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INTRODUCING GEOMETRICAL PARADIGMS AND WORKING SPACES

NARGES YAFTIAN*" AND LADAN PAZOKI

ABSTRACT. Despite the many studies conducted in the field of mathematics education and especially
geometry, we see that the process of teaching and learning geometry has many challenges. Students’
challenges in geometry usually appear when solving problems. Two of the approaches that describe the
process of solving geometric problems are called geometrical paradigms and working spaces. The pur-
pose of this article, which is a review article, is to briefly describe these two approaches based on related
studies and then show their importance in the process of teaching and learning geometry. In general,
geometrical working space refers to the interaction between the three components of visualization,
construction and proof. The working space in which a person is reasoning depends on the geometrical
paradigm. In Geometry I, the reasoning is based on intuition and experiment, and in Geometry II, the
reasoning is made by axioms, but the connection with the physical world is still maintained. Finally,
in Geometry III, there’s no connection with the physical world and the reasoning is completely logical
and abstract. Identifying students’ geometrical paradigms and studying the working space in which
they solve problems allows teachers to design their teaching according to students’ understanding and

also in case of difficulties in the process of teaching and learning, they can use a useful approach.
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1. Introduction

Learning geometry causes many challenges for students. Many of these difficulties appear when
facing geometric problems and choosing the right strategies for solving or proving them. In general,
the way students deal with geometric problems and the strategies they use to solve or prove them,
reveals important information about their attitude toward geometry. The geometrical paradigms and
working spaces describe the students’ way of looking at problems and also the strategies they use in

solving them [3, 4].
2. Main Results

Paradigm means all the beliefs held by the members of a community. Learners and teachers with
similar paradigms can easily communicate with each other, and when they have different paradigms,
many difficulties and misconceptions occur [5]. For example, in the process of proving a claim, it is
sometimes allowed to use drawing, but sometimes it is not acceptable and providing more detailed
reasonings is needed. Therefore, in different situations and problems, learners use different paradigms
and we can’t say one paradigm is more accurate than the others. In general, three different geometrical
paradigms are introduced by Houdement and Kuzniak [3]. In Geometry I, learners use perception,
experiment and connection with the physical world to solve a geometric problem. It is related to
reality. So the backward and forward movement between the model and reality is allowed to prove
the geometric assertions. In Geometry II, the objects are not material. Definitions and axioms are
necessary to define and create the objects, but in this paradigm, they are close to intuition. At last, in
Geometry III, the system of axioms has no relation with reality. It is independent of any application
of the objects of the real world. This paradigm is mainly used in university courses and it doesn’t
exist in school geometry. A common educational misconception happens when students and teachers
are not in the same paradigm. The passage from one type of Geometry to another is a complex
phenomenon. Because it’s a change of theory and can be considered an educational evolution. At
least, two transitions happen that are not the same. The first transition (from Geometry I to Geometry
IT) deals with the nature of the objects and the space. The second one (from Geometry II to Geometry
III) concerns the system of axioms and it leads to a more complex process. During elementary school,
the first transition must happen and teachers can think about how to prepare students for Geometry
II [2, 3, 5, 6].

In order to identify the students’ geometrical paradigm, it is necessary to examine the strategies they
use in problem solving. In fact, the geometrical working space in which they solve problems should
be identified. If we consider mathematics as an activity that is done by the human brain, we can find
out how learners have a geometrical paradigm. When experts solve geometric problems, they go back

and forth between paradigms. A geometrical working space is a place that is organized to explain the
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process of solving geometric problems. It illustrates the structure of the complex situation in which
the problem solver acts. It involves two planes which are called the epistemological and the cognitive
planes. In the epistemological plane, there are three elements. In fact, learners use three components
which are the theoretical system of references, the real space, and artifacts to solve a geometric
problem. These components are not sufficient to define the meaning of the geometrical working space
clearly. Because it strongly depends on its users too. So the cognitive plane was introduced to describe
the cognitive activity of each user which consists of visualization, construction and proof. The process
of linking the epistemological plane and the cognitive plane is part of geometrical work. In fact,
problem solvers use more than one component to reach the correct response to a problem and a set
of these actions represents their geometrical working space [4, 5, 6, 9]. The variety of geometrical
working spaces depends on the way users synthesize the cognitive and epistemological planes to solve
geometric problems. It also depends on the cognitive abilities of each user too. In fact, being an

expert or a beginner in solving problems affects the structure of geometrical working space [4].

3. Summary of Proofs/Conclusion

Many of the difficulties in the process of teaching and learning geometry are due to the difference
in the paradigms and working spaces of students and teachers. Several factors influence the students’
geometrical paradigm and the working space in which they solve problems, among which the role of the
teachers and the textbooks are the most prominent. In fact, the educational system of each country
can determine the type of preferred paradigm for each educational level according to the goals of the
curriculum. So teachers should be familiar with these approaches and in addition to being aware of

them, they can guide the students toward a suitable working space [4, 6].
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Figure 1: The first problem to assess students’ geometrical paradigm [6]

Pl 03l el 23 Doty il 4 o8 4l sl 21 S

45.35.:15& b..\.bl.j...c ‘rﬁj‘:i-" bj‘..\:" ‘) o sl;g\db‘k}a)\,;‘gr:ﬁr») ‘) ‘;’.LIEJLQ.?JQ.)JB;‘ ‘J.’“j ":"“""6})“
Kld 35 ’)“’-“Jiz’-’s‘iz’ LQJLS 45;5,:.@04»:“ lt"}fJ‘ sl L’LSAJEJ‘ -.x}\uﬁg.&..aj ‘in,“.&i BJEB

(S I s 5 Sl nals Gl dlis & (S50 STl S sslial b ptan 5 3568 S8 4 el s
Sl il -l 5 8 4 \ i sl 5 o smsn L83 by e ol 53 53 5oVl 130651 sy
ol ¢ 5 L BOD &lin 5 5 03,8 aslital uysblid asd Sl 51 dis opl 4 sy 6l o8 4k 51 (6500
3saltsls el Gl s e Alolz e 5 eass s A0 JSB sy S il @8 S s VY # 0y
PSR rﬁ‘bug el jolie & Sash o sunlin 6, Jle ¥ S 3 vl ¥ i rﬁ\.sb\g S Sw sy Lis
Wl €5 518 eslil 550 o5 4y o130l 00

Osise LT ol Sg0e AB ol 5 AX L 5 e il ¥ BC alis o3l ¢ e il ¥ AAB ol o)l 5 4als B Lol ;5 ABC s
sl MOVl g5l ACM i a5 3l 413 AX (55, 5y |, M akaii

B A

[£] 0lisal isls (min @hsll (s Stz o3 i Y S

Figure 2: The second problem to assess students’ geometrical paradigm [6]

il 4 1) )8, sles S uS o :Wﬂb\.\@b Vi il 5 38 S S g0 55 s opl Jo j5kie o

->J:§543J‘;3 Ax 59, o wij‘\f*ﬁ r:-"‘}"ﬁré}e Owcwtj‘;ﬁbﬂfﬁAwtj‘)lf&xiﬁr:lsjtf ACCLA
san s Ol 5 i Ll 5l 2555 O350l il Lo e 4,25 5 GalasT el o8 ozl &=k oz <bl
5 alize sbas 3 5 weS &l 6558 gladVYul 5500 Sl gl 515 Cas S5 18 4l b wile sy iS5
Calmwr:.{b_nuaﬂ oS358 05l @L;Q,yw\qmw\gsbwj&x\ Bls 5 IO (PR PRIWITIS e Lo
sals> a5 (Yo CAB w5 o Sl a5 F 0 MAC wyly Lis .uil <ils 5559 ACM rl.', o WY g5luie

£y http://dx.doi.org/10.22108/msci.2023.134772.1524

Archive of SID.ir


http://dx.doi.org/10.22108/msci.2023.134772.1524

Archive of SID.ir

(@ \
VIOV (VFoY) ) syl A als famals 5 o5l a0, oS3k - 5 oladls

el UV g5t Bl ol o s aly (ol AB s 4 s C i 4 3 €) CAC! e LS55 1 sy
¥ L gslw slg s AC CL’ o30) Lol ol el ¥ (CC 3l 3,b 51 ais 4555 Fo QTLSU” W
4.)..&\) ijf ABJ\ J:!‘Li AC U".\." Oz 9 Sl ML‘A’ ¥.AB 45\@:.)‘)& 9 <) ABC C».L"MJSJ AC ‘JJ“) ‘JM:IL’
rﬂ‘)b\g a.w,;o\..i.s ol s sl (s r.:.m\.u 9 Lg‘}) Mt..a‘)ﬁ )‘ cw\.s" w\)J 60‘.3\"’”“13‘ .JJ‘JJ 3929 ‘_f‘l.l:.o Oz
[5] ol ¥ i
s5iisn 2k 0131 s 5 JalSs G wile s ol iz wald Sos w4 bbb 51 eS8 (IS sk
Lg\.bc.:.oj ‘w"\:’f‘ CJ:.L: J)L)J ) Ls:}l.u:’ J«J,e ;§u~ 454\“4,’ Yu.u.x;.m V’“")‘J\f‘)‘ C,SJ} (929 5)‘5 Las 9 d&i‘ 9
ol VL gblie 5 Yia ool b e ralin 5 (51 o3 ST B 55 0 13S0l Uyl S sl o9
sz wealin (6,818 L gl > 5 ot i 55 5sbe (5,50 & bl o 51 S s oy e [V] 52
4.2_..,)’;.0 chic»): U‘J}ATU:‘J" 6)3J6A)m:3‘ cu’.lgjjb‘g Lol @‘x%bub\}aw ﬁ"‘)b.. Cow 4 C,Sﬁ (gt

oin (58 gLaS S wlfoe rigen 5 Sl L (28 (231 ans G olye @ s il wieplls 5 iy e
V]Sl | s ilo 51 (65 > (512 canle
W 6Jl5‘5Lé5 Y
Oler sbior Jubod 5 4528 gludl 23 bug & 0250 Sl s elenl cldled G Iy Dlsl, (5,80 S
‘S@L"J ,\...S@ sLal | 6‘5\:5 rﬂ‘bbb? lﬁ XKyl ual.& (s rﬂ‘.}‘)b’. ;fg» m\,é\ S \f U‘S&)jh? 4§¢éli)>
S 51 &8l San 5 il 2y 5 2y Cilin laulsLly o i€ o |y s winl 3 o sl 2L
‘g;lfﬂlﬂe S el Lesl S s s e ol 5L ey ol sl Gus b IS8 (e ©oss 5 LL S
S Sl pwrn J&a) Gy las 5 e S )by jaxd 2l 5 (S 52] (o & sy i Vel ol 5
Ssle 5 Sl ond Gy i (6518 (612D Jas (ot SIS Stz o5 g1 el on (cwiin SIS agyl Jolas
lopb @ o g 5l Col Sie 5 Cunlond (b it Sl S 55 51,305 Sles o 5 61 S (LS 51
it S e s ol aile o ol LU (3 Lizd e s s [F]7 (3 Lizd e s 5 P 3L e
[A] 5 sl e oS s 5 o0 sanline
NGV US| PRPI OO r\....?\ Jolis S 28l5 g @
gk 6\.¢J\J‘é\p3 Ly (- ‘JKJ-; ‘U:Sb) (3 e syl wsle Vsl o
) 5 il 11 51 T il 5 ol 51 IStz 255 sols o
3L slie 4 (pmin ()18 (5LAS L witss (S (uin (S $LAS o5 Lz 2 5255 4 Laadlie
CoiS 5 S ookl 5 el Lulid ¢ 45 b a8 5L 5 Shes @Bl s [F] )l (S 0T 01 4
Sl gl 55 oS 3 ld U154 oob5 am s Khas ol e 5 aly Sipline s )38 n ,8b 3350l
Sl s s sl 51 ol i e slaaile 5l o sslial 51 el 51y [Ve]

Scognitive plane ‘epistemological plane artefacts

http://dx.doi.org/10.22108/msci .2023.134772.1524 7Y

Archive of SID.ir


http://dx.doi.org/10.22108/msci.2023.134772.1524

Archive of SID.ir

&)
VA0V (Vo) ) 65l oA sl fanole 5 ol 85 ¢ gutin (6518 5ol 5 Lol (3,0

et g 03 ekt (S sLab slaailis  Siate S el SLinsse 6505 i by V] S S s
O3S pada slp 5L b O] was 513 ey 3590 1y (gin 231 Sl aslizad s 5131 5 asy 85 Shee (S8
s>l Claﬂ sbadlie (135 jakin gl sl sl Hb anas js sl 3l Sl el 5 buulp s
s>l J*:L—’ i 5338595 opl Geb el @8 513 bl 5,50 [F] 1 Ulgss 5 S50y ot Jilow Jo s
o L1y Nl sl 5 alil S & 5l 5 3l sbasld (s sloutl 5l WIols < 5 2y

g nsanlie cwxe o8 glas IS el F S

w
2 el

Sgtcs gl
halejl gy
gﬁ‘ao_he:\ il als
ey Slaylyl

Figure 3: The general structure of the geometrical working space [4, 5]

oS e Ol S wbl o (il Sl awais 6L (e 8 glas ISl 5V s b s L

Oler b laoslas ¢ ils mlao 5l adlie aw pl il s jsbiin & [V ] 58513, Blayl PVacal 5 5lses e
s sl8 s Lol (5l e 5 (23Ul mhe 9 G Goob ool 4 5 sz s 285 Ol 5 e Lol
ceign S w3l atal €l sl 555 A5l sl 1l a5y Sl i i o & S iLej
CE5 5 4y s o Mol b e (sl 5 il s s 0l i SIS L e
s i alply Sy o e (Suxd alal 5 el ol U i slausls ols DLl 31 salid U
ool 403 it 55 gn S by e 5 5y S (Vtal o s a3l ol Dl 5 etin (sloslaceas
sk (5,8 glad gdly 5o p LSS > ol e sl sl IS 4 Wl5n 38 9 5 3505 3525 4h,b s (LLS| Jelss
Sl Ko 28 e o s oJn sl 3,8 se USCE inlye ol e B 51 ks s a3 5,5 0
1208 ol sl s et & Vil S84 (2BTL 5 sy Vil & Solgs s 5035 5Ll 5 5 5o 5 25
S b Jen sl S 20s |y SELECS a5 LS sl ) gounte alye Ygeme s i G S
S 4y ol S 0035 T 80 31 o 2 S iign 5 T oY 020 o by e 281 sy s S

"Duval

£0 http://dx.doi.org/10.22108/msci.2023.134772.1524

Archive of SID.ir


http://dx.doi.org/10.22108/msci.2023.134772.1524

Archive of SID.ir

&)
VIOV (VFoY) ) syl A als famals 5 o5l a0, oS3k - 5 oladls

35 80 (B e ey BB (e i e e ol 4 Sl s 5 S Bl 4 plB1 B, 5 28k
ol b 5 a8l 2855 s ad 5l Al 5o sk posame b Eldie 1o 3 S5l @ LaN L 5 ey 4 5L 05w
sl il & ilie sl iy s Gans 0 [A] T Sl ey e ples 4 (St 58 S50 i g WS
bl ool 51 G oo (ot (6518 (Lad o b ) 515 05,8 (s 1) Wg 48 8,8 4 pmiin dbn & J> 55

el st 551 g5 ol 51 G505 8 0 F S s S ol msls il ol e SaS &

e <y - e
el »T 5 ll 1
luay sl _‘ A
i it G i
(1) (2) 3) ()
T— i e o ol ~Sg— ~Sag—
“‘: > } T"‘.'": “;",“ l ) A l‘”;"
T LAl i ¥l B
o5 " D L Mo Ay i’
(5) (6) (7) (8) (9)

[ﬁca]wwm&“&)JJhﬁﬁngduw -f‘}&‘:

Figure 4: Different geometrical working spaces to solve a problem [5, 9]
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Figure 5: A problem of Chilean tenth grade geometry textbook [4]
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Figure 6: The relation between Van Hiele’s levels and geometrical paradigms [3]
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Figure 7: Important reactions in the process of teaching geometry [6]
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