Let G be a finite minimal non-abelian p-group. Then

(i) Z(Mp(n,m)) = 〈ap〉 × 〈bp〉 and Z(Mp(n,m, 1)) = 〈ap〉 × 〈bp〉 × 〈c〉.
(ii) Mp(n,m)/Mp(n,m)′ ∼= Cpn−1 × Cpm and Mp(n,m, 1)/Mp(n,m, 1)′ ∼=

Cpn × Cpm .

The following concept was introduced by Hall [6].

Definition 4.4. Two finite groups G and H are said to be isoclinic if there
exist isomorphisms ψ : G/Z(G) → H/Z(H) and θ : G′ → H ′ such that, if

(x1Z(G))ψ = y1Z(H) and (x2Z(G))ψ = y2Z(H), then [x1, x2]
θ

= [y1, y2].
Notice that isoclinism is an equivalence relation among finite groups and the
equivalence classes are called isoclinism families.

Corollary 4.5. Let G be a non-abelian group of order p4. Then AutLc
(G) =

Inn(G) if and only if G is one of the following types:

(i) Mp(2, 2), where p an odd prime,
(ii) Mp(3, 1),

(iii) Mp(2, 1, 1).

Proof. Assume that |G| = p4 and AutLc
(G) = Inn(G). By Lemma 3.5,

Lc(G) ≤ Z(G). First we claim that |Z(G)| = p2. Suppose for a contradic-
tion, that |Z(G)| = p. Then G′ = Lc(G) = Z(G) ∼= Cp and so is an extra-
special p-group, which is a contradiction, since the order of G is not of the form
p2k+1, where k is a natural number. Thus G/Z(G) ∼= C2

p , whence |G′| = p and
Φ(G) ≤ Z(G). Since AutLc

(G) = CAutLc (G)(Z(G)), by the proof of Theorem
3.3, Z(G) ≤ Φ(G) and so Z(G) = Φ(G). Therefore G is a minimal non-abelian
p-group by Lemma 4.2. We consider two cases:

Case I. p an odd prime. It is an easy task to see that the map θ defined
by xθ = x1+p, is a central automorphism of G. Hence for any element x of
Lc(G), x = xθ = x1+p, and so xp = 1. Thus exp(Lc(G)) = p and Lc(G) ∼= Cp,
by Lemma 3.5. If G/Lc(G) ∼= Cp3 , then G/Z(G) is cyclic, a contradiction.
Next, we assume that G/Lc(G) ∼= Cp2 × Cp. Hence G ∼= Mp(2, 2),Mp(3, 1) or
Mp(2, 1, 1), by Lemma 4.3. Finally, if G/Lc(G) ∼= C3

p , then Lc(G) = Φ(G) =
Z(G) ∼= Cp and so G is an extra-special p-group, a contradiction.

Case II. p = 2. Since G′ ≤ Lc(G) ≤ Z(G), it follows that |Lc(G)| = 2 or 4.
If |Lc(G)| = 4, then Lc(G) = Z(G) and G/Lc(G) ∼= C2

2 . Hence Autcent(G) =
AutLc

(G) = Inn(G) and so G′ = Z(G) ∼= C2 by using the main theorem of [1],
a contradiction. Next we assume that |Lc(G)| = 2, whence |G/Lc(G)| = 8. If
G/Lc(G) ∼= C8, then G is cyclic, a contradiction. Moreover, as ELc(G) ≤ Z(G),
if G/Lc(G) ∼= C3

2 , then by Theorem 3.6, d(G/Z(G)) = 3 and so Z(G) ∼= C2,
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it follows that G is an extra-special 2-group, a contradiction. Therefore we
assume that G/Lc(G) ∼= C4 × C2. Since G′ ∼= C2 and G′ is a characteristic
subgroup of G, we observe that G′ ≤ L(G) and so G′ = L(G) = Lc(G). Hence
G/L(G) ∼= C4×C2 and G is isomorphic to one of the following groups: M2(3, 1)
or M2(2, 1, 1), by [9, Theorem 5.1]. The converse follows at once from Lemmas
3.2, 4.2, 4.3 and Theorem 3.6. �

Corollary 4.6. Let G be a non-abelian group of order p5. Then AutLc
(G) =

Inn(G) if and only if G is one of the following types:

(i) The isoclinism family (5) of [8], Mp(2, 3), Mp(3, 1, 1), where p > 2,
(ii) Mp(4, 1),
(iii) Mp(3, 2),
(iv) Mp(2, 2, 1),
(v) D8 ∗D8,
(vi) D8 ∗Q8.

Proof. Let G be a non-abelian group such that |G| = p5 and AutLc
(G) =

Inn(G). It follows that Lc(G) ≤ Z(G) ≤ Φ(G), by Lemma 3.5 and the proof
of Theorem 3.3. We consider two cases:

Case I. p > 2. These groups lying in the isoclinism families (5), (4) or (2)
of [8].
First, let G denote one of the groups in the isoclinism family (5). Hence
G′ = Lc(G) = Z(G) ∼= Cp and Autcent(G) = AutLc

(G). Now with the main
theorem of [1], Autcent(G) = Inn(G) if and only if G′ = Z(G) and Z(G) is
cyclic. This happens for all groups in the isoclinism family (5).
Next, let G be one of the groups in the isoclinism family (4). Then G′ ∼= C2

p ,
which is a contradiction, since G′ ≤ Lc(G) is cyclic, by Theorem 3.6.
To continue the proof, let G denote one of the groups in the isoclinism family
(2). Then G/Z(G) ∼= C2

p and G′ ∼= Cp. Hence Z(G) = Φ(G) and so d(G) = 2.
This implies thatG is a minimal non-abelian p-group, by Lemma 4.2. Moreover,
by considering the automorphism θ mentioned in Corollary 4.5, exp(Lc(G)) = p
and so G′ = Lc(G) ∼= Cp. If G/Lc(G) ∼= Cp3 × Cp, then by Lemma 4.3, G is
one of the following types: Mp(4, 1),Mp(2, 3) or Mp(3, 1, 1). If G/Lc(G) ∼= C2

p2 ,

then by Lemma 4.3, G ∼= Mp(3, 2) or G ∼= Mp(2, 2, 1). Finally, assume that
G/Lc(G) ∼= Cp2 × C2

p or G/Lc(G) ∼= C4
p . In these cases, AutLc

(G) 6= Inn(G),
by Lemma 3.2.

Case II. p = 2. We can see that |Lc(G)| = 8, 4, 2. First, we assume
that |Lc(G)| = 8. It follows that G/Lc(G) ∼= C2 × C2, which shows that
Φ(G) ≤ Lc(G). So Lc(G) = Z(G) = Φ(G), which implies that exp(G′) = 2
and AutLc

(G) = Autcent(G) = Inn(G). Now, by applying the main theorem
of [1], G′ = Z(G) ∼= C2, a contradiction. Next assume that |Lc(G)| = 4. Then
G/Lc(G) is one of the groups C3

2 or C4 × C2. In the first case, by a similar
argument mentioned earlier, G′ = Z(G) ∼= C2, which is a contradiction. There-
fore G/Lc(G) ∼= C4×C2 and by Lemma 3.2, AutLc(G) ∼= Hom(C4×C2, C4) ∼=
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C4 × C2. Therefore Inn(G) ∼= C4 × C2, so Lc(G) = Z(G) and we have a
contradiction |G| = 16.

Now, we may suppose that |Lc(G)| = 2. Hence G′ = L(G) = Lc(G) ∼= C2 and
Z(G) = Φ(G). We discuss the following cases.

Case (1). The same as previous paragraph, if G/Lc(G) ∼= C4
2 , then Φ(G) ≤

Lc(G), so Lc(G) = Z(G) = Φ(G). Hence G is an extra-special 2-group, and G
is one of the groups D8 ∗D8 or D8 ∗Q8, by [13].

Case (2). Suppose that G/Lc(G) ∼= C4 × C2
2 . We assume that G/Lc(G) =

〈x̄, ȳ, z̄〉, where x̄ = xLc(G), ȳ = yLc(G), z̄ = zLc(G), o(x̄) = 4 and o(ȳ) =
o(z̄) = 2. It follows that G = 〈x, y, z〉. Next, by Lemma 3.2, AutLc

(G) ∼=
Hom(C4 × C2

2 , C2) ∼= C3
2 , whence Inn(G) ∼= C3

2 . Since [x2, y] = [x2, z] = 1, we
observe that 〈x2〉 ×Lc(G) ≤ Z(G) and so Z(G) ∼= C2

2 . Now by using GAP [4],
we find that there is no such group.

Case (3). If G/Lc(G) = G/L(G) ∼= C8 × C2, then G ∼= M2(4, 1), by [9,
Theorem 5.1].

Case (4). Suppose that G/Lc(G) ∼= C2
4 . As Lc(G) ≤ Z(G) and G/Z(G)

is elementary abelian, we have G/Z(G) ∼= C2
2 . Hence d(G/Z(G)) = 2 and

so G is a minimal non-abelian p-group, whence by Lemmas 4.2 and 4.3, G is
isomorphic to the group M2(3, 2) or M2(2, 2, 1).

The converse follows at once from Lemmas 3.2, 4.2, 4.3, Theorem 3.6 and
Corollary 3.8. �
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