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ABSTRACT. Permutation patterns is a burgeoning area of research with roots in enumerative combina-
torics and theoretical computer science. This article first presents a brief overview of pattern avoidance
and a survey of enumeration results that are standard knowledge within the field. Then, we turn our
attention to a newer optimization problem of pattern packing. We survey pattern packing results in
the general case before we consider packing in a specific type of permutation that leads to a new and
surprising connection with physical chemistry. Note that the original paper has published in “Notices
of the American Mathematical Society, 67, Number 7, 994-1001” and we have translated it into Farsi.

This is just an extended abstract for Journal of Mathematics and Society.

1. Introduction

Let S be the set of all permutations on [k] = {1,2,...,k}. Given m € S and p € S;, we say
that m contains p as a pattern if there exist 1 < iy < iy < --- < iy < k such that m;, < 7, if and

only if p, < pp. In this case we say that m;, ... m;, is order-isomorphic to p, and that m;, ...m;, is an

4 4

occurrence or a copy of p in w. If 7 does not contain p, then we say that 7w avoids p.
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The definition of pattern containment may be made more visual by considering the plot of 7. In
particular, for m = mymy - -7, € Sk, the plot of 7 is the graph of the points (i, ;) in the Cartesian
plane.

Of particular interest are the sets Si(p) = {7 € Sk|m avoids p}. For example,
S4(123) = {1432, 2143, 2413, 2431, 3142, 3214, 3241, 3412, 3421, 4132, 4213, 4231, 4312, 4321}

and 7 = 43512 € S5(123) since there is no increasing subsequence of length 3 in 7.

2. Main Results

Much of the existing literature in permutation patterns studies the quantity si(p) = |Sk(p)| for
various patterns p.

Starting with the simplest case, it is immediate that s (1) = 0if & > 1 since each digit of a nonempty
permutation is a copy of the pattern 1. We also have that s;(p) = |Sk(p)| for & > 0, since the unique
permutation of length avoiding 12 (resp., 21) is Ji (resp., I). For more information, please refer to
the original paper.

Rather than focusing on packing in all permutations, the author of the original paper in the rest of
the paper focus on packing patterns into permutations with extra restrictions. This family of packing

problems will provide a new link between permutations and physical chemistry.

Definition 2.1. Permutation 7 is an alternating permutation if
T <7 >m3 < Tyg--- .
Alternating permutations are also known as zig-zag permutations or up-down permutations.

Theorem 2.2. The maximum number of copies of 123 in an alternating permutation of length k is

given by
(k —2)(k* — 4k + 6)

k is even,

1/(123,@)2 (k—l)(/€6— 2)(k — 3)

6

k is odd.

3. Conclusion

This connection between pattern packing and physical chemistry is striking even to long-time per-
mutation patterns researchers. Similarly, the quasi-polynomial sequence obtained for v(123, l/';c) had
no previous interpretation in the literature other than as a sequence of atomic numbers. What, if any,
chemical interpretation is there for v (123, IAk) when k£ > 10?7 What other chemical or physical structures

can be described in terms of pattern packing or pattern avoidance? Are there other combinatorial
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structures that give alternate ways to generate the sequences of atomic numbers of particular groups
of chemical elements? The variety of applications of permutation patterns has grown tremendously in

recent decades, and modeling electron orbitals can now be added to the list.
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Figure 1: The plots of m = 43512 and p = 231
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Figure 4: The periodic table of chemical elements
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Table 1: Values of v(123, f;) for 4 <k <10
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Figure 5: Simple electron orbital shap
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Table 2: Copies of 123 in IA7 = 1325476, which correspond to tuples (n,#,m) of quantum

numbers for the 20 electrons in an atom of calcium

copies tuple copies tuple copies tuple

124,134 (1,0,0) || 146,156 (2,1,0) || 147,157 (3,1,0)
125,135 (2,0,0) || 246,256 (2,1,-1) || 247,257 (3,1,-1)
126,136 (3,0,0) || 346,356 (2,1,1) || 347,357 (3,1,1)
127,137 (4,0,0)

Cond s bl (e sgbiuce & T 5o WYY Glasaliny sz CilS o s ol b plges b

YL A1\ 5 YL oyl Jolss L sV oL < B (g1 S I o ol V() 5l T 5o saY sl b Lyl

http://dx.doi.org/10.22108/msci . 2023.133089.1501 \¥

Archive of SID.ir


 http://dx.doi.org/10.22108/msci.2023.133089.1501

Archive of SID.ir

oAb ¢ ¢
V=Y (1F07) N syl e sl famols 5 ) a0 cisls Sy b 28l (glo S0 51

Le+YaVslm gl >o ‘.“J\ab.o c.\iL.oﬁ—l—\Lgngj\ Th sz e pSo B3 s ) Tp 5 YY) TaTpTe ol
M2 Y(UAY) —L=Y =L+ N2\ lsn=mc ==Y oz e 2 Y(L+Y) a8 00 Ol ol S enslon SV
iV oy pLis £+ 5 T s0Y (gowasplis [m gz Colg s LSV wSe Oluln > L4\ s
2 W3 Sl laasgame plon &35 gyl [m| < EL ml + €< L4 s o2l g S psbples ol
S i L5 osiisn Somo bz 93 slake o (gl €z Slaie G S a3l €l 258 Lid Cooms (o gl S slas s 5o
35l Cdllae (sls Jgum 55 was gy 05 JBGE (Bome (31638 L Lads ol apls Ty 51 5 ke 4V

s WY

bt Cel o5 BB Ct Sl b S 8 0 S5 gl o S et 5 N g e B3
315 il e 3| s st a5 (B ks g VY, T) (sl o] sty slelarsir 408 W5 el
Seid b obant byl ap Sk > 10 s )l 55z (VWYY Tk) 5l 1658 o ol 4 39275 D50 0
Lol 3l 3525 (5.5 a3 sl b LT 9§38 o o151 Ol b &1 stuains i 51 ol e |y (5,500
S sl Sl slos IS g 55 Sans Sl oot ol 51 ol (slany S il slael slodlis a5 sl o ol
53380 o 4y (53 e 5250 (sl linss1 00m 09T 5 ol 23 2131 it 4y ) slatns s

&l

[1] M. H. Albert, M. D. Atkinson, C. C. Handley, D. A. Holton, and W. Stromquist, On packing densities
of permutations, Electron. J. Combin. 9 (2002), no. 1.

[2] D. André, Developpments de secx et de tanx, C. R. Acad. Sci. Paris 88 (1879), 965-967.

[3] D. André, Meémoire sur les permutations altern”ees, J. Math. 7 (1881), 167-184.

[4] R. W. Barton, Packing densities of patterns, Electron. J. Combin. 11 (2004), no. 1, Research Paper 80,
16.

[5] C. B. Presutti and W. Stromquist, Packing rates of measures and a conjecture for the packing density
of 2418, Permutation patterns, London Math. Soc. Lecture Note Ser., vol. 376, Cambridge Univ. Press,
Cambridge, 2010, pp. 287-316.

[6] M. Béna, Exact enumeration of 1342-avoiding permutations: a close link with labeled trees and planar
maps, J. Combin. Theory Ser. A 80 (1997), no. 2, 257-272.

[7] M. Béna, Combinatorics of permutations, Discrete Mathematics and its Applications (Boca Raton),
Chapman & Hall/CRC, Boca Raton, FL, 2004. With a foreword by Richard Stanley.

[8] A. Burstein, P. Histo, and T. Mansour, Packing patterns into words, Electron. J. Combin. 9 (2002/03),
no. 2, Research paper 20, 13. Permutation patterns (Otago, 2003). MR2028289

[9] P. Erdés and G. Szekeres, A combinatorial problem in geometry, Compositio Math. 2 (1935), 463-470.
MR1556929

[10] I. M. Gessel, Symmetric functions and P-recursiveness, J. Combin. Theory Ser. A 53 (1990), no. 2,
257-285, DOI 10.1016,/0097-3165(90)90060-A. MR1041448

\o http://dx.doi.org/10.22108/msci.2023.133089.1501

Archive of SID.ir


http://dx.doi.org/10.22108/msci.2023.133089.1501

Archive of SID.ir

®
V9o) (VFT) ) oo o sl famals 5 55 0,25 osblio n 5 ibiule donm splar o 3oty LY @

[11] P. A. Hosto, The packing density of other layered permutations, Electron. J. Combin. 9 (2002/03), no.
2, Research paper 1, 16. Permutation patterns (Otago, 2003). MR2028271

12] D. Knuth, The Art of Computer Programming: Volume 1, Addison-Wesley, 1968.

13] G. Miessler and D. Tarr, Inorganic Chemistry, 2nd edition, Prentice Hall, 1998.

14] OEIS Foundation Inc., The On-Line Encyclopedia of Integer Sequences, 2019, oeis.org/A168380.

15] A. L. Price, Packing densities of layered patterns, ProQuest LLC, Ann Arbor, MI, 1997. Thesis (Ph.D.)-
University of Pennsylvania. MR2695616

[16] R. P. Stanley, Catalan numbers, Cambridge University Press, New York, 2015. MR3467982

[17] W. Stromquist, Packing layered posets into posets, preprint, 1993. Available at walterstromquist.com

[
[
[
[

/publications.html.

[18] D. Warren, Optimal packing behavior of some 2-block patterns, Ann. Comb. 8 (2004), no. 3, 355-367,
DOI 10.1007/s00026-004-0225-3. MR2161643

[19] D. Warren, Optimizing the packing behavior of layered permutation patterns, ProQuest LLC, Ann Arbor,
MI, 2005. Thesis (Ph.D.)-University of Florida. MR2707381

[20] D. Warren, Packing densities of more 2-block patterns, Adv. in Appl. Math. 36 (2006), no. 2, 202-211,
DOI 10.1016/j.aam.2005.06.004. MR2199989

e dans
3 oy Bl (b, (}1-‘ sl
alikhani@yazd.ac.ir
Sl o DS 5 B i s AR el 53 s 2L pghe sl sl e sa
slacdlad 51 olasl (655 dloy 5o OIS ¢ cnls i glleriz G ple 4 OIF SbL glderiz b ‘ ’
O35 5L 51) (6 5Sslug Sz 0058 35,13 pblusl, 51 (il 4055 5,90 S Sl 035 (18,50 5 Lo wly
Sl plaal olesly 5 oyl Cos (6285 (gl Vo o (Kasls Usls 5 528 015t 5 o Simgs 5 Coler Gans

.xh4;«a5,J " 4‘\
Y h

°5ULL"r€J‘

.{B‘{2061ub &;bgjr)&oAﬁidb

msafazadehd Y @gmail.com

el Slde w25 QT el o g s ol SLS 5 e GRS 5Ly 6585 sl slilio e

ol edMe B S Sublo) glade yos t\jsl slaws 55led Gl 4 Ll

http://dx.doi.org/10.22108/msci.2023.133089.1501 \5

Archive of SID.ir


 http://dx.doi.org/10.22108/msci.2023.133089.1501

